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Abstract: The objective of this research is to identify the parameters of a dynamical computational model in presence of
uncertainties related to the position and the orientation of the sensors and actuators. Such uncertainties yield uncertain-
ties in the correspondence between the experimental dynamical responses and the dynamical responses calculated using
the computational model. These uncertainties in the response increase with frequency and have to be taken into account
when updating the parameters of the computational model in order to obtain a robust estimation of these parameters.
To take into account and analyze such uncertainties, a probabilistic model is constructed directly on the reduced-order
model yielding two localization random matrices. Furthermore, an optimal sensor placement method is proposed so
that (1) the measured data are as sensitive as possible with respect to updating parameters and (2) the measured data
are as robust as possible with respect to position/orientation uncertainties.
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INTRODUCTION

The research addressed in this paper is related to model updating methods for which the optimal values of the updating
parameters are chosen as the ones that make the experimentalobservations as closed as possible to the corresponding
observations calculated using the computational model. Inthe Bayesian updating method (Beck and Katafygiotis 1998;
Gelman, 2004), the updating parameters are replaced by random variables for which the prior probability distribution has
to be chosen and an output prediction error is introduced in order to take into account modelling errors and measurement
noise. Then a posterior probability distribution can be calculated for the updating parameters using the Bayes rule. In
structural dynamics, the experimental observations are, in general, constructed using experimental measurements that
are collected using actuators (hammers, shakers, ...) and sensors (accelerometers, deformation gauges, piezoelectric
sensors, ...). The location and orientation of the sensors/actuators on the real structures have to be known exactly so that
the experimental data corresponds to the data calculated using the computational model. Unfortunately, when dealing
with real on-site structures, many sources of uncertainties may deteriorate the correspondence between the experimental
locations/orientations and the computational locations/orientations: (1) there may be some slight differences between the
real geometry of the measured structure and the geometry of the computational model, (2) there may be some manipulation
errors during the placement of the sensors/actuators (moreespecially for positions which are hard to access), (3) some
information may have not been addressed correctly by the experimenters to the engineers, and so on. The presence of such
uncertainties induces uncertainties on the outputs of the computational model and as a consequence induces uncertainties
in the updated values of the parameters of the computationalmodel.

The first objective here consists in constructing a probabilistic model of uncertainties related to the position and
orientation of the sensors and actuators. This probabilistic model has to be adapted to the framework of a Finite Element
(FE) analysis in order to obtain a stochastic computationalmodel that will be used to propagate these uncertainties into the
computational dynamical response. The second objective ofthis paper is to provide a robust model updating methodology
in presence of such uncertainties. The methodology proposed here is based on a Bayesian approach. The third objective of
this paper is to provide a methodology for an optimal placement of the sensors/actuators so that the measurements yields
maximum information for the updating procedure which meansthat the measured data (1) should be sensitive to the
updating parameter and (2) should be robust with respect to the position/orientation uncertainties. The method proposed
here is based on Information theory (Kapur and Kesavan, 1992) and more precisely on the use of the Kullback-Leibler
divergence to measure the gain of information provided by the measurement configuration.

1 NOMINAL COMPUTATIONAL MODEL

We are interested in the frequency response of a linear damped structure, occupying a domainΩ, in the frequency band
of analysisB. Letx be the coordinates of a point inΩ. Letu(x, ω) be the displacement field defined in the frequency
domain with values inC3. The nominal computational model is constructed using the FE method. It is assumed that there
are no rigid body modes. Letm be the total number of degrees-of-freedom in the FE model. For all ω ∈ B, the vector
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U(ω) ∈ Rm of them degrees of freedom is the solution of

(−ω2[M] + iω[D] + [K])U(ω) = F (ω) , (1)

in which [M], [D] and[K] are the(m × m) mass, damping and stiffness matrices and whereF(ω) is the vector of the
external forces. The reduced nominal computational model is constructed using the modal analysis method. Let[Φ] be
them × n matrix whose columns are then first elastic modes. We then introduce the approximationU(n)(ω) of U(ω)
such that

U(ω) ≃ U
(n)(ω) = [Φ] q(ω) , (2)

in which the vectorq(ω) is the vector of then generalized coordinates and is the solution of the following reduced matrix
equation

(−ω2[M̃ ] + iω[D̃] + [K̃]) q(ω) = f̃ (ω) , (3)

in which [M̃ ] = [Φ]T [M] [Φ], [D̃] = [Φ]T [D] [Φ] and [K̃] = [Φ]T [K] [Φ] are then × n mass, damping and stiffness
generalized matrices, and wheref̃(ω) = [Φ]T F(ω) ∈ Rn is the vector of the generalized forces.

