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Abstract: A FEM study regarding the dynamic behavior of rotating machines subject to base excitation and unbalance
forces is hereby presented. The mathematical model of the rotor is based on the Timoshenko beam theory, which is
obtained by considering the strain and kinetic energies of the shaft, discs, and mass unbalance. The resulting equations
are used to provide information about the vibration responses of the rotor under base and unbalance excitations
simultaneously. Some simplifications are adopted in order to obtain the responses of the considered rotor system, which
is composed by a horizontal flexible shaft, two rigid discs, and two self-alignment ball bearings. Therefore, the proposed
analysis is performed both in time and frequency domains, as illustrated by the orbits, unbalance response, and the
Campbell diagram of the rotating machine. Finally, this study illustrates the main dynamic phenomena associated with
onboard rotor systems.
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1. INTRODUCTION

Due to the rotating characteristic of shafts and rotating machines, these occasionally introduce mechanical energy,
originated from unbalances, to a given system. These may be fixed or onboard rotors, as hydroelectric turbines, turbofan
turbines, compressors, etc.. These rotating machines tend to operate at a very high speed, making the comprehension of
the dynamic behavior and influential parameters an essential step to the improvement of their performance and
functionalities. In this sense, the study of rotating machines enables a better control and increased performances, ranges
of operation and definition of better operating regimes for these mechanisms.

Contrary to what has been initially concluded by Rankine (1896), a rotating machine may operate at a speed
superior to its critical speed (Dunkerley, 1984). As the studies on the theme evolved, the critical speed became a crucial
parameter for projects and parametrizations. Machines that operate beyond the critical speed need to first get past it to
reach the ideal operating speed, which demands additional energy and control systems to resist possible resonance effects.
This becomes a project consideration, influencing strongly on structural dimensioning and also in the machines
performance. Another condition that allows for a better understanding of rotors in the variation on the vibration amplitude
on the critical speed. The Campbell Diagram, developed by Wilfred Campbell, is a great auxiliary tool for the
comprehension of rotors theory and represents the rotors natural frequencies considering the influence of the rotating
speed.

Even before the widespread use of the Finite Elements Method (FEM) in rotating machines, the Transference
Matrix logic that considered a continuous system, developed by Lallement, Lecoanet and Steffen Jr. (1982), brought
concepts that evolved with the FEM. The greater computational capacity and data processing capability made possible
the implementation of a greater number of variables in the mechanical models, bringing the approximations to a minimum
and increasing the realism and precision of the simulations of case studies. Thus, effects like rotating inertia, axial forces
and gyroscopic moments were introduced to the FEM models by Nelson and MacVaugh (1976), accordingly to Ishida
and Yamamoto (2012).

In this context, the present study aims to better understand the influence of a range of new parameters and study
the dynamic behavior of rotors. The study is based on a horizontal test rig, composed by a flexible shaft and two rigid
discs, mounted on two ball bearings, which are the reference parameters used for the FEM model. The methodology used
is the consideration of flexibility in the Lagrange equations, used simultaneously with a FEM model. This model is
satisfactorily similar to the real system, accordingly to Lalanne and Ferraris (1998), as the rotating machines dynamic
behavior is described in a pertinent sense. The kinetic energy of the discs, the unbalanced mass and the shaft are considered
in their modelling. For the shaft, the strain energy is also considered, which introduces its characteristic flexibility in the
model. As for the mechanical seals that introduce a local stiffness, it is used a virtual work equation. During the evaluation
of the numerical model its results were compared to experimental results, obtained through the test rig, which allowed a
better understanding of the systems dynamic behavior.

2. ROTOR MODELING
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Figure (1) shows the schematic representation of the onboard rotor in which three reference frames are used
(Duchemin, Berlioz, Ferraris, 2006). Ro(Xo, Yo, Zo) is the inertial frame, Rs(xs, Vs, Zs) is the frame fixed to the rotor base,
and R(x, Y, z) is the frame fixed to the disc.

Xo

Figure 1: Schematic representation of an onboard rotor (Duchemin, 2003).

