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Abstract: The objective of thisresearch isto identify the parameters of a dynamical computational model in presence of
uncertaintiesrelated to the position and the orientation of the sensors and actuators. Such uncertaintiesyield uncertain-
tiesin the correspondence between the experimental dynamical responses and the dynamical responses calculated using
the computational model. These uncertaintiesin the response increase with frequency and have to be taken into account
when updating the parameters of the computational model in order to obtain a robust estimation of these parameters.
To take into account and analyze such uncertainties, a probabilistic model is constructed directly on the reduced-order
model yielding two localization random matrices. Furthermore, an optimal sensor placement method is proposed so
that (1) the measured data are as sensitive as possible with respect to updating parameters and (2) the measured data
are as robust as possible with respect to position/orientation uncertainties.
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INTRODUCTION

The research addressed in this paper is related to modeingdzethods for which the optimal values of the updating
parameters are chosen as the ones that make the experiolesgalations as closed as possible to the corresponding
observations calculated using the computational modethdrBayesian updating method (Beck and Katafygiotis 1998;
Gelman, 2004), the updating parameters are replaced bgmaaariables for which the prior probability distributioas
to be chosen and an output prediction error is introducedderdo take into account modelling errors and measurement
noise. Then a posterior probability distribution can becehkdted for the updating parameters using the Bayes rule. In
structural dynamics, the experimental observations argeneral, constructed using experimental measuremedtts th
are collected using actuators (hammers, shakers, ...) emsbis (accelerometers, deformation gauges, piezdelectr
sensors, ...). The location and orientation of the serstixsdtors on the real structures have to be known exactlyato t
the experimental data corresponds to the data calculated thee computational model. Unfortunately, when dealing
with real on-site structures, many sources of uncertamtiay deteriorate the correspondence between the expéaimen
locations/orientations and the computational locationshtations: (1) there may be some slight differences eetwthe
real geometry of the measured structure and the geometmg abimputational model, (2) there may be some manipulation
errors during the placement of the sensors/actuators (especially for positions which are hard to access), (3) some
information may have not been addressed correctly by thererpnters to the engineers, and so on. The presence of such
uncertainties induces uncertainties on the outputs ofdhgatational model and as a consequence induces unciedaint
in the updated values of the parameters of the computatodél.

The first objective here consists in constructing a prolstitimodel of uncertainties related to the position and
orientation of the sensors and actuators. This probabitisbdel has to be adapted to the framework of a Finite Element
(FE) analysis in order to obtain a stochastic computatioraalel that will be used to propagate these uncertaintiegtiet
computational dynamical response. The second objectitresopaper is to provide a robust model updating methodology
in presence of such uncertainties. The methodology prajjose is based on a Bayesian approach. The third objective of
this paper is to provide a methodology for an optimal placetoéthe sensors/actuators so that the measurements yields
maximum information for the updating procedure which metira¢ the measured data (1) should be sensitive to the
updating parameter and (2) should be robust with respebktpasition/orientation uncertainties. The method predos
here is based on Information theory (Kapur and Kesavan, 189@ more precisely on the use of the Kullback-Leibler
divergence to measure the gain of information provided byntleasurement configuration.

1 NOMINAL COMPUTATIONAL MODEL

We are interested in the frequency response of a linear ddstpecture, occupying a domdi in the frequency band
of analysisB. Letx be the coordinates of a point . Letwu(x,w) be the displacement field defined in the frequency
domain with values it©3. The nominal computational model is constructed using thenéthod. It is assumed that there
are no rigid body modes. Let be the total number of degrees-of-freedom in the FE modelalka, € B, the vector
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U(w) € R™ of them degrees of freedom is the solution of
(—w?*[M] + iw[D] + [K]) U(w) = F (w), 1)

in which [M], [D] and [K] are the(m x m) mass, damping and stiffness matrices and wiigse) is the vector of the
external forces. The reduced nominal computational madebnstructed using the modal analysis method.[®Ebe
them x n matrix whose columns are thefirst elastic modes. We then introduce the approximatioh (w) of U(w)
such that

U(w) = U™ (w) = [9] q(w), (2)
in which the vectog(w) is the vector of thex generalized coordinates and is the solution of the follgweduced matrix
equation

