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Abstract: Coupled bursting neurons can exhibit frequency

synchronization when the coupling strength is increased

above a certain value. The process that makes different fre-

quencies converge to the same value depends on the cou-

pling type and the local dynamic. If we compare two dif-

ferent models of neuronal network they can exhibit similar

phase synchronization profiles, however, they might suffer

frequency synchronization differently. While topology is the

main focus on synchronization studies, here we show that lo-

cal dynamic also plays an important rule in synchronization

process.
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1. INTRODUCTION

Several studies have focus on how topology affects syn-

chronization [1]. A simple and interesting model to study

synchronization is the Kuramoto model [2]. This model con-

sist of linear phase oscillators interacting through a senoidal

coupling. For many cases this model provides analytical

solutions for phase synchronization [3]. The transition ob-

served in Kuramoto oscillators, when they change from an

unsynchronized state to a partially synchronized state, is

compatible with transitions in neuronal bursting oscillations

[4].

In the Kuramoto model, when the coupling strength is in-

creased above a certain value, frequency synchronization can

be observed [5]. Considering oscillators synchronized in fre-

quency, as the coupling strength decreases the frequencies

splits in groups with different average frequencies. This pro-

cess continues until all the oscillators recovery their natural

frequencies. Approximate analytical expressions for this col-

lective behaviour were presented at [5, 6].

While the phase synchronization in the Kuramoto model

is similar to observed in neuronal models with bursting os-

cillations. The splitting frequency effect is rather different

between them. In this work we compare two neuronal mod-

els and show their differences in the frequency behaviour.

2. LOCAL DYNAMIC

To study synchronization we will compare two models

that describe bursting neurons. The Rulkov model and the

Courbage-Nekorkin-Vdovin model, both models are bidi-

mensional maps composed by a fast (x variable) and a slow

variable (y variable).

2.1. Rulkv Model

The Rulkov model is described by [7]:

xn+1 = α/(1 + x2
n) + yn, (1)

yn+1 = yn − η(xn − σ), (2)

in which α, η and σ are parameters, here η = 0.001 and

σ = −1 [7]. α is the bifurcation parameter, different values

of α result in different dynamical behaviours. One example



of the bursting activity of this model is shown in the Figure

1.
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Figure 1 – Example of bursting oscillations produced by the

Rulkov model. Black color represents the time serie of the x

variable (left side in the graph) and red color the y variable time

serie (right side in the graph). This time serie was produced af-

ter 10000 transient iterations, here α = 4.1.

2.2. Courbage-Nekorkin-Vdovin (CNV) model

The CNV model is described by [8]:

xn+1 = xn + F (xn)− yn − βH(xn − d), (3)

yn+1 = yn − σ(xn − J), (4)

where β = 0.25, J = 0.13 and d = 0.3 are fixed parame-

ters, σ is a parameter associated with the bursting frequency.

The functions F(x) and H(x) are of the form:

F (x) =







−m0x if x ≤ Jmin

m1(x− a) if Jmin < x < Jmax

−m0(x− 1) if x ≥ Jmax

,(5)

H(x) =

{

1 if x ≥ 0
0 if x < 0

, (6)

we define

Jmin ≡
am1

m0 +m1
(7)

Jmax ≡
m0 + am1

m0 +m1
, (8)

such that m0,m1 > 0, in this paper a = 0.2, m0 = 0.4 and

m1 = 0.65. One example of bursting activity produced by

the CNV model is shown in the Figure 2.

2.3. Coupled Rulkov and CNV neurons

In this work we will consider neurons with mean field

coupling, such that

x
(i)
n+1 = α(i)/(1 + (x(i)

n )2) + y(i)n + ε/N

N
∑

k=1

x(k)
n , (9)

y
(i)
n+1 = y(i)n − η(x(i)

n − σ), (10)
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Figure 2 – Example of bursting oscillations produced by the

CNV model. This time serie was produced after 6000 transient

iterations, here σ = 0.002.

for each Rulkov neuron i and

x
(j)
n+1 = x(j)

n + F (x(j)
n )− y(j)n − βH(x(j)

n − d)

+ε/N
N
∑

k=1

x(k)
n , (11)

yn+1
(j) = y(j)n − σ(j)(x(j)

n − J), (12)

for each CNV neuron j, N is the network size.

The α(i) ∈ [4.1 : 4.3] and σ(j) ∈ [0.0015 : 0.0025]
parameters will be randomly determined according with an

uniform probability distribution. If for each parameter we

have an unique associated bursting frequency ω - what is the

case inside the mentioned range - then we generate an uni-

form bursting frequency distribution.

3. PHASE AND FREQUENCY OF BURSTING OSCIL-

LATIONS

For the Rulkov model a burst starts when the y-variable

reachs its maximum value, similarly, in the CNV model the

burst starts when the y-variable reachs its minimum value.

Based on this, for both models we can define a phase ϕ con-

sidering the critical points of the y-variables [9]

ϕn = 2πk + 2π
(n− nk)

(nk+1 − nk)
, (13)

nk is the initial time of the k-th burst, nk =
y(k-th critical point). Through the equation (13) it is pos-

sible to study phase and frequency synchronization among

coupled maps. The average bursting frequency ω will be

ω = lim
n→∞

ϕn − ϕ0

n
, (14)

considering ϕ0 the initial phase.

4. FREQUENCY SPLITTING EFFECT

Despite of the bursting similarities, these model have dif-

ferent dynamical properties. Both models show a similar

phase synchronization profile, however, their bursting fre-

quency behavior after phase synchronization is completely

different.



As we show in the Figure 3, when the coupling strength ε
is decreased the bursting frequency splits, this can be called

Frequency Splitting Effect. This effect show us that similar

phase synchronization profiles can mask important features

of the neuronal activity during synchronization process.
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Figure 3 – Comparing the Frequency Splitting Effect between

the Rulkov and CNV model. The points here are the bursting

frequency ω of each neuron of the network. N = 100.

5. CONCLUSION

The frequency splitting analyses could be a mechanism

for distinguish different types of bursting neurons. The ob-

served effects here are rather different from the frequency

splitting observed in coupled Kuramoto oscillators.
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