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Abstract: Bursting neurons are characterized by an alterna-

tion of active and inactive state, during the active state they

exhibit train of spikes and quiescent behavior in the inactive

state. When bursting neurons are coupled the beginning of

their active state can synchronize depending on the coupling

strength. If the coupling strength is increased above a criti-

cal coupling value, their active state show a transition from

a partial synchronization, where just few neurons are syn-

chronized, to a complete synchronization, in which all the

neurons begin their active state in the same time. This transi-

tion has the same type observed in coupled phase oscillators.

Adjusting the frequency distribution of the oscillators prop-

erly, it is possible to represent bursting neurons as coupled

phase oscillators to describe phase synchronization.
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1. INTRODUCTION

Bursting activity is observed in many neuronal firing pat-

terns, it consist of an alternation between active and inactive

state. During the active state bursting neurons show train of

spikes and in the inactive state they are silent [1, 2]. When

bursting neurons are coupled, according with their connec-

tion matrix and the coupling strength, they can exhibit phase

synchronization, this results are observed at experiments in

vitro and numerical simulations [3–5].

To explain the emergence of phase synchronization a

model of coupled phase oscillators was proposed by Ku-

ramoto [6]. In the Kuramoto model, phase linear oscillators

are coupled through a nonlinear term. To determine phase

synchronization is defined an order parameter, called Ku-

ramoto order parameter. When the Kuramoto order parame-

ter is one means the oscillators are sinchronized in phase and

when the oscillators are desynchronized the order parame-

ter is zero. This simple model, for some cases, provides an

analytical expression for the characteristic transition towards

phase synchronization [7].

The observed phase synchronization profile for coupled

bursting neurons are similar to those observed in Kuramoto

oscillators. We Compare the phase synchronization in burst-

ing neurons with the analytical solutions for the Kuramoto

model. We find a way to generate a network of Kuramoto os-

cillators with the same phase synchronization transition than

a specific network of coupled Rulkov neurons [8]. In this

paper we present a tutorial of how we can make this happen.

2. RULKOV MODEL

The Rulkov model is a bidimensional map described by

[9]:

xn+1 = α/(1 + x2
n) + yn, (1)

yn+1 = yn − η(xn − σ), (2)

where η = 0.001 and σ = −1 are fixed parameters and

α is the bifurcation parameter [9]. Different values of α re-



sult in different dynamical behaviours. One example of the

bursting oscillations produced by this model is shown in the

Figure 1.

For the Rulkov model a burst starts when the y-variable

reachs its maximum value. Considering the maximum value

of the y-variable we can define a phase ϕ, such that [10]

ϕn = 2πk + 2π
(n− nk)

(nk+1 − nk)
, (3)

where nk is the initial time of the k-th burst, nk =
y(k-th maximum point). The correspondence between this

phase transformation and the burst oscillations is shown in

the Figure 1.
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Figure 1 – Example of bursting oscillations and its associated

phase produced by the Rulkov model. Black color represents

the time serie of the x variable (left side in the graph) and red

color the cosine of the phase time serie (right side in the graph).

This time serie was produced after 88000 transient iterations,

here α = 4.2.

3. GENERALIZED KURAMOTO MODEL

The original version of the Kuramoto model describes

globally coupled phase oscillators [6]

dθi
dt

= ωi +
ε

N

N
∑

j=1

sin(θj − θi), (4)

where i = 1, ..., N , ωi is the natural frequency and ε is the

coupling strength. The natural frequency of oscillation is

randomly chosen from an unimodal and symmetric probabil-

ity distribution function g(ω). A more powerrful version of

the Kuramoto model is called: Generalized Kuramoto model

[11]. This version allow us to study phase synchronization

for different network topologies

dθi
dt

= ωi + ε

N
∑

j=1

Aij sin(θj − θi), (5)

where Aij is the connection matrix.

When the natural frequencies ω obey a symmetric and

unimodal frequency distribution g(ω) is possible to deter-

mine the critical value εC for the onset of frequency syn-

chronization [12]

εc =
2

πg(0)

〈k〉

〈k2〉
, (6)

where 〈k〉 and 〈k2〉 are the mean and square mean of the

connections number per site, respectively.

4. NETWORKS

To verify if the phase synchronization in the Kuramoto

and Rulkov model are really equivalent we will analyse three

different types of network: Erdös-Rényi, Small-World and

Scale-Free.

