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or one with a known heat transfer coefficient is modeled. However, in many practical applications, the
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the way for the development of new scientific instruments that incorporate inverse problem methods.
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1. Introduction

The inverse heat conduction problem (IHCP) is typically defined
as the problem of using internal temperature measurements to
find heat fluxes on the surface. Sometimes this specific task is
termed a boundary IHCP to emphasize recovery of the unknown
surface heating action. The IHCP has been studied widely during
last few decades, and notable texts have been authored by Beck
et al. [1], Alifanov [2], Ozisik and Orlande [3]| and Murio [4], to
name a few. Several different methods have been developed and
demonstrated for solving IHCPs. All boundary IHCP solutions as-
sume full knowledge of the governing equation and thermal mate-
rial properties, and full knowledge of boundary conditions on all
but the active surface under investigation.

Remote boundaries are typically assumed to be insulated or
cooled with a known heat transfer coefficient. For example, Ijaz
et al. [5] consider estimation of heat flux histories on two faces
of a two-dimensional domain. Their model assumes perfectly insu-
lated surfaces on the other two faces, and temperature data are
gathered on these insulated surfaces to drive the solution of the
[HCP. Chen, et al. [6] also consider a two-dimensional problem,
with two faces insulated, but the third face at a homogeneous tem-
perature condition. In their method, the temperature, and not the
heat flux, is determined on the fourth face of the domain. Mulcahy
et al. [7] consider a problem in an annular three-dimensional
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geometry and seek the heat flux history on the inner surface of
the annulus as a function of angle 0 and axial coordinate z. They as-
sume that all the other surfaces are insulated. Chan [8] performs an
interesting study to determine the heat flux on a cylinder cooled by
a jet. In this two-dimensional problem, measured temperatures on
the surface of the cylinder are used to compute the heat flux on the
cylinder, but this is done through solution of the flow field around
the cylinder. In this case, insulated and no-slip boundaries are im-
posed on the bounding walls of the domain. Khajehpour et al. [9]
tackle two-dimensional problems with finite element analysis
and obtain solutions by splitting the domain into sub-regions.
However, they do assume the remote boundaries are either insu-
lated or have known convection cooling.

Chen, et al. [10] consider a slightly different problem. Their
analysis of a one-dimensional domain considers two subsurface
sensors, but seeks to compute the heat flux at both exposed
surfaces.

Since IHCPs are mathematically ill-posed, an appropriate regu-
larization method needs to be applied in order to convert the ori-
ginal ill-posed problem to a nearby well-posed problem and
achieve a solution for it. Tikhonov regularization (TR) [11,12] is a
common technique to stabilize the IHCP. It is commonly applied
over the whole time domain which means that the solution proce-
dure needs to access all the observations at once [1].

More recently, efforts have been made to develop real-time or
filter forms for processing temperature data to solve the IHCP.
Khorrami, et al. [13] employ an interesting approach based on
the premise that the heat flux component at a particular time is
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Nomenclature

volumetric specific heat, J/m3-K

filter coefficients (X21 case)

filter matrix (X21 case)

filter coefficients (X12 case)

Green’s function

filter matrix (X12 case)

thermal conductivity, W/m-K

location of temperature boundary condition, Eq. (3), m
number of future time steps

number of past time steps

heat flux, W/m?

sum of squares of the temperature error, K*
time, s

temperature, K

spatial coordinate, m

dummy integration variable, Eq. (6)

sensitivity matrix for unknown surface heat flux
measured temperature at boundary x =L
measured temperature at location x = x4
sensitivity matrix for measured temperature boundary
condition at x=L

ITEOQR MT™AN

LT

NS ®¥X X 4™ 0na 3

Greek/Roman
o thermal diffusivity, k/C, m?/s

or Tikhonov regularization parameter

o standard deviation

gy variance

B eigenvalue

¢ step response function for unit heat flux at x=0

n step response function for unit temperature at x =L
T integration variable, Eq. (6)

Subscripts

0 surface location or reference value

1 location of measurement sensor

i time index

m eigenvalue index

M time index; any time, or the current time

ss steady state

N last time index

X21 Cartesian heat conduction problem with type 2 and type

1 boundary conditions

Superscript
~ dimensionless parameter

a linear combination of the temperature around the time of its
occurrence. They use an artificial neural network to determine
the required coefficients of the linear filter based on detailed
numerical simulation of the target process. Deng and Hwang [14]
also use artificial neural networks to generate the filter solutions
for heat flux estimation based on temperature histories. Ijaz et al.
[5] solve a transient IHCP by using Kalman filter. LeBreux et al.
[15] use a combination of Kalman filtering and recursive least
squares to achieve a real-time algorithm to determine heat flux
history for industrial applications. Lamm [16,17] employs a
sequential computation based on TR by using a recent subset of
available data and a limited number of past predictions and obser-
vations. Cabeza, et al. [18] studied the filter effect of the function
specification method and the truncated singular value decomposi-
tion method in a sequential form [19]. By examining the power
spectral densities of the two methods, they concluded that the reg-
ularization methods act as band-pass filters. Most recently, Wood-
bury and Beck [20] study the structure of the TR problem and
conclude that the method can be interpreted as a sequential filter
formulation for continuous processing of data. They show that the
computed heat fluxes using the whole domain solution and the fil-
ter coefficient solution are virtually the same for the constant-
property solutions.

