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SPECTRAL PROPERTIES OF THE ORBITS OF THE H ÉNON MAP
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Abstract: Recently, many works have explored the spectral
characterization of one-dimensional discrete-time chaotic
signals, considering them as sample functions of a stochastic
process defined by the map. In this paper, we numerically
access the autocorrelation sequence and power spectral den-
sity of orbits generated by a two-dimensional chaotic map,
namely the Hénon map. We study how they vary with the
map parameters. These results may be relevant for chaos-
based communication systems that uses maps to codify mes-
sages.
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1. INTRODUCTION

A chaotic signal is deterministic, aperiodic, bounded and
has sensitive dependence on initial conditions [1]. In the last
30 years, many possible applications of chaos in Telecom-
munication Engineering have been proposed [2–4].

The study of spectral characteristics of chaotic signals is
a relevant issue when it comes to using them in practical
communications. Because every real world communication
channel is bandlimited, to characterize and control the Power
Spectral Density (PSD) of the generated chaotic signals is of
paramount importance [4, 5]. Recently, many works have
thoroughly analysed the PSD of signals generated by one-
dimensional maps [6–9]. However, we are not aware of any
systematic study of the PSD of signals generated by higher
dimensional maps.

In this extend abstract, we report our initial studies involv-

ing the autocorrelation sequence (ACS) and PSD of signals
generated by the two-dimensional Hénon map. We numeri-
cally analyse how they vary with the map parameters.

2. THE HÉNON MAP

The Hénon mapfH : R2 → R
2, is defined as [10]

s(n+ 1) = fH (s(n)) =

[

s2(n) + 1− as21(n)
bs1(n)

]

(1)

where{a, b} ∈ R are parameters ands(n) = [ s1(n) s2(n) ]
T .

Fig. 1(a) and (b) shows(n) with initial conditions(0) =
[ 0 0 ]T for a = 1.4 andb = 0.3. The atractor, obtained dis-
regarding the first 1000 iterations is presented Fig 1(c). The
highest Lyapunov exponent of this attractor can be obtained
numerically resultinghH = 0.42 [1, p. 201], confirming its
chaotic nature.
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Figure 1 – Hénon map for a = 1.4 e b = 0.3: (a) and (b) orbit
s(n) with initial condition s(0) = [0 0]T ; (c) attractor.

The bifurcation diagram ofs1(n) and the highest Lya-



punov exponent forb = 0.3 e 0 < a ≤ 1.4 are presented
in Fig. 2. Figure 3 shows orbits obtained for (a)a = 0.6,
(b) a = 1.069, (c) a = 1.2, (d) a = 1.232 and (e)a = 1.4.
This values ofa are signalized by dashed lines in Figure 2.
In cases (a) and (d) we have periodic orbits and in (b), (c) and
(e) chaotic ones.
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Figure 2 – (a) Bifurcation diagram for s1(n) and (b) highest
Lyapunov exponent for the Hénon map.

3. AUTOCORRELATION SEQUENCES AND POWER
SPECTRAL DENSITY

Chaotic signals generated by a map can be considered as
sample function of an ergodic stochastic process [11]. The
ACSR(k) for an integerk is defined by

R(k) ≡ E [s(n)s(n+ k)] , k ≥ 0, ∀n ≥ 0. (2)

The expected valueE[·] is taken over all initial conditions
that generate chaotic signals. For negative values ofk, we
conveniently consider

R(k) ≡ R(−k), k < 0. (3)

The PSDP (ω) is the discrete-time Fourier transform of
R(k), consideringk as the time variable [5]. It displays how
power is allocated in the discrete-time frequency0 ≤ ω < π.

Fig. 4 shows the ACS ofs1(n) for b = 0.3 and the values
of a considered in Fig. 3. Their estimated PSD using6×106

samples are also shown.
In the periodic cases of (a)a = 0.6 (periodN = 2) and

(d) a = 1.232 (N = 7), it can be clearly seen the periodic
nature of the ACS and the peaks at frequency2π/N and its
harmonics. In the chaotic cases (c)a = 1.2 and (e)a = 1.4,
the ACS present a non-impulsive slowly decaying and oscil-
latory pattern that reflects in a continuous peakless PSD. The
power is concentrated predominantly in higher frequencies.

In the case (b)a = 1.069, we are still next to the emer-
gence of chaos in the bifurcation diagram of Figure 3. Al-
though positive, the highest Lyapunov number is close to
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Figure 3 – Orbits of Hénon map for fixedb = 0.3 and (a) a =
0.6, (b) a = 1.069, (c)a = 1.2, (d) a = 1.232 and (e)a = 1.4.

zero. This is reflected in a very slowly decaying ACS and
peaks in the DSP, specially at2π/4 and its harmonics. This
way, we have a narrowband chaotic signal.

The general behavior of the PSD for1.2 < a ≤ 1.4 and
b = 0.3 is plotted in Figure 5. The onset of chaos and pe-
riodic windows can be clearly noticed. It is also possible to
note the power concentration in the high frequencies of the
chaotic attractors.

Other simulations are presented in animated form at
http://www.lcs.poli.usp.br/ ˜ marcio/NSCHenon .

4. CONCLUSION

This preliminary work analyzes through computational simula-
tions the ACS and PSD of orbits generated by the Hénon map. The
simulations suggest that the map can be used to generate narrow-
band and highpass chaotic signals, what can be relevant for chaos-
based communication schemes.
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Figure 4 – ACS and PSD of orbits of the H́enon map forb = 0.3
and (a) a = 0.6, (b) a = 1.069, (c) a = 1.2, (d) a = 1.232 and
(e)a = 1.4.
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