The movement of the frame R with respect to Rs is described by the angles v, 8, and ¢. The orientation of R is defined
from a rotation y around zs, a subsequent rotation & around the new direction xi1, and last by an amount ¢ around vy, as
presented by Fig. (2a). Thus, the angular velocity of the frame R with respect to Rs is given by Eq. (1).
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where Rz is an intermediate frame resulting from the imposed angular rotations (Lalanne and Ferraris, 1998).

Figure 2: Reference frames for the disc and for the rotor base.

The movement of the base (i.e., frame Rs) with respect to Ry is defined by the coordinates Xa, ya, and za, and the angles
a, B, and y. The orientation of Rs is defined from a rotation « around zo, a subsequent rotation 8 around the new direction
X3, and last by an amount y around y, as presented by Fig. (2b). Thus, the vector which define the location of the point A
(see Fig. (1)) and angular velocity of the frame Rs with respect to Rg are given by Eq. (2) and Eq. (3), respectively.
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The lateral vibration of the shaft (i.e., movement of frame R fixed to the disk with respect to frame Rs) is described by
the translations u and w along xs and z; directions, respectively. Additionally, the angles € and y lead to the angular
orientation of the shaft with respect to the same directions xs and zs, respectively (Duchemin, Berlioz, Ferraris, 2006).
Thus, the kinetic energy Tp of the disc (see Fig. (1)) can be derived from Eq. (4).
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where Mp is the mass of the disc, VcORs is the translational velocity of the disc with respect to Ro expressed in Rs, QR is
the angular velocity vector of the frame R with respect with R, and Ip is the tensor of mass inertia moments.
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being Ipx, Ioy, and Ip,, the mass inertia moments of the disc. wx, wy, and w,, are the angular velocities of the frame R with
respect to the frame Ro (Duchemin, 2003).
The kinetic energy expressions for the shaft and unbalanced mass m, are given by:
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where Ts and T, are the kinetic energies of the shaft and unbalanced mass, respectively. The translations us, vs, and ws, are
similar to the ones presented by Eq. (5) (i.e., time derivatives of uc, vc, and wc, respectively), regarding any y position
along the shaft (see Fig. (1)). I« Iy, and I, are the area inertia moments of the shaft. The parameter p is the volumetric
density of the shaft material, E is the Young's Modulus, and S stands to the cross-section area of the shaft. Additionally,
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where V pr, is the translational velocity of the point D with respect to Ry expressed in Rs (see Fig. (3)), Q is the rotation
speed of the rotor, t is the time vector, and d is the distance of m, from the geometric center of the shaft.
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Figure 3: Unbalanced mass.

It is worth mentioning that the strain energy U of the shaft is not modified by the movement of the rotor base (i.e.,
translations and rotations), since it is independent from the constraints associated with the onboard rotor problem. Thus,
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where E is the Young's Modulus associated with the shaft material.

The FE model of the shaft is elaborated based on the Timoshenko’s beam theory, considering two nodes per
element and four degrees of freedom per node, as presented by Fig. (4) (i.e., displacements us, uz, wi, and wo; and angular
rotations 61, 62, w1, and ).

> s

Xs

Figure 4: Degrees of freedom associated with the FE of the shaft.

The vector of nodal degrees of freedom of the shaft is given by:

A= W 6 % U W O iy (11)

The elementary matrices associated with the FE model of the shaft are obtained by introducing the well-known
shape functions (associated with the Timoshenko’s beam theory) in Eq. (8) and Eq. (10) (Timoshenko, 1951). The
Lagrange’s equations can be applied, and the equations of motion are derived as follows:

MG +[D+D"]|q+[K+K"|Jg=W+F(t)+F(t) (12)
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The matrices M, K, and D, are the mass, stiffness, and gyroscopic/damping of the rotor system, respectively. All
these matrices are related to the shaft and the discs of the rotor, considering the base at rest. The contribution of the discs
on the dynamic behavior of the rotor system is incorporated in Eq. (12) from the kinetic energy presented in Eq. (4),
considering the four degrees of freedom associated with a given node of the shaft FE model (Duchemin, 2003). The
additional terms associated with the motion of the base are incorporated into the matrices D* and K*, as well as in the
force vector F*. The vector F contains the unbalance forces. W stands for the weight of the rotating parts.