The filter method [1,20] used in this paper is a representation of
one of many IHCP solution methods, such as Tikhonov Regulariza-
tion, in a digital filter form. It is not a new or different method of
solving IHCPs, but merely a representation of the solution in a form
suitable for continuous (online) processing of data.

Measuring heat flux has great significance in several scientific
experiments as well as industrial applications such as monitoring
manufacturing processes and fire safety tests. Digital filter solu-
tions are especially advantageous for developing new instruments
for near real-time heat flux estimation from continuous tempera-
ture histories.

In this paper, a method is developed to incorporate the temper-
ature measurement history from a second subsurface sensor as a
remote boundary condition in an IHCP solution. The second

measurement may, or may not, coincide with the physical bound-
ary of the domain. Tikhonov regularization is used to stabilize the
solution and the resulting algorithm is written in filter form [20].
An example problem is considered and both the whole domain
method and the sequential filter solution method are illustrated.
The filter solution of the IHCP has a number of advantages includ-
ing simplicity, continuous operation and application to moderate
nonlinearity manifested by temperature-dependent thermal prop-
erties [21] which makes it an appropriate approach for near real-
time heat flux estimation.

2. Problem description

The IHCP solution typically starts by minimizing a sum of
squares function, which is the sum of the squares of the difference
between the measured and calculated temperatures at a location
x1. The calculated temperatures are functions of the unknown sur-
face heat flux. Some form of regularization is needed, and the func-
tion specification method [1] or Tikhonov regularization (TR)
[11,12] are only two of many techniques. For the function specifi-
cation method, the heat flux is found using a sum of squares func-
tion that uses both past and future information. The Tikhonov
whole domain regularization method will have a sum of squares
function over the total time domain. However, the nature of the
IHCP is such that a given heat flux component is a linear function
of only a limited number of past and future measured tempera-
tures. This point is illustrated below.

For simplicity, at this point a sum of squares function over the
total time domain will be used in this analysis. Furthermore this
time domain is large enough so that there is a long middle time re-
gion in which the very early conditions and the final time condi-
tions have negligible effect upon the heat flux. This, too, is
discussed further below.

The describing heat conduction equation is

o (, oT oT
a(ka>_C§, O<x<L t>0 (1)
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This equation permits the thermal conductivity, k, and the volumet-
ric heat capacity, C, to be functions of temperature. However, in the
derivation that follows, these properties are considered constants. It
is found that the filter solution of the nonlinear IHCP for moderate
changes in the properties is sufficiently accurate [21]. In this case,
the filter coefficients need to be found for different temperatures
using corresponding material properties and then by applying lin-
ear interpolation the values of filter coefficients can be found for
each time step. Eq. (1) implies that the problem is one-dimensional
Cartesian, side heat losses are not present and no internal heat
sources are present. A consequence of all these observations is that
it usually is not necessary to attempt to estimate the heat flux ex-
tremely accurately, such as to one or two percent of the maximum
value. With no loss of generality, the initial temperature is consid-
ered to be zero,

T(x,0)=0 2)

Fig. 1 illustrates the one-dimensional domain and summarizes the
nomenclature. The temperature history at a location x = L is mea-
sured and is used as a boundary condition. This measurement loca-
tion may be at a physical boundary, or may be at a subsurface
location within the domain. Hence, the plate can be much thicker
than the length L and heat may be flowing though the plane at L.
The measured temperature boundary condition is expressed as

T(Lt) = y(t) 3)

The temperature is also measured at a point x;, where 06 x; <L.
This data serves as supplemental data required for solution of the
[HCP. This measured data is written as

T, 0 =Y(0) (4)

where T indicates an estimate of the temperature at x;. It is an esti-
mate since it is a measured value which has some errors. The loca-
tion x, is between zero and L but, in practice, x; should be equal to
or smaller than L/2, smaller being better.