The nominal experimental configuration of the structure is equipped withns sensors andna actuators. For each
sensorsi, i = 1, . . . , ns the acceleration is measured following the three directions ex, ey andez. For each actuator
ai, i = 1, . . . , na, a 3-dimensional point force is applied. It is assumed that the nominal locations of the sensors and
actuators correspond to nodes of the mesh of the FE model. Letnobs = 3ns andnexc = 3na. Let Usens,i(ω) in C3

denote the three translation DOFs observed by sensorsi and letUsens(ω) = (Usens,1(ω), . . . ,Usens,ns(ω)) in Cnobs be the
observed displacement vector. LetFact,i(ω) in C3 denote the point force applied by actuatorai and letFact(ω) =
(Fact,1(ω), . . . ,Fact,na(ω)) in Cnexc be the actuator force vector. The observed displacement vector is linked to the
generalized coordinates vector by the relation

U
sens(ω) = [O]U(n)(ω) = [O] [Φ] q(ω), (4)

and the actuator force vector is linked to the generalized forces vector by the relation

f̃(ω) = [Φ]T F(ω) = [Φ]T [C]Fact(ω). (5)

In Eqs. (4) and (5),[O] and[C] are two(nobs×m) localization matrices which have elements equal to zero or one.
Then, using Eqs. (3), (4) and (5), for allω in B, the observed displacement vectorUsens(ω) is written as

U
sens(ω) = [O][H(ω)][C]Fact(ω) , (6)

in which the frequency response function[H(ω)] with values in the(m×m) complex matrices is such that

[H(ω)] = [Φ](−ω2[M̃ ] + iω[D̃] + [K̃])−1[Φ]T , (7)

The response is calculated atnfreq frequenciesω1, . . . , ωnfreq belonging to frequency bandB. We then introduce the output
vectorz in Rnz such that

z = ẑ(Usens(ω1), . . . ,U
sens(ωnfreq)), (8)

whereẑ is a non-linear mapping andnz is the number of outputs.

2 PROBABILISTIC MODEL OF UNCERTAINTIES OF THE UNCERTAIN POS ITIONS AND ORI-
ENTATIONS

2.1 Construction for continuous coordinates

Letxsi
in Ω denote the nominal position of the sensorsi and letxai

in Ω denote the nominal position of the actuator
ai. Letx denotexsi

orxai
and letg(x) in C3 be a vector depending on the nominal positionx. In the next sections, this

vector will represent a displacement measured by a sensor ora force applied by an actuator. It is assumed that the nominal
positionx and the orientation ofg(x) are not perfectly known. Theng(x) is replaced by the random vectorG(x) with
values inC3 such that

G(x) = [R] g(x+X) , (9)

in which the random variableX, which is such that the random variablex+X is with values inΩ, is a random position
vector and[R] is a random rotation matrix . There are several possibilities for the construction of the probability models
for X and[R].

Concerning the random variation locationX, the least informative probability distribution is the uniform distribution
in a given supportA which is generally centred at the nominal positionx and is such that for allx in A, x+ x belongs
to Ω. The supportA can be evaluated based on expert judgement and depends on theprecision of the placements of the
sensors and the actuators.
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There are several ways to parametrize rotation matrices: Euler Angles, Euler parameters, Rodriguez parameters, and
so on. In this paper, we use Euler angles . This parametrization consists in three successive rotationsθx, θy andθz around
x−, y− andz−directions (there exists other possible sequences for Euler angles. This parametrization which has a direct
interpretation allows an expert judgement to be easily taken into account. LetΘ = (Θx,Θy,Θz) be the random rotation
vector. The probability distribution ofΘ can be defined as uniform in a given supportB ⊂ [−π, π]×[−π/2, π/2]×[−π, π]
(for real applications, typical supports are about±0.2 rad around each direction). Then the random matrix[R] is such
that

[R] =




CyCz −SzCx Sy

SzCx + SxSyCz CzCx − SxSySz −SxCy

SxSz − CxSyCz SxCz + CxSySz CxCy


 , (10)

in whichCx = cos(Θx), Cy = cos(Θy), Cz = cos(Θz), Sx = sin(Θx), Sy = sin(Θy) andSz = sin(Θz).

