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Abstract: Techniques for numerical simulations of lo-
calised complex physical phenomena may require a lot of
CPU time, making the solution unavailable in a reasonable
time. To overcome this restriction, adaptive methods are
used. They consist in generating an automatic mesh adapted
to the solution. To improve their performance when explicit
methods are used in time, a second order local time step-
ping scheme is proposed. It consists in using for each cell an
individual time step proportional to its refinement, respect-
ing thus the CFL condition locally. For that, synchronisa-
tion steps must be done. Some validation tests are presented,
where we show that the CPU time and precision of the solu-
tions are improved compared to standard finite volume and
multiresolution schemes.
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dynamics, Geophysical Nonlinear Dynamics.

1. INTRODUCTION

In order to reduce the computational time and the memory
requirements for simulating evolutionary partial differential
equations with localised structures, the adaptive Multireso-
lution (MR) method is proposed in the context of the Finite
Volumes (FV) method [4]. This approach has been success-
fully applied to solutions which exhibit point-wise singular-
ities, boundary layers, localized shocks, coherent vortexes

typically encountered in turbulent flows [5, 7, 8].
The MR method consists in using the fast wavelet trans-

form and a specific refinement algorithm to represent the
solution using an adaptive mesh [7]. This adaptive mesh
is coarser in smooth regions and finer where structures and
steep gradients are present. It can be rebuilt to a regular
mesh interactively with an expected error based on the cho-
sen threshold. The computation of the numerical fluxes are
the most expensive step of the FV simulation. Therefore, the
minimisation of interfaces between cells implies in a faster
simulation. The use of adaptive meshes reduces the compu-
tational time of the simulation because the number of itera-
tions between cells (numerical fluxes) is reduced.

To improve the performance of MR methods, a local time
stepping (LT) approach for MR methods with explicit time
schemes is proposed in [1]. This technique consists in per-
forming the time evolution of each cell on the adaptive mesh
independently according with its time step requirements.
Therefore, each cell must have a time step proportional to its
refinement and consequently, a larger cell performs a larger
time step. This approach aims to increase the computational
performance of MR methods. An extensive review of the use
of LT methods for space adaptive discretizations in the con-
text of multiresolution methods is given in [2].

This work follows the idea of Gassner et al. [3], which
applied the Natural Continuous Extension for Runge-Kutta



(NERK) schemes, proposed in [9], in the context of dis-
continuous Galerkin methods. Here, the NERK method is
used in the context of MR to perform the synchronisations
required for a new second order MR/LT method, named
MRLT/NERK method. The proposed method is applied
for solving the two-dimensional inviscid Burgers equation.
The obtained results are compared successfully with the MR
method and the MR/LT approach presented in [1].

2. PURPOSE

The aim of this work is to develop a new class of LT meth-
ods in the context of MR methods, using NERK schemes de-
veloped in [9]. This allows performing the synchronisations
required in the intermediary steps of the Runge-Kutta (RK)
methods. And thus higher order local time stepping schemes
can constructed.

3. METHODS

3.1. MR methods using finite volumes

Consider the initial value problem in d dimensions com-
pleted with appropriate initial and boundary conditions. The
quantity vector Q satisfies the evolution equation written in
divergence form,

∂Q

∂t
= −∇ · F(Q,∇Q) + S(Q), (1)

where ∇ · F(Q,∇Q) and S(Q) denote the divergence and
source term, respectively. The problem’s domain is given by
(x, t) ∈ Ω× [0,+∞), Ω ⊂ Rd.

The spatial discretization used for Eq. 1 is a classical fi-
nite volume formulation written in the standard form, where
the computational domain Ω is partitioned into cells (Ωi)i∈Λ,
Λ = {0, . . . , imax} with Ω = ∪iΩi.

Defining the volume of the cell by |Ωi| =
∫

Ωi
dx, the

cell-average q̄i(t) of a given quantity Q on Ωi at time instant
t is given by,

q̄i(t) =
1

|Ωi|

∫
Ωi

Q(x, t) dx. (2)

Considering the one-dimensional case, Ωi is an interval
[xi− 1

2
, xi+ 1

2
] of length ∆xi = xi+ 1

2
− xi− 1

2
. Integrating

Eq. 1 on Ωi implies:

dq̄i

dt
(t) = − 1

∆xi

(
F̄i+ 1

2
− F̄i− 1

2

)
+ S̄i, (3)

where F̄ is the numerical flux and S̄i is the source term of
the cell Ωi.