The objective of the IHCP is to estimate the surface heat flux,

T )
k5 (0.6 =q(t) = )

using information coming from the measured temperatures indi-
cated by Eq. (4). A sum of squares function over the complete time
domain is

N
§=_(Yi— Tt 1)’ ()

where T(x;, t;) is calculated and is a function of the unknown heat
flux components. An expression is needed for this term. This

T(x1,)=Y(t) TL,H=y(t)
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Fig. 1. Physical domain and nomenclature. Note location L may, or may not,
coincide with the location of a physical boundary, and location x; can be in the
range 06 x; 6 L.

temperature is a function of the heat flux and the given temperature
at x =L. These temperatures can be computed using a numerical
method, such as Crank-Nicolson, or using an exact solution, which
is used in this paper, but either one can be used. When using Tikho-
nov regularization another term is added to the sum of squares,
such as the sum of squares of the heat flux components.

3. Temperature computation using an exact procedure

The temperature at x; is a function of the surface heat flux q(t)
and the temperature at x = L. One exact way to obtain the temper-
ature uses Green'’s functions [22]; an expression is

ot

o
T(xq1,t) = T B q(1)Gx21(%1,0,t — T)d7
ot G
o[y (-T2t Lt dr )

The Green’s function in this equation is for a boundary condition of
the second kind (a gradient condition, also called Neumann) at x =0
and the first kind (specified temperature, also called Dirichlet) at
x = L. The notation X21 denotes a Cartesian geometry with a bound-
ary condition of the second kind at x = 0 and the first kind at x = L. In
using Eq. (7) with equally spaced times, it is necessary to specify the
type of variation between adjacent times. At this point, the heat flux
components, q; and ¢;;, and also between adjacent temperature
components, y; and y;.;, are specified as being constant between
time points (step function); but they could also be linear, quadratic
and cubic. The step variation can be described by

qt) =q;, ti<t<tia (8a)

t; = iAt (8b)

A solution for the X21 case with a constant heat flux at x=0 and
zero temperature at x = L is [23]

T(x,t) o cos(fn%)
WLk (1- ) 2> e TL )

where B, =(m —1/2)r,m=1,2,... (The notation used to describe
these solutions is sometimes referred to the BCHL notation, after
the authors of Ref. [22]. The BCHL notation for this case is
X21B10T0. More information on the notation can be found in Refs.
[22] and [24].) For a constant (step) heat flux input, the dimension-
less temperatures at x = x; for times t = At, 2At¢, ..., iAt are desig-
nated ¢q, ¢o, ..., ¢i. These values are termed the response function
and represent the dimensionless temperature rise at the measure-
ment location due to a unit disturbance (step change) in the surface
condition. More explicitly the ith value, ¢; is

_ T(xq,iAt) X1 X\ i COS (B L)
=t~ (1) 2T o

Likewise, in consideration of a step change in temperature at the
boundary x = L, the solution for a constant temperature, Ty, at x = L is

T Xx: /3%112{ sin ﬁ"[;(l __>) (-11)

and the eigenvalues are the same as given below Eq. (9) (the BCHL
notation for this case is X21B01TO0). Analogous to ¢; the response
function at x; for a constant temperature disturbance Ty at x = L, de-
noted as ;, is

T(xl, lAt

i=

226 ﬁmmrsm ﬁmﬁ( -1)) (12)

Using Eqgs. (10) and (12), the temperature at x; can be found for any
time-variable heat flux at x=0 and temperature variation at x =1L
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through scaling and superposition of the response functions. If the
heat flux is piecewise constant, and the temperature variation at
x =L is piecewise constant, the result from the following procedure
is exact. Since Eq. (7) indicates the q(t) and y(t) inputs can be added
(because of linearity), the two components of Eq. (7) can be consid-
ered separately. First, consider the temperature response at x; due
to a piecewise constant heat flux at x=0. Using step (piecewise-
constant) basis functions with an initial temperature equal to zero,
the temperatures at t;,i=1, 2, ..., M are found by scaling the unit re-
sponses and superposition and can be written as

L
E(%Ad)o)

L
Tq2 = Tq(x1,2At) = E(qlA¢l + G A¢)

Tq1 = Tq(x1,At) =

(13a)
Tom = Tq(x1,MAL) = k Z‘LA¢M i
which can be written as
T =g X1
Tq2 = 41 X2 + 42X
M
Tom = @i Xm + GXmoa + -+ Qu o Xa + GuXa = Y _qXmoin
i1
(13b)

where, in Eq. (13a),
Agi = dip1 — & (14)

Note that, in Eq. (14), ¢o =0, so that A¢g = ¢1. In Eq. (13a) and (13b),
the q subscript on T denotes that it is the contribution to the tem-
perature at x; caused by the unknown heat flux.

