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Abstract: We present two new energy loss mechanisms thdtnear damping has recently been observed experimentally
induce nonlinear damping in suspended beam micro- anish both micro [3] and nanoresonators [4]. By the time of
nanoresonators. Both mechanisms involve acoustic losséisese experiments there was no nonlinear damping mech-
through the clamping region. In one mechanism the axiahnism that could explain the observations. Later, Geby
stress due to the geometric nonlinearity produces the acoual. [5], motivated by the observations of Eichlet al. [4]
tic waves at the clampings. In the second mechanism enerdgr a graphene nanoresonator, investigated how the phonon
is lost due to the vibrations induced at the clamping regioremissions through the clamping region could induce non-
by the higher frequency harmonics present in the beam viinear damping on a suspended graphene sheet clamped at
bration resulting from the nonlinear dynamics. Analyticalboth ends (bridge resonator). They modeled the graphene
expressions for the average energy dissipated, qualitgrfac sheet using an elastic continuum model and derived a pair
and nonlinear dissipation coefficients are derived. of coupled nonlinear partial differential equations (PD&s
the equations of motion for the out-of-plane and in-plane vi
brations. The dissipation of mechanical energy occurred be
cause the out-of-plane motion was converted into in-plane
phonons in the suspended region resulting in phonon emis-
‘sion (acoustic energy loss) through the supporting redion.
INTRODUCTION o_rder tp calculate the acoustic emissions it was necessary t
discretize the Fourier transformed response of the substra
The nonlinear and chaotic dynamics of micro- and nato the applied stress and obtain a linear system of equations
noelectromechanical (MEMS/NEMS) beam resonators hagr the in-plane response function that had to be solved nu-
been investigated due to the need to establish the regime gferically. A characteristic of this model is that the param-
linear operation, and due to the potential new applicationgters characterizing the linear and nonlinear dissipatiam
of nonlinear phenomena, for example, to obtain efficient signot be easily obtained, and no analytical expressions fir su
nal filtering and improved sensitivity in sensors, and a@pli  parameters as a function of geometrical and material param-
tions of the chaotic dynamics for signal encryption and raneters has been derived. Also, no comparison with the ex-
dom number generation [1, 2]. Two well known sources ofperimental data of Eichlest al. [4] was made which could
nonlinearity in MEMS/NEMS beam resonators are the elecestablish the relevance of the proposed nonlinear damping
trostatic force used to actuate and sense the beam displaggi_D) mechanism.
ment and the nonlinear elastic deformation. More recently, Fortunately, in the case of more conventional beam res-
nonlinear damping has also been considered as a relevasfators, with attachments imbedded directly on the sutestra
source of nonlinear behavior. More importantly, strong-non|ike in the experiment by Zaitsev et al. [3], the analysis can
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be considerably simplified. For such resonators we identify
two acoustical energy loss mechanisms which are presented
in the next sections.

NLD INDUCED BY THE GEOMETRIC NONLINEAR-
ITY

Ug (nm)

In this section we present the NLD mechanism recently
proposed by one of the authors [6]. The NLD originates from
the axial stress induced along the beam due to the geometric
nonlinearity, evidenced in the second term of the partifal di
ferential equation (PDE) that models the beam dynamics 0 oo 0.9 1 1002 1.004

EIw" — (Ng + N(£)) w” + pAi + cio=F(z,t). (1) w/wy

. 1,2 Figure 1 — Frequency-response curves for a microresonator
In this PDE we have thai(t) = EA/(2) x [jw'"dz,  made from polysilicon with dimensionsh = 1 um, [ = 30 um,
w = w(z,t) denotes the transversal displacement of theyndw = 2 um oscillating in its first mode n = 1 and with an in-
beam located between = 0 andx = [, the overdots trinsic quality factor Qo = 300. The lower, middle, and higher
and primes represent derivatives with respect to timand curves have been obtained for an harmonic forcing with ampli-
space;, respectively,E denotes the Young modulugthe tude F' = 6 x 107%,9 x 107%, and 12 x 10~® N, respectively.
geometric moment of inertia4 the cross-sectional area, and Continuous lines represent the response in the absence of non-
p the beam density/N; is the axial load due to residual or linear damping (b = 0) and the dashed ones with nonlinear
applied stress. Included in the equation is a viscous dagnpirff@mping included.
term, which accounts for any existing linear damping mech-
anisms, and the forcing along the bedt, t).