2.2 Discretization of the probabilistic model of uncertain ties

In the context of the FE method, the displacementu(x, ω) is approximated forx in Ω by

u(x, ω) = [N(x)]U(ω) , (11)

in which [N(x)] is the matrix of the shape functions. The displacement vector Usens,i(ω) = u(xsi
, ω) of the sensorsi is

replaced by the random vectorU sens,i(ω). Then using Eq.(9), we have

U sens,i(ω) = [Rsi ][N(xsi +Xsi)]U(ω) . (12)

Then, by assuming that the FE mesh is fine enough, the random displacementU sens,i(ω) can be approximated by

U sens,i(ω) ≃ [Rsi ][Osi ]U(ω) , (13)

in which [Osi ] is a (3 × m) random localization matrix that associates the DOFS of the closest FE node from position
xsi +Xsi to the DOFs of the FE mesh. With such an approximation, we onlyneed the coordinates of the nodes of the

mesh yielding little intrusiveness with respect to commercial softwares. Finally, the random displacementU sens,i(ω) can
be written as

U sens,i(ω) = [Osi ]U(ω) , (14)

in which [Osi ] = [Rsi ][Osi ] is a(3 ×m) random matrix.
Concerning the actuators, letFact,i(ω) be a point force applied atxai

. It can then be shown (Batou, 2015) that the

corresponding random force vectorF i(ω) is written as

F i(ω) = [N(xai
+Xai

)]T [Rai
]Fact,i(ω) , (15)

which can be approximated by
F i(ω) ≃ [Cai

][Rai
]Fact,i(ω) , (16)

in which [Cai
] is a (m × 3) random localization matrix that associates the DOFS of the closest FE node from position

xai
+Xai

to the DOFs of the FE mesh. Finally, the random force vectorF i(ω) can be written as

F i(ω) = [Cai
]Fact,i(ω) , (17)

in which [Cai
] = [Cai

][Rai
] is a(m× 3) random matrix.

Finally for all ω in B, the observed random displacement vectorU sens(ω) is written as

U sens(ω) = [O][H(ω)][C]Fact(ω) , (18)

in which the(nobs×m) random localization matrix[O] and the(m× nexc) random localization matrix[C] are obtained
by assembling the random matrices[Os1 ], . . . , [Osns

] and the random matrices[Ca1
], . . . , [Cana

] respectively. It is in-
teresting to compare Eq. (18) to Eq. (6). Finally, the deterministic localization matrices[O] and[C] are just replaced by
random localization matrices[O] and[C]. Therefore the calculation of independent realizations ofthe random displace-
mentU sens(ω) is little intrusive with respect to commercial softwares. Furthermore, once the elastic modes have been
calculated initially using the nominal computational model, no additional eigenvalue problem has to be solved to calculate
the random response of the model. Only calculations at the reduced-order level have to be performed. The output vector
z becomes a random vectorZ = ẑ(U sens(ω1), . . . , U

sens(ωnfreq)) with values inRnz .

3 UPDATING OF THE PARAMETERS

Let h be the vector of thenh parameters to be updated. This parameters can be related to mass, stiffness, damping or
geometry properties. LetCh be the admissible set for the vectorh. Then for allh in Ch, Eq. (18) is rewritten as

U sens(ω,h) = [O][H(ω,h)][C]Fact(ω) , (19)
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and then

Z(h) = f z(U
sens(ω1,h), . . . ,U

sens(ωnfreq,h)) . (20)

The uncertainties induced by modeling errors and measurement errors (except sensor and actuator placement errors) are
modeled by an output prediction errorN which is assumed to be a centred Gaussian random vector with covariance
matrix [CN ], which has also to be updated or is directly given based on expert judgement. For readability purpose, it is
assumed that the covariance matrix[CN ] of the output error is given and therefore is not to be updated. The generalization
of the hereinafter derived equations to the case of a covariance matrix to be updated is straightforward. Then the observed
randomZobs is defined by

Zobs = Z(h) +N , (21)