Similarly the contribution to the temperature at x; due to the
temperature history at x =L is

M

Tym = vammq (15a)
i-1

which can be written as
M

Tym = > ViZu-isi (15b)
i=1

Then the temperature at x; caused by the heat flux at x =0 and the
temperature at x = L is the sum of the two contributions:

LM M
Ty =Tom+Tym= Ezind)M—i + E Vil
i1 P

M

ZQXM i1+ DZM i+1 (16)
i=1

i=1

The step basis function representations (and also for other basis
functions) for temperature given in Eq. (16) can be described by
the matrix equation of

T=Xq+2Zy (17)
where
T, a Xy 0 o .- 0 O
T % X2 Xi 0 0 0
T= ,oq=| |, X= X3 X5 X, - 0 O
. K Xo Xoo Xoz - X2 Xi
(18a,b, c)

Z1 0 0 ... 0 0

il Z Z; 0 0 0
y=|"| 2= &z z - 00 (19a,b)

In Zo Znn Zna - L Iy

The components of the X and Z matrices are related to the charac-
teristic response functions by

Xi= MG Zi= Mg (20a,b)
The units of X are temperature per unit heat flux; those for Z are
temperature per unit temperature (dimensionless). The columns
in the X matrix of Eq. (18) are the same as the sensitivity vectors
in parameter estimation. The first column is for q;, the second for
g, and so on. Notice that these sensitivity coefficient vectors are
the same as each successive column of values is simply shifted
down by one. Although there might be hundreds of heat flux com-
ponents, their basic characteristics can be inferred from just exam-
ining the first column (the sensitivity vector). The effect of
estimating multiple components can be inferred by shifting this
curve (or vector) one unit.

When the columns of the X matrix are identified as comprised
of the sensitivity components, related important concepts of
parameter estimation can be introduced. Two concepts are that
the sensitivity vectors should 1) be large in magnitude and 2) be
uncorrelated. (Actually, the scaled sensitivities are examined in
which each sensitivity, oT;/o qq, is multiplied by q;. This provides
the same units of temperature so the sensitivities can be compared
with each other and with the magnitude of the temperature rise it-
self.) These aspects of magnitude and uncorrelated sensitivity coef-
ficients are examined below.

In light of the above comments, the scaled sensitivity coeffi-
cients for the heat flux components are examined. Note from Eq.
(20a) that the X;'s are the differences between successive values
of the ¢(iAt) curve in Eq. (10) for a particular value of At multiplied
by the ratio L/k. Algebraic expressions for the scaled sensitivity
coefficients can be found using Egs. (10) and (20a). The first one
is given by:

OT (xq, At
%7(1 )

— 0. X = a.Ad —
aa, 41 X1 = q1A¢o = q11

R e =)

All the other scaled sensitivity coefficients can be found as
OT (x1, 1At
q1 7( 1, 1AD)

(21a)

L L
=q,Xi= Q%Ad)i = %E((/)i - di1)

oq;
q,L 0 _pti-nac ﬁz mr cos (ﬁm L)
_T{ZZ< Eal )7B (21b)
m=1 m
where
0T (x4, 1At)
Xi= —8q1 (21¢)

Egs. (21a,b) show that the sensitivity coefficients are functions of
the sensor location, x;, and the time step in the data, At. The behav-
ior of these coefficients as functions of these two variables is
investigated.

The scaled sensitivity coefficients are illustrated in Fig. 2 and
Fig. 3. For convenience, dimensionless forms of the equations are
treated by plotting

g, Xi
qL/k

=X (22)
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Fig. 2. Components of the dimensionless sensitivity vector X for the heat flux at
x =0 for sensor at x;/L = 0.5 for different time steps atAt/L% (Plot_X.m).
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Fig. 3. Components of the sensitivity vector X for the heat flux at x = 0 for time step
aAt/L?=0.02 and various sensor locations x;/L=0.0, 0.25, 0.50, 0.75, 1.0.
(Plot_X2.m).

versus dimensionless time. Fig. 2 shows the components of X for a
sensor located at x;/L=0.5 for different values of dimensionless
time step aAt/L?. Fig. 2 indicates that higher values of dimension-
less time step result in higher sensitivity coefficients. From a
parameter estimation point of view, this is highly desirable. How-
ever, the time step in the data also controls the resolution of the
heat flux history, and larger time steps will only permit coarser
piecewise constant representations of the heat flux. A balance be-
tween increased sensitivity and fidelity of the heat flux function
must be struck.

Fig. 3 shows the components of the sensitivity vector X for a
fixed time step of atAt/L? = 0.02 for sensor locations at x;/L = 0.0,
0.25, 0.5, 0.75, and 1.0. The highest sensitivities result from sensor
locations closest to the heated surface, and zero sensitivity results
from sensors at x; = L.