The time varying axial stres¥ (¢) is the result of the ge- _ ) )
ometric nonlinearity and induces a periodic normal forcing(Width w and thicknes#) is
at the clamping region. In its turn, this normal forcing riésu

5,2
in acoustic waves that carry away a fraction of the vibra- ¢, — ”p(lg v)Pwn, . m(1 - v)l
tional energy of the beam. Working in the quasi-harmonic Po(MNUTPEQ+v)wug  4do(7)(1 +v)w
approximation for the nonlinear regime we takéz,t) = = Qu1+Qna. (4)

uodn () cos(wnt), where ¢, (z) correspond to the mode- . _

shapes of the Euler-Bernoulli beam. The normal force beWVe can see thap,, can be separated into an amplitude de-
comesN (t) = EAI?/(41%)u cos(2wnt) = F cos(2wnt), pendent ternd),, ; and a constant teri@,, .. The amplitude
with 17 = fOl [¢' (y)]2dy. The acoustic emissions are going dependen_Q is a characteristic of the presence of nonlin-
to the depend upon the details of the geometry of the clam&" damping. In fact, such dependence wiff? is com-

ing region. Here we consider the case of of a beam clampetftiPle W'gh the presence of nonlinear damping terms of the
to semi-infinite thin plates of thicknes In this case the ay- 0'M bs1u,Un + baot, in the reduced order model. By
erage emitted acoustic power due to a harmonic normal forcg®mparison of),,with the corresponding expression for the

with amplitudeF is given by nonlinear obtained from the reduced order modg| =
4k1 /(wnbud) + 2k;3/(w,b) we can obtain an expression for
2 the effective nonlinear damping parametgr= bs; +3b32w?

T BEQ-v)“h

b = A9(NUT)*(L+v)Ehw?
wherev denotes the Poisson ratigy(7) is a suitable inte- " (1= v)ltwy

gral, andw the frequency of the forcing. To obtain the qual-
ity factor for then — th mode, given byQ,, = w,U/II*P,

®)

In order to illustrate the potential relevance of the praubs
onlinear damping mechanism, in Figure 1 we present the

for the loss taking place at both ends of the beam, we ha 2
to determine the maximum mechanical enegyConsider- requency-response curve for a realistic MEMS resonator
ith and without the contribution of the nonlinear damping

ing that the nonlinear PDE can be reduced using the Garlekiff

method to the following nonlinear ordinary differentiakeg ~ 9'V" by Eq. (5). We can see a significant effect at the onset
tion (ODE) of bistability.

iy, + 2b11i, + ki, + kgui — Feos(wnt), (3) ENERGY LOSS THROUGH HIGHER HARMONICS

We have been also investigating another energy loss
U can be approximated iy = u%(kﬁ%ug)/z Theresult- mechanism that leads to nonlinear damping. The nonlin-
ing quality factor for a beam with rectangular cross sectiorear damping emerges when we incorporate the effect of the



presence of the higher harmonics into the analysis of the con In the above expression f¢f we have limited the number
ventional clamping loss mechanism. In this mechanisms thef harmonics to 3 because even in a strong nonlinear regime
transversal vibration of the beam induces shear and benthe condition4; > A, As,... is well satisfied. The am-
ing moments at the clamping region, which result into theplitudes A;, A, and A3 have not, so far, been derived ana-
emission of acoustic waves that carry away a fraction of théytically as a function of all parameters appearing in EqQ. (3
vibrational mechanical energy. So far, only the harmonic vi Only approximate results, valid in the weak nonlinear regjim
bration of the beam has been considered in calculating thend for frequencies very close to the resonant frequenay hav
emitted acoustic energy [7, 8]. However, both bridge andeen derived [9]. For this reason, we have developed a new
cantilevered beam resonators may develop nonlinear vibrapproach, based on the harmonic balance method, that allow
tions due to the nonlinearity of the applied external forges us to obtain very general and, in some cases, very simple an-
ex. the electrostatic force, or due to the geometric noafine alytical expressions for thel,,. Our approach is based on
ity, in the case of bridge resonators. the fact that the set of nonlinear algebraic equations that i
In the nonlinear regime and in the steady state, the disdsually solved numerically to obtain such coefficients can b
placement in the reduced order model can be described bysaparated into subsets of one or two equations whose solu-

Fourier series tion give usAy, As, Az, etc, as a function of the dominant
- amplitudeA; .
u(t) = ZAP cos(pwt + ¢,) (6) For example, let us consider the case in whigh= 0.

