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Resumo: A new numerical methodology combining Fourier pseudo-spectral and immersed boundary methods - 

IMERSPEC – has been developed for fluid flow problems modeled using the Navier-Stokes, mass and energy 

equations, for incompressible flows. The numerical algorithm consists in a Fourier pseudo-spectral methodology using 

the collocation method, where every kind of thermal boundary condition can be modeled using an immersed boundary 

method (Multi Direct Forcing Method). The IMERSPEC methodology was presented by Mariano et al. (2010). A new 

model for boundaries conditions of first, second and third were developed, implemented and verified, using synthesized 

solutions for Navier-Stokes and energy equation. Preliminary results are presented in the present paper. 
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1. INTRODUCTION  

 

In the last two decades a lot of effort has been spent by the fluid dynamic scientific community to address two 

crucial but conflicting key issues in the science of computational fluid dynamics (CFD). These are associated with the 

need to model increasingly complex boundary conditions in one hand, and, at the same time, requiring high accuracy 

Ferziger and Peric (1996). The great majority of engineering and geophysical fluid flow problems are characterized by 

very complex geometries that arise mainly from the irregular domain frontiers. This is often associated with the 

presence of moving and deformable geometries.  

The methods used to solve flow problems over complex and moving geometries require moving and deforming 

meshes or even remaking the mesh after a given number of time steps. These procedures cause the methodologies to 

have a high computational cost and have a more complex implementation Nakahashi et al. (2003). 

The immersed boundary methodology has been developed since 1970 by several researchers Peskin (1972), 

Goldstein et al. (1993), Lima e Silva et al. (2003), Mittal and Iaccarino (2005). This method reach a portion of the 

requirements described above; specifically, it can handle complex and moving geometries, using Cartesian mesh. 

This methodology was applied by Mariano et al. (2010) to solve the flow over a driven cavity and over a backward 

facing step. The cavity flow was also simulated by Botella and Peyret (1998), using a Chebyshev collocation method. 

This work was developed and applied for isothermal flows. Flows with heat transfer effects was simulated using 

immersed boundary methodology for boundary conditions of first, second and third type by Jungwoo and Haecheon 

(2004), Jeong et al. (2010), Wang et al. (2009), Pan (2006) and Young et al. (2009). 

In special Wang et al. (2009) used the multi-direct forcing scheme to ensure the temperature Dirichlet boundary 

conditions at the immersed boundary and the finite difference scheme was applied to solve heat transfer problems, the 

results showed second-order spatial accuracy when applied to solve the Taylor-Green vortices.  

An accurate Navier-Stokes equations solver allows to obtain a better solution of a given flow problem in a given 

grid, as compared with a less accurate numerical method. In terms of high order accuracy, the family of the so called 

spectral methods Canuto (2007) has been virtually unsurpassed. Spectral methods are characterized by exponential 

convergence to the exact solution with increasing grid size. 

Within the family of spectral methods, the classical Fourier pseudo-spectral collocation method is probably the most 

impressive, due to its extremely high accuracy and its low computational cost. Moreover, the pressure terms in the 

Navier-Stokes equations can be lumped together with the non-linear term, for incompressible flows. So, the Fourier 

pseudo-spectral collocation method does not requires the solution of a pressure Poisson equation. It results in an 

unusually fast time stepping procedure. These classical methods, however, are in general not applicable for over 

complex geometries. The Fourier collocation method, in particular, can only be used in flows with periodic boundary 

conditions.  
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The goal of the present work is to show a new methodology for incompressible flows with heat transfer and with 

three kinds of boundary conditions. It has been looked to combine the accuracy and low computational cost of the 

classical Fourier pseudo-spectral method Canuto (2007) with flexibility in handling complex geometries allowed by the 

immersed boundary methods. Was introduced, specifically, the IMERSPEC method Mariano et al. (2010), which 

combines a classical Fourier pseudo-spectral method, with an immersed boundary method. The main goal is to take into 

account the effects arising from the presence of complex boundaries. Also, any spatial derivative is computed with 

spectral accuracy. In the present paper, a new model for boundaries conditions of first (Dirichlet), second (Newman) 

and third (Robin) types were developed, implemented and verified, using synthesized solutions for the Navier-Stokes 

and energy equations. 

 

2. MATHEMATICAL MODELING  

 

The presented methodology is based on the merging process of the immersed boundary method with a classical 

Fourier pseudo-spectral method. The equations in physical space, the pseudo-spectral and immersed boundary methods 

are described in Mariano et al. (2010). In this paper, only the models for several kinds of boundary conditions will be 

presented. 

The mathematical model for incompressible flows of Newtonian fluids, with heat transfer is established with the 

energy, the Navier-Stokes and mass equations. These equations present source terms that model the boundary 

conditions for momentum and heat transfer. These equations are presented below:  
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where  txf ,
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 is the source term for Navier-Stokes equations and  t,xfT


 is the term source for the energy equation 

respectively. The terms  t,xf ss


 and  t,xfTss


 are the source term related to the synthetized solutions for Navier-

Stokes and energy equations. These source terms model the boundary conditions as well as others kind of physical 

effects. 

The main goal of the present work is to present a new model for the IMERSPEC methodology Mariano et al. 