The procedure above outlines an approach for linear problems,
in particular a heat conduction problem when the thermal proper-
ties of the material are invariant. However, it has been demon-
strated [21] that this approach can be extended to the moderately
non-linear case of temperature-dependent thermal properties by
computing digital filter coefficients corresponding to properties at
different discrete temperature levels and interpolating between
them based on the level of temperature at the present time.

4. IHCP solution using Tikhonov regularization

The whole domain Tikhonov regularization method [1,25] is
used to solve the IHCP. Later the filter coefficients are found from
the solution. The solution starts with a matrix form for the sum
of squares with an added regularization term given by

S=(Y-Xq-Zy)"(Y-Xq-2Zy) + orq"H Hq (23)

Sis minimized with respect to the parameter vector q. The symbol Y
is the temperature measurement vector at x; and y is the measured
boundary temperature at x = L. The initial temperature is zero. The
or symbol is the Tikhonov regularization parameter which controls
the degree of regularization (and bias!) introduced into the solu-
tion. Various orders of regularization can be selected and are imple-
mented via the matrix H. The first order method is selected here
which uses first differences of the heat flux components. The matrix
operator H is a forward difference approximation for the first deriv-
ative of q (see [1, page 139].) The estimated value heat flux vector,
denoted §, is found by minimizing S with respect to q and is given
by

q=XX+ ocTHTH]’le(Y —Zy) =F(Y - Zy) =FY + Gy (24)

Note that this equation is dimensional. F has the same definition as
the filter matrix of Ref. [20], however in the present application it is
defined with the X matrix from the X21B10TO case and Ref.
[20]considers the X22B10TO case. The units of F are heat flux per
unit temperature (W/m?-K). In Eq. (24), the term Zy can be viewed
as a modification or “correction” to the measured data Y to account
for the contribution of the non-homogeneous boundary condition at
x=L to the measured Y; values. Recall that, although Eq. (24) is
dimensional, the matrix Z is dimensionless.Finally, observe that this
equation is a linear function of the measurement temperature vec-
tors Y and y. This is important for the filter method of analysis of the
[HCP.

5. Filter algorithm

The concept of the IHCP filter is described in Ref. [1], but ex-
plained in more detail in Ref. [20]. It should be noted that the filter
“solution” is really a representation of a particular IHCP solution,
such as Tikhonov regularization or future time step method, in a
digital filter. This is possible because the solution for the heat flux
at any time is only affected locally by the recent temperature his-
tory and a limited number of future time steps. This facilitates
“near real-time” computation of heat fluxes based on temperature
measurements just prior and just slightly ahead of the “present”
time. Temperature measurements in the distant past and far future
do not have significant impact of the physics of the present. Effi-
cient, rapid computation of the heat flux very near the “present”
time makes this formulation suitable for implementation in a
microprocessor-based instrument for measuring heat fluxes in a
continuous process.

Consider for the moment only the portion of the temperature
disturbance at x; due to the heat flux at x = 0. The portion of the
heat flux due to the measured temperature at x; for a particular
time, ty;, can be computed as

Guy = fi¥mem +FoYmime1 + -+ f Yi + -+ frem, -1 Ymomy 1

M-ty

+fM+mpYM—mp = Z ﬂYM+mf—i (25)
i=1

where the fs are elements of a filter vector, and my refers to the
number of future times steps, and m,, refers to the number of past
time steps. The elements of this vector are the non-zero entries of
a column of the F matrix in Eq. (24). The F matrix for the
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X22B10T0 case (denoted Fx»;) and its properties are described in
detail in Ref. 20. The F matrix for the X21B10TO case (denoted
Fx21) has many similar properties, notably that, except for the first
few and last few rows, the entries on each row are identical but
shifted in time by one time step.

The entries of the middle column of the Fx,; matrix are plotted
in Fig. 4 for different sensor locations x;/L. It is seen that the width
or range of the filter, determined by the interval with non-zero val-
ues, increases as the sensor depth increases. This indicates that the
number of time steps of data required for resolving the surface
heat flux increases with distance of the sensor from the active sur-
face. This is related to the fact that the magnitudes of the entries of
the sensitivity matrix X decrease with distance from the surface.
Sensor locations closer to the surface will have higher sensitivity
to the unknown heat flux and will result in a digital filter with
the smallest width.