Let zexp be the measured vector corresponding to random output vector Zobs. The Bayesian updating method consists
in replacing the deterministic parameterh by the random variableHprior with values inCh and for which the prior
probability distributionpHprior (h) is given. For any random variableX, let EX denote the mathematical expectation
with respect toX. Then the posterior distributionpHpost(h | zexp) is given by

pHpost(h | zexp) =
1

c
pZobs|Hprior (zexp | h)× pHprior(h) , (22)

in which c = EHprior{pZobs|Hprior (zexp | Hprior)} is a normalization constant. For computational purpose, the likeli-
hood functionpZobs|Hprior (zexp | h) is rewritten as follow

pZobs|Hprior (zexp | h) = EN{pZobs|N ,Hprior (zexp | N ,h)} . (23)

From Eq.(21), it can be deduced that

pZobs|N ,Hprior (zexp | n,h) = pZ|Hprior (zexp − n | h) . (24)

Then the posterior distributionpHpost(h | zexp) can be rewritten as

pHpost(h | zexp) =
ℓ(h, zexp)

EHprior{ℓ(Hprior, zexp)}
× pHprior(h) , (25)

whereℓ(h, zexp) = EN{pZ|Hprior (zexp−N | h)} is the likelihood function. Then several estimatorsĥ of the parameter
h can be constructed. This estimation can be chosen as the value that maximizes the posterior distributionpHpost(h |
zexp) yielding themaximum a posteriori probability estimation method:

ĥ = arg max
h∈Ch

ℓ(h, zexp) pHprior (h) . (26)

The optimization problem defined by Eq. (26) is, in general, non-convex. If the numbernh of updating parameters is large,
the maximum can be search using a random search algorithm such as an evolutionary algorithm. If the prior probability
distributionpHprior (h) is uniform on the supportCh then the estimator (26) becomes amaximum likelihood estimator.
The estimatêh can also be constructed as the mean values of random variableHpost, i.e

ĥ = EHpost{Hpost} =
EHprior{Hprior ℓ(Hprior, zexp)}

EHprior{ℓ(Hprior, zexp)}
, (27)

In the context of Monte Carlo estimation, this latter rewriting only requires independent realizations of random variable
Hprior, which are easier to obtain than independent realizations of random variableHpost for which the generation would
require the use of a Monte Carlo Markov Chain (MCMC) method. Lethprior,1, . . . ,hprior,nsim,h bensim,h independent
realizations of random variablehprior and letn1, . . . ,nnsim,n bensim,n independent realizations of random variableN .
Then the estimation̂hnsim,h

related to Eq. (27) is constructed using the Monte Carlo simulation method, i.e.,

ĥnsim,h
=

∑nsim,h

i=1 hprior,i ℓ̂(hprior,i, zexp)∑nsim,h

i=1 ℓ̂(hprior,i, zexp)
(28)

where the function̂ℓ(h, zexp) is an estimation of the likelihood function such that

ℓ̂(h, zexp) =
1

nsim,n

nsim,n∑

k=1

p̂Z|Hprior (zexp − nk | h) , (29)

wherep̂Z|Hprior is a multivariate kernel density estimator of the probability distributionpZ|Hprior which is constructed

usingnsim,p independent realizations of the random localization matrices[O] and[C] (Hprior being fixed). It is recalled
that, for each realization ofHprior, the calculation of the elastic modes, which is time-consuming has to be calculated
only one time. Then the calculation of the independent realizations of random variableZ givenHprior, which are useful
for estimatingpZ|Hprior using a kernel density estimator are not time-consuming. The computational cost related to the
expectation with respect to random variableN is also negligible once the probability distributionpZ|Hprior is estimated.
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4 OPTIMAL SENSOR LOCATION

The objective now is to determine the optimal nominal locationsxs1
, . . . , xsns

andxa1
, . . . ,xaas

for the sensors
and actuators respectively. In the present paper, the optimal positions are searched in order to collect the maximum
information for updating the parameterh. This means that we want that the dynamical responses measured at the optimal
positions should be (1) as sensitive as possible with respect to the parameterh and (2) as robust as possible with respect
to positioning uncertainties (and to modeling errors if they are not negligible). In (Papadimitriou, 2004), the authors have
proposed to use the Shannon differential entropy to quantify the information that is provided by each sensor/actuator
configuration. More precisely, this method consists in minimizing the entropy (or uncertainty) related to the posterior
probability distributionpHpost . In the present paper, the Kullback-Leibler (KL) divergence, which is commonly used in
Bayesian experimental design and which is the opposite of the Shannon entropy in case of uniform prior, is used instead.
Let xs,a = (xs1