(—w?[M] + iw[D] + [K]) g(w) = F(w), ®)
in which [M] = [®]7 [M] [®], [D] = [®]T [D][®] and[K] = [®] [K] [®] are then x n mass, damping and stiffness
generalized matrices, and wheféw) = [#]7 F(w) € R™ is the vector of the generalized forces.
The nominal experimental configuration of the structuregsigped withn, sensors anah, actuators. For each
sensors;, i = 1,...,n, the acceleration is measured following the three direst@n e, ande,. For each actuator
ai, 1 = 1,...,n,, a 3-dimensional point force is applied. It is assumed thatrtominal locations of the sensors and

actuators correspond to nodes of the mesh of the FE modelndget= 31, andnexe = 3n,. Let Us"i(w) in C3

denote the three translation DOFs observed by sensord letUse™s (w) = (TS (w), ..., Usns: (1)) in Cnebs be the
observed displacement vector. LEt"(w) in C* denote the point force applied by actuatgrand letFact(w) =

(Fact(w), ..., Factna(w)) in C"e< be the actuator force vector. The observed displacemenoviclinked to the
generalized coordinates vector by the relation

U™ (w) = [0] U™ (w) = [0] [@] q(w), (4)
and the actuator force vector is linked to the generalizezefovector by the relation
Fw) = [@]" F(w) = [@]" [C]F*(w). (5)

In Egs. (4) and (5)j0] and[C] are two(ngps x m) localization matrices which have elements equal to zermer o
Then, using Egs. (3), (4) and (5), for allin B, the observed displacement vectsf"s(w) is written as

U™ (w) = [O][H w)][C] F** (w), (6)

in which the frequency response functidi(w)] with values in th&m x m) complex matrices is such that

[H(w)] = [@](—w?[M] + iw[D] + [K]) ' [®]", @)
The response is calculatedatq frequenciesuy, . . . , wy,,, belonging to frequency banf@. We then introduce the output
vectorz in R"= such that
z =20 (w1), ..., U™ (Wnieg)) 8)

wherez is a non-linear mapping and, is the number of outputs.

2 PROBABILISTIC MODEL OF UNCERTAINTIES OF THE UNCERTAIN POS ITIONS AND ORI-
ENTATIONS

2.1 Construction for continuous coordinates

Letx, in Q2 denote the nominal position of the senspand letz,, in ©2 denote the nominal position of the actuator
a;. Letx denote:g s, Orz, andletg(z) in C3 be a vector dependlng on the nominal positiorin the next sections, this
vector will represent a displacement measured by a sensdiooce applied by an actuator. Itis assumed that the nominal
positionz and the orientation of (x) are not perfectly known. Thegi(z) is replaced by the random vect@i{x) with
values inC? such that
G(z) = [Rlg(z + X), )

in which the random variabl&', which is such that the random variahie+ X is with values inf?, is a random position
vector and R] is a random rotation matrix . There are several possitsliite the construction of the probability models
for X and[R].

Concerning the random variation locatiah, the least informative probability distribution is the forim distribution
in a given suppor# which is generally centred at the nominal positioand is such that for alt in A, z + « belongs
to Q2. The supporid can be evaluated based on expert judgement and depends mectigon of the placements of the
sensors and the actuators.
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There are several ways to parametrize rotation matriceler Bingles, Euler parameters, Rodriguez parameters, and
so on. In this paper, we use Euler angles . This parametizatinsists in three successive rotatiépg), and¢, around
x—, y— andz—directions (there exists other possible sequences for Balges. This parametrization which has a direct
interpretation allows an expert judgement to be easilyriak® account. Le® = (0,,0,, 0,) be the random rotation
vector. The probability distribution & can be defined as uniformin a given sup@®rt [—m, 7] x [—7/2, /2] x [—m, 7]

(for real applications, typical supports are abeiit2 rad around each direction). Then the random mdfRkis such
that
c,C. -5.Cy Sy
[R] = | S.Cy+5:5,C. C.Cp— S:5,5. —5.Cy , (10)
828, — 09, C, 9;C, +C.8,5, C.Cy
in whichC,, = cos(0,), Cy = cos(0,), C, = cos(0,), Sy = sin(0,), S, = sin(0,) ands, = sin(0.).