As indicated by Eq. (24), an additional term is needed beyond
Eq. (25) to account for the changing temperature at x = L. This term,
Gy = —FZy, can also be written in a filter form as

QM‘y = glyM+mf +g2yM+mf—1 +oet gmfyM +o +gM+mp—1yM—mp+l

M-y

+ 8m+myYM-m, = Z EiYMmy—i (26)
i-1

where fy, is the estimate for the portion of the heat flux at x=0
due to the measured temperature at x = L. Many of the properties
of the filter matrix G are similar to those of the matrix F, in partic-
ular that the rows of the matrix, except for the first few and last few,
have all the same values, but each row is shifted over by one time
step. Likewise, all the columns are the same, but each successive
one shifted down by one row. Also, the values on each row and col-
umn vanish to zero for small and large times.

Fig. 5 illustrates the middle column of the G matrix for different
sensor depths. The values plotted are the entries of the g vector.
The width or range of the g filter is determined by the number of
non-zero entries. It is seen in Fig. 5 that the width of the filter in-
creases with smaller sensor depths. This peculiarity can be under-
stood since the measured temperature is at the remote boundary
(x=L), and sensor locations further from this active boundary are
at smaller values of x. Fig. 5 also indicates that the values of g
are predominantly negative.

The complete estimator for the surface heat flux at time t, is
found as the sum of Eq. (25) and (26) as follows

mg+mp
v = Z (FiY Mm—i + &YMimpi)
i1
= fiYuim—1 +oYmimea + o+ foy 1 Yaer + fi Y
+fmf+1 Yy1+--- +fmp+meM7mp + &1V Mim;1
+8Vmim—2 + + 8mYm + Empr1¥ma + o

+ gmp+mfyM—mp (27)

Note that all the f-filter coefficients can be found at one time by set-
ting all the Y and y components equal to zero except the m; compo-
nent, Yn, in Eq. (27) is set equal to one. To get the g-filter
coefficients (those for the y vector), the same procedure is followed
with now all the components of Y and y equal to zero except
Ym, = 1.

’ Figs. 6 and 7 depict the f and g filter coefficients for the location
x1/L = 0.5; the first order Tikhonov parameter value of o7 is equal to
0.0001 in Fig. 6 and 0.01 in Fig. 7. In both cases the filter coeffi-
cients for f is the largest, by about a factor of 10 in Fig. 6 and a fac-
tor of 4 in Fig. 7. Having f larger than g indicates that errors in the
temperature boundary condition at x = L are less significant than
those at x;. Also note that the range of non-zero values in Fig. 6
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Fig. 4. Dimensionless filter coefficients f for the surface heat flux at x = 0 for various
sensor locations xq/L. First order Tikhonov regularization or=1e—4. my=m, = 25.
(compute_F_X21.m).
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Fig. 5. Dimensionless filter coefficients g for the measured temperature at x = L for

various sensor locations x;/L. First order Tikhonov regularization or=1e—4.
my=m,=25. (compute_G_X21.m).
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Fig. 6. Filter coefficients f for Y(20)=1 and others zero and g for y(20)=1 and
others zero. m,=20 and my=20. oAt/[*=0.02. or=0.0001. Xf=2.002144,
>g=-1.999706. Range of non-zero values about 0.15< at/L?<0.6.
(compute_fg_X21_2.m).
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Fig. 7. Filter coefficients f for Y(34)=1 and others zero and g for y(34)=1 and
others zero. m,=35 and my=35. oAt/[?=0.02. or=0.01. Xf=2.002937,
>g=-1.999715. Range of non-zero values about 0.3 <at/[><1.1.
(compute_fg_X21_2.m).

is about 0.15 < «t/[> < 0.6 or spans about 0.45 in dimensionless
time. The corresponding range in Fig. 7 is from 0.3 < at/L?> < 1.1 or
spans about 0.8. Hence more regularization (i.e., larger o), in-
creases the range of the filter coefficients. Also, as ¢ is increased,
the magnitude of the filter coefficients decreases. The magnitudes
are important. For example, suppose that the heat flux is being
estimated and there is a single error of 1 in the temperature at a
given time. This would cause an error in the estimated heat flux
for or=0.0001 that briefly reaches 15 (the magnitude of f in
Fig. 6) and only about one-tenth of that for ar=0.01, as shown
by Fig. 7.