, . . . ,xsns
,xa1

, . . . ,xaas
) and letCx

s,a
be the admissible space forxs,a. The KL divergence between

the prior distributionpHprior and the posterior distributionpHpost is defined by

KL(pHpost , pHprior ) =

∫

R
nh

pHpost(h) log(
pHpost(h)

pHprior (h)
)dh = EHpost{log(

pHpost(Hpost)

pHprior (Hpost)
)}, (30)

wherelog is the natural logarithm. The KL divergence is non-negativeand measures the difference of quantity of infor-
mation betweenpHprior andpHpost . This KL divergence depends on the measured vectorzexp which is not available
during the design of the experimental configuration. Therefore the experimental vector has to be constructed numerically
using for instance the responseznom of the nominal model for which the updating parameterh is set to a nominal value
hnom. Using Eq. (25) withzexp = znom, the KL divergence is rewritten as

ℓ̂(h, zexp) =
1

nsim,n

nsim,n∑

k=1

p̂Z|Hprior (zexp − nk | h) , (31)

KL(pHpost , pHprior ) =
EHprior{log(ℓ(Hprior, znom))ℓ(Hprior, znom)}

EHprior{ℓ(Hprior, znom)}
− log(EHprior{ℓ(Hprior, znom)}) . (32)

Here again, this rewriting has the advantage to use a generator of realizations ofHprior instead ofHpost. Then the KL
divergence can be estimated using the Monte Carlo simulation method, i.e.,

K̂L(pHpost , pHprior ) =

∑nsim,h

i=1 log(ℓ̂(hprior,i, znom))ℓ̂(hprior,i, znom)∑nsim,h

i=1 ℓ̂(hprior,i, znom)
− log(

1

nsim,h

nsim,h∑

i=1

ℓ̂(hprior,i, znom)) , (33)

in which the estimated likelihood function̂ℓ(h, znom) is given by Eq. (31). The computation of the KL divergence fora
given sensor/actuator configurationxs,a is summarized on Table 1.

Choose a sensor/actuator configurationxs,a ∈ Cx
s,a

.
Calculateznom using Eqs. (6) and (8).
for i = 1, . . . , nsim,h do

Generate realizationhprior,i of random vectorHprior.
for j = 1, . . . , nsim,p do

Generate realization[Oj ] of random matrix[O].
Generate realization[Cj ] of random matrix[C].
Calculatez(hprior,i; [Oj ], [Cj ]) using Eqs. (19) and (20).

Estimate the probability distributionz 7→ p̂Z|Hprior (z | hprior,i) using a kernel density estimator.
for k = 1, . . . , nsim,n do

Generate realizationnk of the noise vectorN .
EvaluatepZ|Hprior (zexp − nj | hprior,i).

Estimateℓ̂(h, zexp) using Eq. (31).

EstimatêKL(pHpost , pHprior ;xs,a) using Eq. (33).

Table 1 – Computation of the KL divergence.

The optimal valuexopt
s,a for the sensor/actuator nominal locations is the one that maximizes the KL divergence (quantity

of information) and is therefore solution of the following optimization problem

xopt
s,a = arg max

xs,a∈Cxs,a

KL(pHpost , pHprior ;xs,a) . (34)
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This optimization problem can be solved using an evolutionary algorithm. In (Papadimitriou, 2004), a sequential algo-
rithm has been proposed in order to place the sensors one at a time.

5 APPLICATION

This application is related to the frequency response of a uniform bar with lengthL = 1 m, sectionS = 10−3 m2,
Young’s modulusE = 109 Pa, mass densityρ = 9000 kg/m3.