The adaptive multiresolution (MR) analysis for cell av-
erages consists in a multilevel decomposition of the cell-
averages of the solution on a hierarchy of nested meshes Ω`,
where ` is the mesh refinement level. Every Ω` is a regular
FV mesh, with 2d` cells, where a cell at refinement level `
and position i is denoted by Ω`

i .
The grid generation procedure is mathematically sup-

ported by the fact that the wavelet coefficients are small in

regions where the solution is smooth, while they are signif-
icant in regions where the solution exhibits steep gradients.
Therefore, in practice, significant compression rates are ex-
pected only when a small number of cell-averages is present
on the finest scales.

The data structure for representing the solution is organ-
ised as a dynamic graded tree [7]. It implies that every cell
neighbour can have at maximum one refinement level differ-
ence. This restriction implies the use of virtual leaves for the
flux computations between leaves of different refinement lev-
els. The virtual-leaf values are predicted using a procedure to
compute the wavelet coefficients. Details about the computa-
tion of the numerical fluxes between cells at different levels
in MR schemes can be found in [4, 7].

3.2. Runge–Kutta methods

After spatial discretization of the initial value problem
given in Equation 1, we obtain a system of ordinary differen-
tial equations, which describes the evolution of the cell aver-
age for each leaf of the adaptive mesh. These equations can
be written in the following form:

dq̄

dt
= f(t, q̄). (4)

To evolve the current solution in time, a compact form
second order Runge-Kutta (RK) method is applied:

q̄∗ = q̄n + ∆tn f(tn, q̄n) (5a)

q̄n+1 =
1

2
q̄n +

1

2
q̄∗ +

1

2
∆tn f (tn + ∆tn, q̄∗) , (5b)

where ∆tn is the time–step used to perform the time evolu-
tion from the instant tn to tn+1.

NERK

The NERK scheme, introduced in [9], produces an ap-
proximation of the solution in the interval [tn; tn + ∆tn] us-
ing the same coefficients aij and ci as in the standard Runge-
Kutta methods. The difference between NERK and RK is the
use of polynomials βi instead of the constant coefficients bi.

The NERK method can be expressed as,

q̄(tn + θ∆tn) = q̄n +

s∑
i=1

βi(θ) ki, θ ∈ (0, 1], (6)

where the polynomials βi are given as a function of the co-
efficients bi of the original RK method. In [6] the proper
polynomials βi can be found, which are used for the NERK
method using the presented RK coefficients.

3.3. MR: Local time stepping

The LT approach consists in using an adapted time step
for each leaf individually. The time step of each cell is pro-
portional to its spatial size. The CFL condition implies a time
step ∆t for the most refined level L, and in the LT scheme,
the time step used in a cell of level ` is:

∆t` = 2L−`∆t. (7)



Due to the different time stepping of the LT scheme, the
solution after the first RK step is in a different time instant for
each refinement level. Hence a synchronization procedure is
required in time before the flux computations for the second
RK step can be executed. Before this step, as in the MR
method, a tree refreshing process to project the solution from
the leaves to its parent cells is necessary [7]. However, in LT
schemes, each scale has a different time instant, requiring a
linear extrapolation in order to perform those projections.

The proposed solution to perform the second RK step uses
a linear interpolation in time to obtain the solution of coarser
leaves in the same time instant as for the finer levels. Once
the finest level is evolved, a linear extrapolation is used to
obtain an approximation at the time instant of the following
coarser scale. This procedure is recursively repeated for ev-
ery coarser scale to be evolved in this iteration of the time
evolution.

After performing the second RK step, another tree re-
freshing process is required. In this case, the second order
solution of the leaves is projected onto its parent cell. How-
ever, this solution is in half of the parent cell’s time step. To
extrapolate this solution to the correct time instant without
losing the second order, a relation between Equation 6 with
parameters θ = 1

2 and 1 are used. The solution obtained with
θ = 1

2 is also used, in the coarser scales, to compute the nu-
merical fluxes of the first RK step of the finer scales in order
to perform its second time evolution, reaching thus the same
time instant.