2.2 Discretization of the probabilistic model of uncertain ties
In the context of the FE method, the displacemefit, w) is approximated fox in 2 by
u(z,w) = [N(x)|U(w), (11)

in which [N ()] is the matrix of the shape functions. The displacement végt6**!(w) = u(z, ,w) of the sensos; is
replaced by the random vectb*°"*!(w). Then using Eq.(9), we have

U (w) = [Ry,J[N (s, + X,)JU(w). (12)
Then, by assuming that the FE mesh is fine enough, the randgmadeément/**"*(w) can be approximated by
U™ (w) = [Ry,][0s,]Uw), (13)

in which [O,] is a(3 x m) random localization matrix that associates the DOFS of kbgest FE node from position
xs, + X, to the DOFs of the FE mesh. With such an approximation, we ne&d the coordinates of the nodes of the

mesh yielding little intrusiveness with respect to comrissoftwares. Finally, the random displacem&Rt™ (w) can
be written as

U (w) = [0,,]U(w), (14)

i

in which[Og,] = [Rs,][Os,] Is a(3 x m) random matrix.
Concerning the actuators, I8t<“i(w) be a point force applied at,,. It can then be shown (Batou, 2015) that the
corresponding random force vectBf (w) is written as

F'(w) = [N(@a, + X o))" [Ra, JF*" (w), (15)
which can be approximated by _ - .

F'(w) > [Co,][Ra JF* (), (16)
in which [C,,] is a(m x 3) random localization matrix that associates the DOFS of thsest FE node from position
Zq, + Xq, to the DOFs of the FE mesh. Finally, the random force veEtdw) can be written as

F'(w) = [Co,JF*" (w), (17)
in which[C,,] = [C,,][R.,] is a(m x 3) random matrix.
Finally for allw in B, the observed random displacement ve€&f6t"*(w) is written as
U™ (w) = [O][H (w)][C]F*" () , (18)

in which the(nops X m) random localization matrifO] and the(m X nex) random localization matri)C] are obtained

by assembling the random matridé€3;, |, . .., [O,,_] and the random matricé€,,],...,[C.,, ] respectively. Itis in-
teresting to compare Eq. (18) to Eq. (6). Finally, the detristic localization matrice§0] and[C] are just replaced by
random localization matricd®] and[C]. Therefore the calculation of independent realizationthefrandom displace-
mentU**"*(w) is little intrusive with respect to commercial softwaresirfRermore, once the elastic modes have been
calculated initially using the nominal computational mbde additional eigenvalue problem has to be solved to ¢aeu
the random response of the model. Only calculations at tthecel-order level have to be performed. The output vector
z becomes a random vect@r = (U™ (w1), . .., U™ (wWny,,)) With values inR™=.

3 UPDATING OF THE PARAMETERS

Let h be the vector of the;, parameters to be updated. This parameters can be relateabs) stiffness, damping or
geometry properties. L&}, be the admissible set for the vector Then for allh in Cy, Eq. (18) is rewritten as

U*"*(w, h) = [O][H (w, h)][C]F*"(w), (19)
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and then

Z(h) = f, (U™ (w1, h), ..., U (Wngeqs h)) - (20)
The uncertainties induced by modeling errors and measunegners (except sensor and actuator placement errors) are
modeled by an output prediction errd¥ which is assumed to be a centred Gaussian random vector awtriance
matrix [C'n], which has also to be updated or is directly given based oaréjydgement. For readability purpose, it is
assumed that the covariance maifiy] of the output error is given and therefore is not to be updaktbe generalization
of the hereinafter derived equations to the case of a cavagimatrix to be updated is straightforward. Then the oleserv
randomZ°" is defined by

Z°> = Z(h) + N, (21)