(2010) extended for flows with heat transfer effects. In the following topic the models for  t,xfT


 source terms are 

presented. Particularly, a model for the energy source term is proposed for the boundary conditions of first, second and 

third types. 

 

2.1. Boundary conditions for the energy equation  

 

Three types of boundary conditions will be proposed. 

 

2.2.1 Dirichlet boundary condition (first type) 

 

For this type of boundary condition the temperature  txT ,


 is given over the immersed boundary, which gives the 

reference temperature, defined as: 
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where  tXTref ,


 is used in order to calculate the forcing term  t,xfT


. In the present paper, this forcing term is 

calculated using the direct forcing, with a procedure similar to that used for the velocity. So, if we discretize Eq. (3) 

using the Euler time discretization method, as a guise of demonstration, we obtain: 
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Adding and subtracting  xT 1n*   (guess of the temperature) on the left hand side of Eq. (7), it gives: 
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This equation can be decomposed in the following two equations: 
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Equation (10) can be rewritten for a material particle placed at the immersed boundary: 
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where    XTXT 1n
ref

1n


   is given by the physical characteristic of each problem. On the other hand  tXT n ,* 1
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  is 

obtained by the interpolation of  x*T 1n  , which is given by the solution of Eq. (9). This interpolation is given by the 

following equation:  
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2.1.2 Newman boundary condition (second type) 

 

For this type of boundary condition, the heat flux is given, or equivalently, the temperature gradient is known.  
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 . (14) 

 

We are looking to calculate  xf 1n
T

  using the boundary condition given by Eq. (14). Applying the gradient 

operator to Eq. (10), it gives: 
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This equation can be applied to a material particle that is placed beside an immersed boundary Γ: 
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Eq. (16) can be rewritten for a material particle placed at PhDx 


, given, approximately, by: 
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Applying the divergent operator to Eq. (18), the following equation is obtained: 
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There are many methods to solve Eq. (19). Particularly, it is possible to solve this equation using the Fourier spectral 

method. It is possible even for non-periodical problems, as shown by Mariano et al. (2010). Transforming this equation 

to the Fourier space, it gives: 
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So, from Eq. (20),  kf̂ 1n
T


  or  xf 1n

T

 , can be obtained and used to solve Eq. (3). 

 

2.1.3. Robin boundary condition (third type) 

 

This is a hybrid boundary condition, which takes into account at the same time the temperature and its gradient at 

the immersed boundary. A differential equation can be obtained making an energy balance over the boundary. So, the 

heat flux given by diffusion in side of the boundary must be equals to the heat flux given by convection on the other 

side of the boundary. It gives the following equation: 
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which can be rewritten as follow: 
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Equation (23) can be rewritten for a material particle placed at an immersed boundary. The resultant equation is still 

multiplied by the normal vector n


. This gives the following equation:  
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Similarly, Eq. (24) is rewritten at the immersed boundary, resulting: 
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Adding Eqs. (25) and (26), results: 

        
      

.
*

*

11

11
1



























XnXTXT

XTXT

t

C
nXFXF

nn

nn
pn

T
n

T 







  (27) 

 

Equation (27) can be rewritten in a convenient form: 
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So, using Eq. (22), it gives: 
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Equation (29) can be formally rewritten in the Ω domain, giving approximately: 
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Applying the divergent operator to Eq. (30), it gives:  
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Equation (31) can be solved by several methods. Particularly it is possible to be solved using a Fourier spectral 

method. In this case the periodical boundary condition must be used, as commented before. Applying the Fourier 

transform to Eq. (32), it gives:  

     kI
ˆ

kkI
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kkf̂k 1n
2

1n
1

1n
T

2


  ,  (34) 

from which the following equation is obtained:  
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. (35) 

The solution of Eq. (31) requires the integral  xI 1n
1


 , which requires  XF 1n

T


 . So it must be explicitly given and 

 XF 1n
T


  is replaced by  XF n

T


. 

 

3. RESULTS 

 
3.1. The Green Taylor problem with thermal effects, without immersed boundary 

 

Figure (1) shows the temperature field and the immersed boundary inside the global domain. 

The global error, is shown by Fig. (2), for the boundary conditions of first, second and third type. It can be seen that 

the boundary conditions keep the accuracy of the spectral method when the immersed boundary methodology is used. 

The rate of convergence was approximately 8 to the NxxNy=8x8, 16x16 and 32x32 collocations points, Fig. (2) (a). 

Above this resolution, it reaches round-off truncation error Fig. (2) (b). 
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Figure 1. The temperature field; immersed boundary   inside the complete domain  . 

 

 

 
 

 

Figure 2. Green-Taylor problem, with thermal effect and with immersed boundary for first, second and third 

type thermal boundary condition (a) Rate of convergence and (b) The errors (L2) of the temperature for 

NxxNy=64x64 collocations nodes 
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4. CONCLUSION 

 
A new kind of immersed boundary methodology for fluids flows with thermal effects was proposed. Mathematical 

model for thermal boundary conditions of first, second and third types were proposed. They were implemented in a 

pseudo-spectral numerical code. The implementation was verified using a synthetized analytical solution for the Navier-

Stokes and energy equations. The simulations that are presented in the present paper show that the proposed 

methodology is very accurate, at least for the simulated problem.  
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