The maximum value of the absolute values of the filter coeffi-
cients increases as the Tikhonov parameter decreases. However,
the sum of the f filter coefficients is a constant for a given location
x1. This concept was explored in Ref. [20] for the X22 case and is
described here for the X21 case. Information regarding the sums
of the coefficients in Fig. 6 or Fig. 7 can be obtained by using the
filter equation given by Eq. (27); this equation can be used for tran-
sient and steady state situations. Let it now be used for steady state
and many measurements in time. These temperatures are con-
stants which are here denoted by Y and ys. Then Eq. (27) can
be used to obtain

mp-+mg my+my
=8 = Y (Ymem i+ &Vrim—) = Y (iVss +8s)
i=1 i=1
mp+mf m’rHTlf
:Yss Zﬁ+yss Zgi (28)
i=1 i=1

For steady-state heat conduction in a plate with fixed temperatures
at x and L, the heat flux is given by

R e (29)
Equating the above two equations gives

mp+my mp+mg YSS yss
Y ;ﬁﬂ/ss ; g =k — ki

Mp+my Mp+my
YSS|:Zfi_L’_<X:|__yss|:Zgi+ﬁ (30)
i=1

i=1

Since Y, and y, are arbitrary in value, each of the terms inside the
brackets is equal to zero. This then leads to

M-ty
E fi= _k_
L= Ix

i=1

mp+my mp+my

S g=-th=- 31
i=1 i=1

For the special case of L=1, x=L/2 and k =1, we obtain

31

M-y

-2
i=1

my+my
> &i=-2 (32)

i=1

Several observations can be made regarding the last two equations.
First, they suggest a method of intrinsic verification [22] of the com-
putations. That is, regardless of the value of the Tikhonov regulari-
zation parameter, the same sum should be obtained. Furthermore,
the value must be very close to those given. Second, the sum for
the g; values is the negative of the sum for the f; values. A conse-
quence of this relation is that the temperature difference is the only
important aspect; hence, the initial temperature is not needed,
which is true for both steady-state and transient conditions. Also,
both the temperatures can be in °C or K, for example.

Another type of insight from the filter coefficients can be ob-
tained regarding the variances and standard deviations of the heat
flux estimates. To obtain these estimates it is necessary to specify
some statistical assumptions. Let the measurement errors be addi-
tive, have zero mean, have a constant variance ¢ and be uncorre-
lated. Then the variance of Eq. (27) is

mp-+my

ol =V(lw) = > ( +g})0’ (33)

=

This result is independent of the subscript M. Some results are
shown in Table 1 for three different locations x;/L=0.25, 0.5 and
0.75 and for three Tikhonov 1st order regularization parameters
of oy =0.0001, 0.001 and 0.01. The results in Table 1 are computed
from Eq. (33) using an assumed measurement standard deviation of
0 =1.0. As shown in Table 1, as x4/L increases, the standard devia-
tion of the estimated heat flux increases. In contrast, they decrease
as the regularization parameter increases.

6. Example

To illustrate the method to estimate the surface heat flux using
a second subsurface sensor for the remote boundary condition, a
finite domain of thickness 2L will be considered with a repeating
triangular-in-time heat flux input at x=0 and zero temperature
at x = 2L. The variation can be seen in Fig. 8 (which also includes

Table 1

Standard deviations in the estimated heat flux for additive measurement errors with
zero mean, constant variance ¢2, and uncorrelated. Results computed using Eq. (33)
with 2 = 1.0. Columns 3 and 4 show the contributions ¢,, and aq,0f the measure-
ments Yj, and y; on the total standard deviation ¢, shown in column 5.

T o1 Ty Tq, 9q 2}21+mf i Z}iplﬂn!gi
0.25 0.0001 21.5939  4.7070 22.1010 1.3333 -1.3333
0.25 0.001 8.9798 2.7884 9.4028 1.3333 -1.3333
0.25 0.01 3.8136 1.5807 4.1282 1.3333 -1.3333
0.5 0.0001 25.4757  2.5751 25.6055 2.0000 —2.0000
0.5 0.001 10.1786 1.6262 10.3077 2.0000 —2.0000
0.5 0.01 4.2242 1.0085 4.3429  2.0000 —2.0000
0.75 0.0001 28.6552 1.9841 28.7238  4.0000 —4.0000
0.75 0.001 11.7680 1.5304 11.8671 3.9999 —4.0000
0.75 0.01 5.0194 1.1761 5.1554  4.0007 —3.9997
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Fig. 8. Heat flux calculated using filter coefficients. Errorless data. Solid line is for
Tikhonov whole domain, Circles are for the filter method. x; =0.5; L=1;k=1; 2=1;
T.=1; go=1; At=0.02; max = 500; oy = 0.01; (HTprofiles_2.m).

results from the calculations, which will be explained below). Data
for the remote temperature boundary is simulated from the solu-
tion at x = L (that is, half-way through the domain of 2L). “Measure-
ments” are also extracted at x; = L/2 to simulate the sensor for the
[HCP.

The temperatures at x =L/2 and L are shown in Fig. 9. The tem-
peratures oscillate in an increasing damped manner and will even-
tually reach a quasi-steady state. The maximum temperature
shown in Fig. 9 is about 43 in dimensionless temperature and
the maximum surface temperature is about 50. These values are
important to remember when introducing random errors; values
small compared to these numbers are desired but should not be
too small as to be unreasonable.