Let z°*P be the measured vector corresponding to random outputrvgetS. The Bayesian updating method consists
in replacing the deterministic parameterby the random variabldd?"*°" with values inC;, and for which the prior
probability distributionpg»-io- (h) is given. For any random variabl¥, let Ex denote the mathematical expectation
with respect taX. Then the posterior distributiongyr.s: (h | z*) is given by

ex 1 ex
PEpost (h | z p) = Epzobs|Hprior (Z p | h) X P Eprior (h) s (22)

inwhich ¢ = Eggorior{p govs| grorior (2P | HP"°")} is a normalization constant. For computational purpose|ikeli-
hood functionp zovs| grorior (2 | h) is rewritten as follow

pZObSlH])TiOT (ZeXp | h) = EN {pZObS|N,Hp”"°T (ZeXp | N, h)} . (23)
From Eq.(21), it can be deduced that

pZobs‘N,Hprior (ZeXp | n, h) = pz|Hprior (ZeXp —n | h) . (24)
Then the posterior distributiopy».-: (h | z°*P) can be rewritten as
(b, z%%P)

post h ZeXp = — X prior h 5 25
prrvost (| ) Epgorior {((HP"", zo%0)} P (h) (25)

wherel(h, 2°P) = EN{pz grrior (2P —N | h)} is the likelihood function. Then several estimathrsf the parameter
h can be constructed. This estimation can be chosen as the tveltimaximizes the posterior distributipgyros: (h |
z*P) yielding themaximum a posteriori probability estimation method:

2 = exp rior .
h = arg max (R, z5P) pgporior (R) (26)

The optimization problem defined by Eq. (26) is, in generah-gonvex. If the number;, of updating parametersis large,
the maximum can be search using a random search algorithtmasuan evolutionary algorithm. If the prior probability
distributionp g»+ior (k) is uniform on the suppoxg;, then the estimator (26) becomesnaximum likelihood estimator.

The estimatéx can also be constructed as the mean values of random vaFESE, i.e
Egorior {HP™'T ((HP™™" | 25%P)}

EHpv‘ior {E(HpTiOT, ZeXp)}

In the context of Monte Carlo estimation, this latter reimgtonly requires independent realizations of random \eia
HP""°" 'which are easier to obtain than independent realizatibrasdom variablegH”°* for which the generation would

require the use of a Monte Carlo Markov Chain (MCMC) methoet A" """ ... h?"**""simn ben,, , independent
realizations of random variable’*°" and letn!, . .., n"sim» beng,,, , independent realizations of random variable

Then the estimatioﬁnm,h related to Eq. (27) is constructed using the Monte Carlo kitimn method, i.e.,

Nsim,h pPTiOT,4 )1, PTIOTi _exp
r Zi:l h U(h , 29P)

ho = Egpyon {HP} — , (27)

T T (R o) =
where the functiord(h, z*?) is an estimation of the likelihood function such that
R 1 Nsim,n R .
(ze) = 2 D (277 =t [ ), (29)

wherep z grerior is @ multivariate kernel density estimator of the probapfiistributionp | g»r:o- Which is constructed
usingnin , independent realizations of the random localization mesfi0] and[C] (H?"*°" being fixed). It is recalled
that, for each realization dff”"*°", the calculation of the elastic modes, which is time-corisgrhas to be calculated
only one time. Then the calculation of the independentzatiins of random variablg given H?"*°", which are useful
for estimatingp ;| g0 Using a kernel density estimator are not time-consuming. ddmputational cost related to the
expectation with respect to random variablés also negligible once the probability distributipg g»-io- is estimated.
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4 OPTIMAL SENSOR LOCATION

The objective now is to determine the optimal nominal lawagix, ,..., z, andz, ,...,z, for the sensors
and actuators respectively. In the present paper, the appwsitions are searched in order to collect the maximum
information for updating the parametker This means that we want that the dynamical responses neebatthe optimal
positions should be (1) as sensitive as possible with ré$peice parametel and (2) as robust as possible with respect
to positioning uncertainties (and to modeling errors ifjthee not negligible). In (Papadimitriou, 2004), the authioave
proposed to use the Shannon differential entropy to quatité information that is provided by each sensor/actuator
configuration. More precisely, this method consists in miging the entropy (or uncertainty) related to the posterio
probability distributionpgrres:. In the present paper, the Kullback-Leibler (KL) divergenwhich is commonly used in
Bayesian experimental design and which is the oppositesoStiannon entropy in case of uniform prior, is used instead.
Letz, , = (z,,,.... 2, &4, 2, ) andletCy = be the admissible space far ,. The KL divergence between