5.1 Reduced-order model and experimental responses

For such a simple structure, the elastic modes can be calculated explicitly. Forα ∈ N∗, the eigenfrequenciesλα =
α2π2E/(ρL2) are associated with the mass-normalized elastic modesφα = 2 sin(απx/L)/L, x ∈ [0, L]. A unit point
force is applied atx = xa such that the corresponding generalized forces arefα = 2 sin(απxa/L)/L. In a first stage, in
order to construct the experimental responses, the modal dampingsξα are equal to0.04. The frequency band of analysis
isB1 = [0; 3250]× 2π rad/s. The reduced-order model is constructed using the15 first elastic modes in order to a have a
good convergence of the response in the bandB1. The frequency response is calculated atxa = 0.3 m and for observation
pointsP1 andP2 located atxs = 0.5 m andxs = 0.25 m respectively. The functionsω 7→ log10(ω |Usens,P1(ω)|) and
ω 7→ log10(ω |Usens,P2(ω)|) are plotted on Figure 1. As expected, the resonance corresponding to the second elastic mode
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Figure 1 – Frequency response in velocity for points P1 (left figure) and P2 (right figure).

(166 Hz) vanishes for pointP1 and the resonance corresponding to the fourth elastic mode (667 Hz) vanishes for points
P1 andP2.

5.2 Probabilistic model of positioning uncertainties and r andom response

Since the problem is 1D (no rotation), we only have to consider uncertainties for the positionsxs andxa related to
the observation point and the excitation point respectively. These positions are replaced by the random positionsxs +Xs

andxa +Xa in which random variablesXs andXa are uniform random variables defined on support[−0.04, 0.04]. For
xs = 0.5 m (pointP1) andxs = 0.25 m (pointP2), for xa = 0.3 m, the random frequency responses are plotted on Fig. 2.
The confidence regions with probability level0.9 and the mean values are estimated using the Monte Carlo simulation
method with1000 realizations. It can be seen on Fig. 2 that compared to Fig. 1,a random resonance related to the second
elastic mode appears for pointP1 and a random resonance related to the fourth elastic mode appears for pointsP1 and
P2. It can also be seen that the level of fluctuation related to the first resonance mode is higher for pointP2 and the level
of fluctuation related to the second resonance mode is higherfor pointP1. Indeed, pointP1 corresponds to a maximum
(with zero slope for the tangent) for the first elastic mode and corresponds to a zero (with maximum slope for the tangent)
for the second elastic mode and then the first resonance is little sensitive to a variation of observation position while the
second resonance is very sensitive to a variation of observation position. For the first elastic mode, pointP2 corresponds
to a larger slope of the tangent than pointP2 then the first resonance is more sensitive to a variation of observation position
for pointP2. As a last remark for Fig. 2, it can be seen that a stochastic averaging takes place for large frequencies due to
the decreasing of the spatial wavelength with respect to frequency.

5.3 Optimal sensor/actuator placement

It is now assumed that the modal dampings ratioξ1 andξ2 are uncertain and have to be updated using experimental
measurements of frequency responses. The experimental frequency response is constructed using the nominal model
(with nominal values0.04 for ξ1 andξ2) introduced in Section 5.1 and the random responses are constructed using the
stochastic model introduced in Section 5.2. It is assumed that there is no modeling errors and the random variableN is
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Figure 2 – Random frequency response in velocity for points P1 (left figure) and P2 (right figure): Mean response
(thick line) and confidence region (thin lines).

zero almost surely. For the updating, the frequency responses are restricted to the rangeB = [0, 433] × 2π rad/s. The
output vectorz is made up of the concatenation of the functionsω 7→ log10(ω |Usens,xs(ω)|) calculated at10 frequencies
regularly spaced in the rangeB. Thereforenz = 10. The objective is to determine the optimal locationsxopt

s andxopt
a

for the sensor and the actuator respectively. The prior distributions for the random modal dampingsΞprior
1 andΞprior

2 are
uniform distributions on the interval[0.02, 0.06]. Two cases are considered. For the Case 1, the modal dampingsξ1 and
ξ2 are considered separately and then two optimal configurations are determined separately. For the Case 2, the modal
dampingsξ1 andξ2 are considered in a single step and a unique optimal configuration is determined.