The IHCP problem is solved first with errorless data (to say, 10-
digit accuracy). The temperature data illustrated by Fig. 9 at x = L/2
is for Y and the temperature at x = L is for y. The whole domain Tik-
honov method (Eq. (24)) and the sequential method based on filter
coefficients coming from that method (Eq. (27)) are used and com-
pared. The results for dimensionless time steps of 0.02 and
or=0.0001 are shown in Fig. 8. Agreement between the Tikhonov
whole-domain method and the filter analysis could hardly be bet-
ter, it seems.

Note that, because of the width of the filter, values at the begin-
ning and the end of the overall time range cannot be computed.
The filter requires data from both past and future times, hence can-
not be applied at the start, or at the finish. For this example, m, =
mg= 25, so computations begin at the 26th time step and end 25
steps from the final time.

The filter method is best suited for an online application where
results are computed continuously from a stream of data, such as
in a continuous industrial process, and for such an application
the start and stop intervals are not important. The result is a “near
real-time” estimate of the time-varying heat flux, which is neces-
sarily delayed by a relatively small number of time steps required
to supply future data to the process. Considering the filter repre-
sented in Fig. 7, about 21 future times are required, based on the
range of non-zero coefficients. The actual time delay depends on
the thickness, L, and the thermal diffusivity, «. For a 1 cm thickness
of carbon steel the delay is about 2.1 s, but for a 1 cm layer of
organically-bonded glass fiber insulation the delay would be about
90 s.

Another case of interest is for relatively large simulated errors
(additive, zero mean, constant variance, uncorrelated, and nor-
mally distributed). Normally distributed errors with a standard
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Fig. 9. Temperatures for several triangular heat flux components. At=0.02; 50
time steps to get to peak. (HTprofiles_2.m).
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Fig. 10. Comparison of whole domain Tikhonov regularization with associated filter
coefficient results for the case of “large” random errors (Gerror = 0.5, about 1% of
maximum T). x;=0.5; L=1; k=1; aa=1; T.=1; go=1; At=0.02; max=500;
aik = 0.01; (HTprofiles_2.m).

deviation of ¢=0.5 were added to the exact temperatures in
Fig. 9, and these “noisy” data are processed using the two methods.
The results are seen in Fig. 10 which uses oy = 0.01and m,, = my= 25.
Notice that the filter method gives the exact same results as the full
TR method, and this is confirmed by the calculation of the standard
deviation of the error between the recovered heat flux and the ex-
act heat flux, which is equal 2.40 in both cases. The exact heat flux
is shown as a heavy line in Fig. 10 for comparison.

Since the filter representation is really a manifestation of an
underlying IHCP method (in this case, Tikhonov regularization),
the performance of the filter with different heat fluxes will reflect
the features of that particular solution method. Specifically, the de-
gree of regularization afforded by the particular method will be re-
tained. So, the degree of regularization chosen by the filter
designer, which affects both bias and random error components
in the solution [20], should be chosen with the type of heat flux
(smoothly varying or rapidly-changing) anticipated in the target
application.

The computer time to obtain results using the full Tikhonov reg-
ularization method is significantly more than that using the filter
equation. Assuming that the filter coefficients are precomputed
and stored, the computer time required using full TR method is
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approximately 25 times more than the required time for the filter
method. About 500 simultaneous linear algebraic equations must
be solved in the Tikhonov procedure for this example; one equa-
tion for every unknown heat flux component. The computation
associated with the filter equation is trivial compared to this calcu-
lation. Furthermore, whole-domain direct solution time using Eq.
(24) increases more than linearly with the number of unknown
heat flux components. Also, computer memory requirements in-
crease as more and more cycles are considered in a batch mode
of analysis. That is not true for the filter computation. Thousands
of cycles can be analyzed using the filter concept in an almost
real-time fashion. It is only necessary to have a limited “window”
of measurements available for temperatures at time ty; and a num-
ber of future and past temperatures relative to this time.

7. Conclusion

In this paper, a technique to account for the thermal action at a
remote boundary in the IHCP solution using temperature data from
a second sensor is outlined. Primary data needed for the solution is
obtained from a sensor located at x = x;, and supplemental data to
account for the second boundary is measured at x = L, which may,
or may not, correspond to a physical boundary. The IHCP solution
is formulated into a filter representation. Using the filter technique,
near real-time measurements can be continuously obtained, and
this is suitable for industrial applications. The filter solution and
a classical whole domain Tikhonov regularization solution are both
applied to an example problem and the results match very well.
The calculation time for the filter method is significantly smaller
than the whole domain method which makes it an appropriate ap-
proach when real-time estimation of heat flux is required.
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