S17 ) =Spg ) =a1)?

the pr|0r dlStI’IbUtIOprpmor and the posterlor dlstrlbutlomqpm is defined by

' pravoet () Pravort (HP*)
’C‘C(pHp"S” 3 pHP”rOT) /R"h DPHPpost (h‘) 1Og(pHpriM (h) Prporior (Hpost)
wherelog is the natural logarithm. The KL divergence is non-negaivd measures the difference of quantity of infor-
mation betweem gr-ior @andpgrost. This KL divergence depends on the measured veetdt which is not available
during the design of the experimental configuration. Thaeethe experimental vector has to be constructed numigrical
using for instance the respong#&™ of the nominal model for which the updating paramétas set to a nominal value
h"°™, Using Eq. (25) withe®*P = z"°™ the KL divergence is rewritten as

)dh = Egpost{log( )} (30)

Nsim,n

E(h Zexp Z pz|HpTwT ZP — nk | h’) ) (31)

nSlm ,n
Eggorior {log(C(HP | z09m)) ((HIP™™" | zvom)}
Epgorior {L(HP™", znom)}

Here again, this rewriting has the advantage to use a genefatealizations ofH?"*°" instead ofH?°*!. Then the KL
divergence can be estimated using the Monte Carlo simulatiethod, i.e.,

KCL(prgrost, Dporior) = — log(Eggerior {L(HPT 2°™)}) | (32)

o B Z’ﬂsl'rn h 1Og(€(h’prio7',i znom))é(h’prior,i7 Znom) MNsim,h riori nom
K:E(pHPOStvaP””) - anlm h E(hperZ Znom) —IOg Nsim.h Z e h ))’ (33)

in which the estimated likelihood functidmh, z"™) is given by Eq. (31). The computation of the KL divergencedor
given sensor/actuator configuratian , is summarized on Table 1.

Choose a sensor/actuator configuratiQn, € Cz_
Calculatez™™ using Egs. (6) and (8).

fori=1,...,nm, do
Generate realizatioh” "°"" of random vectod ™",
for j=1,...,ngim,pdo

Generate realizatioj9/] of random matri{O].

Generate realizatiof/] of random matrixC].

Calculatez(hP"*°"™"; [07],[C7]) using Egs. (19) and (20).
Estimate the probability distribution — p | grorior (2 | hPri°"") using a kernel density estimator.
for k=1,...,nsim,, do

Generate realization” of the noise vectoiNV.
\; Evaluatep | grorior (2P — n? | RP7O7).

Estimate/(h, z#*?) using Eq. (31).

EsUmate/CE(pHpm,pHmm ;x, ,) using Eq. (33).

Table 1 — Computation of the KL divergence.

The optimal value:2®; for the sensor/actuator nominal locations is the one thatmiaes the KL divergence (quantity
of information) and is therefore solution of the followingtamization problem

opt
2s,a

=arg max KL(pgrost, pgorior; Ty ,) - (34)

Zsa Zs.a
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This optimization problem can be solved using an evolutip@ggorithm. In (Papadimitriou, 2004), a sequential algo-
rithm has been proposed in order to place the sensors onevat.a t

5 APPLICATION

This application is related to the frequency response ofitoum bar with lengthL, = 1 m, sectionS = 1073 m?,
Young’s modulus? = 10 Pa, mass density = 9000 kg/m?.

5.1 Reduced-order model and experimental responses

For such a simple structure, the elastic modes can be ctdudxplicitly. Fora € N*, the eigenfrequencies, =
o’ E/(pL?) are associated with the mass-normalized elastic meggles 2sin(amz/L)/L, x € [0, L]. A unit point
force is applied at = z, such that the corresponding generalized forcegare 2sin(anz,/L)/L. In a first stage, in
order to construct the experimental responses, the modgbidgsé,, are equal t@.04. The frequency band of analysis
is By = [0;3250] x 27 rad/s. The reduced-order model is constructed using?itiiest elastic modes in order to a have a
good convergence of the response in the b&ndThe frequency response is calculated at= 0.3 m and for observation
points P1 and P2 located atr, = 0.5 m andz, = 0.25 m respectively. The functions > log;,(w |Us*®*F1(w)|) and
w s logyo(w [Us™P2(w)|) are plotted on Figure 1. As expected, the resonance comdsypto the second elastic mode

Velocity

0 500 1000 1500 0 500 1000 1500
Frequency (Hz) Frequency (Hz)

Figure 1 — Frequency response in velocity for points P1 (left figure) and P2 (right figure).