4. RESULTS

In this section we present results of the proposed
MRLT/NERK method and compare with the MR, MRLT
methods described in [1] and the traditional FV method. The
different schemes are applied to the 2D Burgers equation,
which is a non-linear PDE that can be considered as a simple
model for turbulence. The governing equation reads,

∂Q

∂t
+

1

2

[
∂Q2

∂x
+
∂Q2

∂y

]
= 0, (8)

for (x, y) ∈ (0, 1)× (0, 1) and t > 0. Eq. 8 is completed by
the following initial condition:

Q(x, y) = sin(2πx) sin(2πy), (9)

and the imposed boundary conditions are,

Q(x, 0) = Q(x, 1) = Q(0, y) = Q(1, y) = 0. (10)

All simulations are performed with CFL σ = 0.5 and the
threshold value ε = 0.01 until the time instant tf = 0.9. The
errors in the L1 norm are summarized in Table 1. The solu-
tions computed with the adaptive methods are compared with
an FV/RK3 reference solution computed on a uniform grid
with L = 11 (corresponding to 20482 grid points). The CPU
time and memory for adaptive computations are compared
with the corresponding FV/RK2 computations on a uniform
grid.

Table 1 – Errors, CPU time and memory compression

Method L1 Error CPU Time Memory
(×10−2) (%FV) (%FV)

MR/RK2 1.376 68.4 19.5
L = 8 MRLT/RK2 1.646 67.8 19.5

MRLT/NERK2 1.163 40.3 24.2

MR/RK2 1.241 34.7 8.9
L = 9 MRLT/RK2 1.546 32.5 8.9

MRLT/NERK2 1.019 16.7 10.3

MR/RK2 1.180 14.7 4.1
L = 10 MRLT/RK2 1.495 13.5 4.1

MRLT/NERK2 0.962 6.7 4.4

Note: All adaptive computations use ε = 10−2; final time: tf = 0.9 on
an Intel CoreTMi7 CPU 2.67GHz. FV/RK2 CPU time: 2.0min (L = 8);
15.7min (L = 9); and 2.3h (L = 10).

Figure 1 shows the reference FV/RK3 solution obtained
on a fine grid (L=11), and the difference between this refer-
ence and the solutions obtained with the methods MR/RK2,
MRLT/RK2 and MRLT/NERK2, respectively.
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Figure 1 – FV/RK3 reference solution at t = 0.9 for the 2D
Burgers equation (a), and the modulus of the difference be-
tween this reference and the solutions obtained using the meth-
ods MR/RK2(b), MRLT/RK2(c), and MRLT/NERK2 (d).



The adaptive meshes of the three methods are very simi-
lar, i.e. locally refined around the shock, and Figure 2 shows
them for MR/RK2 and MRLT/NERK.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

y

x

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

y

x

(a) MR/RK2 adaptive mesh (b) MRLT/NERK2 adaptive mesh

Figure 2 – Adaptive meshes obtained with MR/RK2 (a) and
MRLT/NERK2 (b) methods

5. DISCUSSION

In all MR cases the errors presented in Table 1 are com-
parable, nevertheless, the MRLT/NERK2 exhibits smallerL1

errors than MR and specially the MRLT/RK2 case. We can
also observe in Figure 1 that the maximum differences oc-
cur in the propagation front, where the MRLT/NERK2 case
yields a better result than MRLT/RK2. The proposed meth-
ods achieve a gain of about 50% in CPU time in relation to
the MR [7] and MRLT [1] methods with a better precision
than the MR technique for L = 9 and 10. For L = 8, due
to the higher number of used cells on the adaptive mesh, the
gain is 41%, but still expresses an improvement in the re-
sults compared with the other MR techniques. In all cases
the memory increases for the MRLT/NERK2, however this
becomes less pronounced as L increases.

6. CONCLUSION

The presented results show that with a small of amount of
additional memory requirements the proposed method yields
an improvement in CPU time and precision compared to tra-
ditional MR methods we tested here. Hence we can recom-
mend this local time stepping approach MRLT/NERK2 for
future studies where its properties will be investigated in de-
tail.
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