4.1. Erdös-Rényi Network

This network consists of a random network type. It is gen-

erated from N initially uncoupled nodes, then NK links are

randomly chosen with an uniform probability p are added in

the network [13]. This probability must to satisfy the relation

p =
NK

N(N − 1)
. (7)

In the example of Figure 2 (a) is used a Erdös-Rényi network

with Nk = 5000 links.

4.2. Small-World Network

Small-world networks are a type of networks where ev-

ery node has few connections but the distance (in the number

of sites) between any two sites in the network is small [14].

There are several methods to construct a small-worl network,

here we will consider the Newman-Watts procedure [15]. In

this procedure, we start with a regular network of size N ,

every site is connected with K first neighbours. According

with a p uniform probability distribution pNK new connec-

tions are added in the network. In the example of Figure 2

(b) is used a small-world network with K = 20 and p = 0.1.

4.3. Scale-Free Network

To build this type of network we start with an initial

Erdös-Rényi network of size N0, then we insert a new site

performing two connections, one random connection and an-

other with the most connected site in the initial network. This

procedure is repeated until the network reachs the desirable

size N [16]. In the example of Figure 2 (c) is used a scale-

free network with N0 = 23 and N0k = 23.

5. PHASE SYNCHRONIZATION

The transition from the desynchronized to synchronized

state can be analysed through the Kuramoto order parameter.

The temporal order parameter is

rn =
1

N
|

N
∑

i=1

eiϕn |, (8)

and to analyse phase synchronization we use the mean order

parameter

R =
1

n′

n′

∑

n=1

rn, (9)

where n′ is a suficient large number of iterations.



6. COMPARISON BETWEEN KURAMOTO AND

RULKOV MODELS

Considering coupled Rulkov neurons, their equations are

x
(i)
n+1 = α(i)/(1 + (x(i)

n )2) + y(i)n + ε

N
∑

j=1

Aijx
(j)
n ,(10)

y
(i)
n+1 = y(i)n − η(x(i)

n − σ), (11)

in which Aij is the connection matrix, ε is the coupling

strength, η and σ are the same of the uncoupled case. If

α ∈ [4.1 : 4.3], for every α we will have a different burst-

ing frequency ω̃ [8]. For this reason, if we randomly deter-

mine α(i) with a given probability density function, then the

associated bursting frequency will naturally have the same

distribution.

When the natural frequencies in both models, Rulkov and

Kuramoto, obey the same probability distribution function

then we can build an equivalent network of Kuramoto os-

cillators. To show this property we will consider that the

frequencies obey an uniform distribution, in this case

g(ω) =

{

1
2a for −a ≤ ω ≤ a
0 otherwise

, (12)

where a is the range, ω ∈ [−a : a]. For this g(ω) the critical

value for the Kuramoto network will be

εc =
4a

π

〈k〉

〈k2〉
(13)

this equation can be re-writted as

a =
πεc
4

〈k2〉

〈k〉
. (14)

The equation (14) allow us to build a network of Ku-

ramoto oscillators with the same onset for phase synchro-

nization than a specific network of Rulkov neurons with a

known εc. To generate this equivalent network we just need

to determine the a value. Consequently, they will not have

just the same εc they also will have the same phase synchro-

nization. Examples using the three mentioned networks are

shown in the Figure 2. For this example, the Kuramoto os-

cillators were integrated with classical Runge-Kutta method

with step h = 0.01, the order parameter is an average of 104

iterations per site after 16 × 104 transient iterations and 20
distinct random initial conditions. For the Rulkov neurons,

the order parameter is an average of 104 iterations per site

after 8 × 104 transient iterations and 50 distinct random ini-

tial conditions.

7. CONCLUSION

When neuronal bursting models have a parameter con-

trol for their phase frequency and we adjust this parameter

control to produce frequencies with a specific frequency dis-

tribution. Then it is possible to build an equivalent network

of Kuramoto oscillators exhibiting, under certain conditions,

the same phase synchronization.
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Figure 2 – Comparison in the order parameter for the three dif-

ferent network types: (a) Erdös-Rényi, (b) Small-World and (c)

Scale-free. Black color indicates the result for coupled Rulkov

neurons and blue color for Kuramoto oscillators. The network

size is N = 1000.
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