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Abstract: The intermittency feature is considered to derive
a generalize Kolmogorv’s law on turbulence in the inertial
subrange. The intermittency is modeled by a multifractal
approach. A formulation for atmospheric eddy diffusivities
is developed using the generalized Kolmogorov’s spectral
equation for turbulent kinetic energy and the Taylor’s statis-
tical theory on turbulence.
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1. INTRODUCTION

Expressions for eddy diffusivities considering the inter-
mittency have developed to atmospheric turbulence [3, 4].
Those results represent the first attempt to incorporate the
intermittency concept into a parameterization of the turbu-
lence. However, those parameterizations are not dimension-
ally consistent. Here, new expressions for the eddy diffusivi-
ties are presented for Convective Boundary Layer (CBL) and
Stable Boundary Layer (SBL).

The Taylor’s statistical theory for turbulence and a gen-
eralized Kolmogorov’s spectral equation for kinectic energy
are employed. The intermittency is modeled by a multifractal
approach.

2. MULTIFRACTALITY AND INTERMITTENCY

Some experiments have shown a desagreement with the
Kolmogorov’s theory on turbulence, and the concept of inter-
mittency has been introduced to explain the observations [7].

Parisi and Frisch [10] employed a multifractal formulation to
describe the intermittency.

The Kolmogorov’s theory models turbulent fluxes from
the statistics of the velocity gradient vr(x) = v(x+r)−v(x),
for several scales r. The structure function Sp(r) for inertial
subrange (η � r � L) can be formulated by a multifractal
approach [7]
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where L and η are the integral and Kolmogorov’s scales, 〈·〉
is the mean value, and DF (b) is the fractal dimension. The
above expression will dominate by the smallest exponent,
and ζp = inf {pb + 3 −DF (b)} is the exponent for scaling
the structure function, with b ∈ (bmin, bmax). The fractal
dimension in Eq. (1) can be calculated using experimental
or numerical data [7]. However, analytical expressions for
DF (b) can obtained (see: [1, 2, 13, 14] from the Tsallis’
non-extensive thermostatistics [17].

An spectral representation for the second order of struc-
ture function (1) can be written as:

E(k) = c2 ε
2/3 k−5/3 (k/kη)

2/3−ζ2 (2)

where kη is the wave number of a characteristic length of the
system. The exponent ν ≡ ζ2 − 2/3 can be understood as
the intermittency exponent [1]. The wave number kη rep-
resents the smallest geometrical size of the physical system
considered.

Equation (2) is the spectral generalized Kolmogorov’s law
for inertial subrange. The geometrical feature into physi-



(a)

(b)

Figure 1 – Eddies simulated in the 2D driven cavity flow for dif-
ferent aspect ratio (A = h/`): (a) A = 1; (b) A = 2. Normal-
ized (left) and non-normalized (right) velocity field are shown
for each aspect ratio.

cal system is taking into account only if the intermittency
exponent ν 6= 0. Such geometrical fature could be the
grid size producing turbulence [1]. An idea of how this
works is shown in Figure 1, obtained from flow simula-
tion in a 2D cavity [11, 12] for two different aspect ratios
A = height/length (h/`). Clearly, one eddy with diameter
` appears at A = 1, but 2 big eddies are formed for A = 2;
showing the influence of the geometry on the flow. If the
smallest geometrical scale ` → ∞ there will not be eddies
formation, therefore the turbulence will not take place.

3. EDDY DIFFUSIVITY WITH INTERMITTENCY

The turbulence is a permanent feature in the atmospheric
dynamics. The Taylor’s statistical diffusion theory [16] can
be applied to derive asymptotic expressions for Planetary
Boundary Layer (PBL) for modeling the turbulence with first
order closure scheme, where the Reynolds fluxes are param-
eterized as a product of a eddy diffusivity and the gradient of

an property. Taking the large travel times (t→∞), the eddy
diffusivity in a PBL can be given by [5, 6]

Kαα =
σ2
i βi Fi(0)
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, with

{
α = x, y, z ;
i = u, v, w ;

(3)

where σ2
i =

∫∞
0
Si(n) dn is the velocity variances; βi =

(
√
π U)/(4σi) is the ratio between Langrangian and Eule-

rian time-scales; Fi(n) = Si(n)/σ2
i is the normalized Eule-

rian spectrum of energy.
The spectra had a central role in the Taylor’s theory, since

all parameters of the turbulence depend on it. A formula
for spectra can be derived considering a general model, as
suggested by Sorbjan [15] (see also [5, 6]):
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ConstantsA,B are determined by matching the experimental
spectral peak with the maximum of the spectral model, and
also fitting this model with generalized Kolmogorov’s energy
spectra (2). In this manner, a generalized expression for the
energy spectra is obtained. However, different exponents are
used to match the spectral model (4) with experimental data,
for CBL: m1 = m3 = 1, and m2 = 1 + ζ2, for SBL: m1 =
1 + ζ2, and m2 = m3 = 1 [9].

Therefore, generalized expressions for the normalized en-
ergy spectrum for CBL and SBL are given respectively by:
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where cζ = [sin (π/(1 + ζ2))]/[π/(1 + ζ2)]; n = k U/2π
is the relation between the wavelength k and the frequency
n, U is the wind speed; f = nz/U is the nondimen-
sional frequency, z is the height above the surface; and
ρi = (fm)i (fm)−1n,i = [z/(λm)i] (fm)−1n,i is a stability func-
tion, being (fm)i the maximum value of the spectra, (fm)n,i
the maximum frequency for neutral stratification, and (λm)i
is the value of the wavelength at the spectral peak.

From Eqs. (3), (5) and (6), formulations are derived for
eddy diffusivities for Convective and Stable boundary layers
(CBL, SBL)
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for SBL . (8)

Therefore, using expressions for (fm)i [15] formulas can be
derived for eddy diffusivities. For example, the vertical eddy



diffusivity for CBL is expressed as
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3
∗ is the

nondimensional molecular dissipation rate function, w∗ and
h are the velocity scaling [6] and the PBL height, respec-
tively. For SBL, the vertical eddy diffusivity is written as
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being u∗ the friction velocity on the ground, and α1 is an
experimental constant. The local Monin-Obukhov length Λ
can be written as [8]

Λ
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=
(

1− z

h
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(10)

with LMO the Monin-Obukhov length for entire PBL α1 =
3/2 and α2 = 1 for fully developed SBL [8]. The parameter
`η represents a characteristic length of the physical system,
associated to the wavelength kη in Eq. (2).

ACKNOWLEDGMENTS

The authors thank to the CNPq, CAPES, and FAPESP,
Brazilian agencies for reserach support.

References

[1] T. Arimitsu, N. Arimitsu, “Analysis of fully developed
turbulence in terms of Tsallis statistics”, Physical Re-
view E, Vol. 61, No. 3, pp. 3237-3240, 2000.

[2] C. Beck, “Application of generalized thermostatistics
to fully developed turbulenceOriginal Research Arti-
cle”, Physica A: Statistical Mechanics and its Appli-
cations, Vol. 277, No. 1âĂŞ2, pp. 115-123, 2000.
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