(166 Hz) vanishes for poinP1 and the resonance corresponding to the fourth elastic né@deHz) vanishes for points
PlandP2.

5.2 Probabilistic model of positioning uncertainties and r andom response

Since the problem is 1D (no rotation), we only have to consigkeertainties for the positions, andz, related to
the observation point and the excitation point respegctivEthese positions are replaced by the random positiQrs X s
andz, + X, in which random variableX; and X, are uniform random variables defined on suppeft.04, 0.04]. For
z, = 0.5m (pointP;) andz, = 0.25 m (pointF,), for z, = 0.3 m, the random frequency responses are plotted on Fig. 2.
The confidence regions with probability levieb and the mean values are estimated using the Monte Carloationl
method with1000 realizations. It can be seen on Fig. 2 that compared to Fayrdndom resonance related to the second
elastic mode appears for poifftt and a random resonance related to the fourth elastic modsepfor points”1 and
P2. It can also be seen that the level of fluctuation relatededitat resonance mode is higher for poiti and the level
of fluctuation related to the second resonance mode is highgoint P1. Indeed, pointP1 corresponds to a maximum
(with zero slope for the tangent) for the first elastic modeé emrresponds to a zero (with maximum slope for the tangent)
for the second elastic mode and then the first resonancdéssinsitive to a variation of observation position whiie t
second resonance is very sensitive to a variation of obsemvaosition. For the first elastic mode, poi2 corresponds
to a larger slope of the tangent than paitthen the first resonance is more sensitive to a variation eéifation position
for point P2. As a last remark for Fig. 2, it can be seen that a stochasti@aging takes place for large frequencies due to
the decreasing of the spatial wavelength with respect tpiacy.

5.3 Optimal sensor/actuator placement

It is now assumed that the modal dampings rati@nd¢, are uncertain and have to be updated using experimental
measurements of frequency responses. The experimergakfiey response is constructed using the nominal model
(with nominal valued$).04 for £&; and¢&s,) introduced in Section 5.1 and the random responses aréraotesl using the
stochastic model introduced in Section 5.2. It is assumatttiere is no modeling errors and the random variébie
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Velocity

-6.5 -6.5
0 500 1000 1500 0 500 1000 1500
Frequency (Hz) Frequency (Hz)
Figure 2 — Random frequency response in velocity for points P1 (left figure) and P2 (right figure): Mean response

(thick line) and confidence region (thin lines).

zero almost surely. For the updating, the frequency regsoase restricted to the range= [0,433] x 27 rad/s. The
output vectorz is made up of the concatenation of the functians; log;,(w |U%"*:(w)]|) calculated al0 frequencies
regularly spaced in the range. Thereforen. = 10. The objective is to determine the optimal locatiar§g® andzgP*

for the sensor and the actuator respectively. The prioribligions for the random modal damping$"*" and=5""" are
uniform distributions on the interva.02, 0.06]. Two cases are considered. For the Case 1, the modal danipiags

&5 are considered separately and then two optimal configunstioe determined separately. For the Case 2, the modal

dampingst; and¢, are considered in a single step and a unique optimal configaria determined.