For Case 1, the KL divergencesKL(pΞpost

1
, pΞprior

1

;xs, xa) andKL(pΞpost

2
, pΞprior

2

;xs, xa) are estimated using the
Monte Carlo simulation method withnsim,h = 1000 realizations. For each realization, the likelihood is estimated using
nsim,p = 800 realizations of the random positions (as explained in the body of this paper, these800 realizations are per-
formed at reduced-order level and are therefore not time consuming). The results are shown on Figs. 3 and 4 respectively
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It can be seen on Fig. 3 that for the updating of modal dampingξ1 the optimal configuration isxopt
s = 0.5 andxopt

a = 0.5.
Indeed, even if all the points of the bar are equally sensitive toξ1, the middle of the bar is, as explained above, the location
where the response (for the first resonance) is the most robust with respect to positionsxs andxa and is therefore the
optimal position for bothxs andxa. The symmetry with respect to the linexs = xa is due to the reciprocity property of
the nominal model and to the probabilistic models forXs andXa which are identical here. The symmetry with respect
to the linexs + xa = 1 is due to the symmetry of the application with respect to the middle of the bar. Concerningξ2,
it can be seen on Fig. 4 that there are four optimal configurations which are such thatxopt

s = 0.25 or xopt
s = 0.75 and

xopt
a = 0.25 or xopt

a = 0.75. These configurations correspond to points where the response (for the second resonance) is
the most robust with respect to positionsxs andxa.

For Case 2, the modal dampingsξ1 andξ2 are considered in a single step. Let beξ = [ξ1, ξ2] andΞ = [Ξ1,Ξ2]. The
KL divergenceKL(pΞpost , pΞprior ;xs, xa) is plotted on Fig. 5. It can be seen on Fig. 5 that the optimal configurations are
againxopt

s = 0.25 or xopt
s = 0.75 andxopt

a = 0.25 or xopt
a = 0.75. The KL divergence is quite large for the configuration

xs = 0.5 andxa = 0.5. Indeed this configuration provides very robust information for ξ1 and due to uncertainties this
configuration also provides few information forξ2.
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5.4 Identification of the modal dampings

The posterior distributionpΞpost(ξ | zexp) is calculated for the optimal configurationxopt
s = 0.25 andxopt

a = 0.25.
The marginal posterior distributionspΞpost

1
(ξ1 | zexp) andpΞpost

2
(ξ2 | zexp) are plotted on Fig. 6. It is recalled that the
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Figure 6 – Configuration xopt
s = 0.25 and xopt

a = 0.25. Left figure: Marginal posterior distribution p
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Right figure: Marginal posterior distribution p

Ξ
post
2

(ξ2 | zexp).

prior distributions forΞ1 andΞ2 are uniform on the interval[0.02, 0.06]. The estimated mean values areE{Ξ1} = 0.041
andE{Ξ2} = 0.040 which are closed from the values from which experimental responses have been generated (0.04).
The estimated coefficients of variation (ratio between the standard deviation and the mean value) areδΞ1

= 0.24 and
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δΞ2
= 1.2× 10−3. Then the use of this optimal experimental configuration provides a very robust estimate for the modal

dampingξ2 and a quite robust estimate for the modal dampingξ1, or in other words, the large position uncertainties for
the sensor and actuator yields very few errors on the estimation of ξ2 and acceptable errors for the estimation ofξ1. In
order to obtain a very robust estimate forξ1, we can add another sensor or use two experimental configurations. For the
configurationxs = 0.5 andxa = 0.5, the marginal posterior distributionspΞpost

1
(ξ1 | zexp) andpΞpost

2
(ξ2 | zexp) are

plotted on Fig. 7. It can be seen in these figures that this configuration would yield a very robust estimate forξ1 but a poor
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Figure 7 – Configuration xopt
s = 0.5 and xopt

a = 0.5. Left figure: Marginal posterior distribution p
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2

(ξ2 | zexp).

estimate forξ2.

6 CONCLUSIONS

We have presented a probabilistic method to take into account uncertainties related to the position and orientation
of the sensors and actuators. This methodology allows (1) toanalyse the propagation of these uncertainties into the
dynamical response of the structure, (2) to take into account these uncertainties in the updating of the computational
model using a Bayesian method and (3) to find the optimal placement for the sensors and actuators. This methodology is
little intrusive with respect to the commercial softwares and is well adapted to parallel computing. The sensitivity ofthe
dynamical response to sensor/actuator position uncertainties is larger for locations where elastic modes with small-size
spatial wavelength have large contributions yielding inaccuracy for updated values of the parameters of the computational
model. The methodology we have proposed allows to detect automatically such undesirable locations for the sensors and
actuators.
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crédibles via la COrrélation calculs-essais et l’estimation des incertitudes en DYNamique des structures). The support of
the FUI (Fonds Unique Interministériel) is gratefully acknowledged.
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