The direct numerical integration of Eq. (12) is not possible, as it consists of a nonlinear, second-order differential
system of equations. Hence, to obtain the vibration responses of the onboard rotor system, the Newton-Raphson method
is considered in conjunction with the Newmark-type trapezoidal rule integration algorithm. This integration process is
presented in details by Cavalini Jr et al. (2015a) in the appendix section. The detailed parameters used in the integration
procedure, such as the Courant number and convergence scheme, can also be found in the aforementioned paper.

3. NUMERICAL APPLICATION

In this section, the dynamic behavior of the presented FE model is evaluated considering different base excitations.
Figure (5) shows the vibration responses of the rotor system considering the fixed and excited conditions for its base. The
vibration responses were determined along the xs and z; directions at the measurement plane Sg. In this case, two different
excitations were applied (i.e., displacement of the rotor base along the xo and zo directions; Fig. (5a) and Fig. (5c),
respectively). Figure (5c) presents a displacement curve which mimics the dynamic behavior of aircraft wings during a
typical flight envelope. It is important to point out that the simulation time and the displacement amplitude does not match
with real excitations applied to aircrafts during flights. In this context, the vibration responses associated with each
excitation curves are shown by Fig. (5b) and Fig. (5d) (excitations Fig. (5a) and Fig. (5¢), respectively; full simulation
time of 10 s in steps of 0.001 s). The maximum base accelerations along the xs and zs directions were 1.5 m/s? and 10
m/s?, respectively. The operational rotation speed of the rotor Q was fixed at 1200 rev/min and an unbalance level of
487.5 g.mm / 0° was applied to the disc D1. Note that the vibration responses of the rotor system changed according to
the imposed base displacements. As expected, the vibration responses determined along the xs direction is bigger than the
one obtained along the z; direction when the displacement of the base applied along the xo direction is considered (and
vice-versa). Similar results were found considering the vibration responses measured at the plane Szs.
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c) Excitation along the z, direction. d) xs direction (----) and z; direction (----).

Figure 5: Vibration responses determined at the plane Sg of the rotor considering different base excitations.

Figure (6) shows the orbits of the rotor system determined at the measurement plane, considering a sinusoidal
excitation imposed around the direction xs as given by:

A :Asin[n%t] (13)

where A was fixed as being equal to 0.5 rad/s? and n is a constant used to produce the super synchronous base excitations.
In this case, n = 2, 3, 4, and 5 (Fig. (6a), (6b), (6c), and (6d), respectively). The scales used for the xs and z; directions are
different to provide a better visualization of the dynamic effects on the rotor orbits. A high excitation amplitude was used
to better visualize its effect in the orbits of the rotor. The operational rotation speed of the rotor Q was kept at 1200
rev/min and an unbalance level of 487.5 g.mm / 0° was applied to the disc Di. Note that the shape of the rotor orbits
changes according to the imposed base movement. Similar results were found considering the vibration responses
measured at the plane Sps.

4. CONCLUSION

In this paper, an investigation regarding the dynamic behavior of a rotor system subjected to base excitation was
discussed. The rotating machine used in the numerical analysis is composed by a horizontal flexible shaft, two rigid discs,
and two self-aligning ball bearings. The mathematical model of the rotor was presented through Eq. (1) to (12), enabling
the development of the FE method. The proposed analysis was performed both in the time and frequency domains, as
represented by the orbits, unbalance responses, and the FRFs of the rotor system. The vibration responses were determined
from different base excitations, so that the discrepancies between regular rotor and onboard rotor were analyzed. The
transient dynamic behavior of the system was not taken into account in this contribution. Therefore, further studies will
encompass the vibration responses of the onboard rotor system operating in run-up and run-down conditions. An
experimental verification is also scheduled.
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Figure 6: Orbits determined at the measuring plane Sg considering sinusoidal super synchronous base excitations
according to the rotation speed of the rotor (---- base at rest; ---- base excitation)
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