For Case 1, the KL divergencéfsﬁ(pgimst7pEll>m;:cs,:ca) and ICE(pEgm, pEgmr;xS,xa) are estimated using the
Monte Carlo simulation method withs;,,, , = 1000 realizations. For each realization, the likelihood isrestied using
nsim,p = 800 realizations of the random positions (as explained in thay/lwd this paper, thesg00 realizations are per-
formed at reduced-order level and are therefore not timswoing). The results are shown on Figs. 3 and 4 respectively
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Figure 3 — KL divergence (zs,zq) = KL(Ppost, Doprior; Ts, Ta ).
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It can be seen on Fig. 3 that for the updating of modal damgirige optimal configuration is??* = 0.5 andz2”* = 0.5.
Indeed, even if all the points of the bar are equally seresttivé;, the middle of the bar is, as explained above, the location
where the response (for the first resonance) is the mosttralithsrespect to positionss andz, and is therefore the
optimal position for both:; andz,. The symmetry with respect to the ling = z, is due to the reciprocity property of
the nominal model and to the probabilistic models Xr and X, which are identical here. The symmetry with respect
to the linezs + x, = 1 is due to the symmetry of the application with respect to tlddie of the bar. Concerning,

it can be seen on Fig. 4 that there are four optimal configumativhich are such that?* = 0.25 or z%?* = 0.75 and
2Pt = (.25 or x2P* = 0.75. These configurations correspond to points where the respdor the second resonance) is
the most robust with respect to positionsandzx,, .

For Case 2, the modal dampingsandé. are considered in a single step. Letde- [, &) andE = [Z1,Z5]. The
KL divergencelC L (pgpost , pgerior; Ts, T4 ) iS plotted on Fig. 5. It can be seen on Fig. 5 that the optimafigarations are
againz?t = 0.25 or z%* = .75 andzSP* = 0.25 or zP* = 0.75. The KL divergence is quite large for the configuration
xs = 0.5 andx, = 0.5. Indeed this configuration provides very robust informafior £; and due to uncertainties this
configuration also provides few information fgy.
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5.4 lIdentification of the modal dampings

The posterior distributiopzs.s: (€ | 2°*P) is calculated for the optimal configuratiaf§?® = 0.25 andz%?* = 0.25.
The marginal posterior distributior;%?ost (&1 | z2%P) andpggost (& | z°*P) are plotted on Fig. 6. Itis recalled that the
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Figure 6 — Configuration z27* = 0.25 and z%?* = 0.25. Left figure: Marginal posterior distribution Papost (&1 | 29P).
Right figure: Marginal posterior distribution pEgost(§2 | zP).

prior distributions fof=; and=; are uniform on the intervd0.02, 0.06]. The estimated mean values d&¢=, } = 0.041
and E{=2} = 0.040 which are closed from the values from which experimentgloases have been generated{).
The estimated coefficients of variation (ratio between thedard deviation and the mean value) &e = 0.24 and
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0=, = 1.2 x 1073, Then the use of this optimal experimental configuratiorvigies a very robust estimate for the modal
dampingé, and a quite robust estimate for the modal damgingor in other words, the large position uncertainties for
the sensor and actuator yields very few errors on the estimat ¢; and acceptable errors for the estimatior¢ of In
order to obtain a very robust estimate fgr we can add another sensor or use two experimental confignsat-or the
configurationz;, = 0.5 andz, = 0.5, the marginal posterior distributiorp%fost (&1 | z%P) andpggost (& | z°°P) are
plotted on Fig. 7. It can be seen in these figures that thisgarziion would yield a very robust estimate fgrbut a poor
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Figure 7 — Configuration 227" = 0.5 and z2”* = 0.5. Left figure: Marginal posterior distribution pEfost(gl | 2°%P).
Right figure: Marginal posterior distribution pEgost(fg | 25P).

estimate foks.

6 CONCLUSIONS

We have presented a probabilistic method to take into ad¢asurertainties related to the position and orientation
of the sensors and actuators. This methodology allows (Bntdyse the propagation of these uncertainties into the
dynamical response of the structure, (2) to take into accthese uncertainties in the updating of the computational
model using a Bayesian method and (3) to find the optimal plecé for the sensors and actuators. This methodology is
little intrusive with respect to the commercial softwaresl & well adapted to parallel computing. The sensitivityhef
dynamical response to sensor/actuator position uncégsiis larger for locations where elastic modes with sraaé
spatial wavelength have large contributions yielding muaiacy for updated values of the parameters of the computti
model. The methodology we have proposed allows to detechaattcally such undesirable locations for the sensors and
actuators.
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