Because the resulting nonlinear ODE, Eq. (3), is odd, we
can assume a steady state solution of the farft) =
whereA,, denotes the amplitude of the-th harmonic. This a1 cos(wt) + by sin(wt) + az cos(3wt) + bz sin(3wt), with
anharmonic displacement results in an anharmonic forcingy,, = a2 + b2 andg, = tan~!(—b,/a,), p = 1,3. Sub-

at the clamping region. Considering the same case we anggtion of this solution in Eq. (3) results in a set of four

lyzed in the previous NLD mechanism, of a beam clamped,qnjinear algebraic equations. Two equations of the set are
to a semi-infinite plate and performing in-plane vibrations strong functions ofi; andb,, and can be used to give approx-
we have that the main contribution to the acoustic energyste results to these two coefficients if we take— bs — 0.
loss comes from the shear force, the bending moment havty,s s justified because; andb; are expected to be much
ing a negligible contribution [7]. The shear force at thegy,qjier thana, andb;. The two remaining equations are

1 — 1 1 — 1 _
clampgngs(a: = 0,0) is given by S = Elw"[;—04 =2 E | gyrong functions ofi; andbs, and can be used to give these
(kn/1)*Xnun(t) where, p. Xk, = 4.7300,7.8532,...and  cqefficients as a function af, andb,. We have been able
Xn = —0.9825,-1.0008, ... for the modes: = 1,2,... of 5 gptain analytical results far, andb; and, consequently,

a bridge withN, = 0. Because the process of acoustic eémisy, 4, However, the expression is too large to be reproduced
sion is a linear process for the small forces produced by thgaore The resulting expression fdg, is much simpler
vibrating beams, we can apply the superposition principle

and the total emitted acoustic power is given as the sum of Aa — k3 A3 )

the power emitted at each frequency of the forcing. The av- * > — 2[4(9c2w? + K2) + 3k A3 (4K + 3;3314%)]% ’

erage emitted acoustic power through one of the clampings,

at a frequency close to that of a resonant mode therefore iswhere K = k; — 9mw?. This equation provides the mag-
nitude of the third harmonic as a function of all parameters

SV EQ+v) 4 5 hwS in Eq. (3), including the excitation frequency, except foe t

18r 11—y 'mXa¥nTg ZPAp» () forcing F' that enters indirectly trough;. This result was

p=1 compared withA; obtained from the numerical solution of

the ODE and gives excellent results, even in the strong non-

finear regime. We have also derived analogous equations for

Ag andA,. As we calculate the quality factor at the resonant

frequency, we can substitute in the equation@gy simpli-

fied expressions for thd,,, namely,A> = ko /(6k;)A?% and

As = k3/(32k1)A3. Therefore, th&),, can be written as

p=0

II,, =

whereg(v) represents an appropriate integral. If we conside
now that external forces, such as the electrostatic forame, c
result in an additional quadratic restoring forgg:? to Eq.
(3), and that even in a comparatively strong nonlinear regim
Ay > As, Az, ..., the maximum mechanical energy can be
well approximated by = A% (k1/2 + koA1/3 + k3 A2 /4).
We thus obtain for a bridge (withVy = 0) or cantilever res- 0 1—v (S k1/2 + ko A1 /3 + k3 A2 /4
onator with a rectangular cross section the quality factor E(1 + v) hw 1+ %8 (%) A3 (3521) A

1—v 16 k1/2+k2A1/3+k3A%/4 (10)
E(1+v) hwb 1 + 2(Ag/A1)2 + 3(A3/A1)2 We have thus evidenced the amplitude dependence of the
(8) quality factor. Therefore, the energy loss through the éigh
In this expression for@, we have thatC, = harmonics results in nonlinear damping. This time, however
28.30/[KS8 x2 ¢(7)] in the case of a bridge withl; = 0, and @ depends not only orl; 2, but also ond™*. In fact, if we
C,, = 187 /[k8 x2 ¢(~y)] in the case of a cantilever. considered higher frequency harmonics, higher powers of

Qn:Cn



would appear in the denominator of Eq. (10) . Therefore, the 101, 013521, 2007.
NLD due to the acoustic emission through the higher har-
monics can be incorporated into the reduced other model,
Eq. (3), including terms with powers af,, or the product

of powers of this velocity with powers of the displacement
u, multiplied by an appropriate coefficient, which could be
determined as we have done fgy in the previous section.
Eqg. (10), also indicates that the NLD can be relevant when
the ratiosks /k1 andks/k; are largest.

Further simulations of realistic MEMS/NEMS resonators
are required to establish the actual relevance of the pegpos
NLD mechanisms. Also, other configurations of clamping,
such as the clamping to semi-spaces considered in Ref. [6]
for the first NLD mechanism, could be considered for the
second mechanism we have proposed. Also, for this last
case, the NLD for beams attached to a plate and vibrating
transversaly should be considered.
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