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Abstract: A thermal lattice Boltzmann method is developed
to semi-classically treat a dilute gas of bosons and fermions.
For our model, we expand the Bose-Einstein and Fermi-
Dirac distributions up to fourth order in Hermite polynomi-
als and we use the approximation of small fugacity to expand
the integrals. The simulations are performed in a two dimen-
sional system which has a circle in the center with higher
density and the conservation of energy is analyzed.
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1. INTRODUCTION

The lattice Boltzmann method (LBM) is a computational
fluid dynamics technique which has been extensively used
in industry and research for the last two decades to simulate,
mostly, classical fluids[8]. It is based on the Boltzmann equa-
tion with the Bhatnagar-Gross-Krook collision operator[5],

fα(x+ eα, t+ 1) − fα(x, t) = −fα(x, t) − f (eq)α(x, t)

τ
,

and on the Gaussian quadrature. The model was also ex-
tended to relativistic fluids in 2010[7] and, thenceforth, it was
successfully applied to many relativistic systems[3, 6]. Nev-
ertheless, few models have been proposed for semi-classical
fluids, governed by the Bose-Einstein (BE) and Fermi-Dirac
(FD) statistics. In 2009, Yang and Hung proposed thermal
model for semi-classical fluids[11] by expanding the BE and
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Figure 1 – The Kinetic energy of the FD, MB and BE distribu-
tions using the D2V17 and D2V37 lattices is shown here for the
first 1000 time steps. The initial condition used is of the circle
of density. The inset shows in a particular time step window the
splitting of the kinetic energy among the three distributions for
both D2V17 and D2V37 lattices.

FD distributions up to third order in Hermite polynomials.
In 2014, Coelho et. al. [2] demonstrated that the correct
thermodynamics in a thermal LBM, even for classical case,
can only be recovered by expanding the distribution func-
tion up to fourth order. The authors also obtained the correct
conservation laws of mass, momentum and energy for semi-
classical fluids of bosons and fermions. In 2015, Coelho,
Ilha and Doria [1] developed a more general LBM for semi-



classical fluids based on the discovery of a new polynomial
base more generic than the Hermite one, but this work will
not be considered in this extended abstract.

2. PURPOSE

Here we describe the LBM used to simulated dilute gases
of bosons and fermions. For more details see Coelho et. al.
2014 [2]. First, the BE-FD distribution function,

f (0)(ξ) =
1

z−1 exp
[
(ξ−u)2

2θ

]
± 1

, (1)

is expanded up to fourth order in Hermite polynomials. The
fourth order expansion is necessary to build a correct thermal
model. After some algebra, we obtain:
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where the function g(z) is defined in Eq.10 and moments are
defined by

ρ(x) ≡
∫
dDξ f (0)(ξ), (3)

u(x) =
1

ρ(x)

∫
dDξ ξf (0)(ξ), and (4)
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2
f (0)(ξ). (5)

We develop the approximation of the dilute semi-classical
(BE-FD) system, which is very close to the classical (MB)
limit. This is the limit of small fugacity, z = eµ/θ � 1 taken
in the BE-FD integrals [9]:

gν(z) ≡ 1

Γ(ν)

∫ ∞
0

xν−1 dx

z−1ex ± 1
(6)

= gν(z) = z ∓ z2

2ν
+ · · · (7)

where the assignment is (+) BE and (-) FD, respectively. We
are going to carry here just the first order corrections to the

classical (MB) fluid which are linear in the fugacity. In this
order the density and the pseudo temperature are given by,

ρ ≡ (2πθ)
D
2 gD

2
(z) = (2πθ)

D
2 z + · · · (8)
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gD
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)
. (9)

Note that the density is not an independent parameter as in
classical case. Within this order we can write the fugacity
and so the function g(z), that appear in terms of the density
and of the pseudo temperature,

g(z) ≡
gD

2
(z) · gD

2 +2(z)(
gD

2 +1(z)
)2 ≈ 1 ∓ 1

2
D
2 +2

ρ(
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)D
2

(10)

under the assumption that z ≈ ρ/
(
2πθ̄

)D
2 � 1. Under this

approximation the function g can be brought back to the BE-
FD equilibrium distribution function, Eq.2, that becomes a
function of ρ, θ̄ and u.

Thus the LBM for the dilute quantum fluid can be devel-
oped through the variables density ρ, macroscopic velocity
u and pseudo temperature θ̄. The latter is related to the true
temperature θ through the relation,

θ ≈ θ ± ρ

16π
, (11)

where the + and − signs applies to fermions and bosons,
respectively.

3. RESULTS AND DISCUSSION

In this section we use the LBM based on the present
N = 4 order theory to numerically solve the dilute semi-
classical fluid. We find that the energy is indeed conserved
in D = 2 under periodic boundary conditions and some ini-
tial conditions that trigger a time evolution where motion and
heat occur simultaneously. The initial conditions are associ-
ated to a circle of radius R located at the center of the cell
where the density ρ assumes a special value, whereas the ve-
locity and temperature are taken constant throughout the cell.
We work with a grid of Acell = 2562 points, and in these
units R = 10. We take for the relaxation time τt = 0.58.
We use in this section the concept of a real temperature T
connected to the reduced one by T ≡ c2sθ, where cs is a dis-
tinct numerical parameter for each of the lattices D2V17 and
D2V37[2]. Since our goal is to verify that the total energy
remains constant in the cell at any time step, we define the
following sums over all cell points, which are the average
values of the kinetic and the thermal energies in the cell:

Ekin ≡ 1

Acell

∑
cell

1

2
ρu2 (12)

Etherm ≡ 1

Acell

∑
cell

D

2
ρθ̄, and (13)

Etotal ≡ Ekin + Etherm. (14)



In our numerical study we assume identical initial conditions
for the BE, FD and MB cases, which means that they start
with the same density, temperature and velocity. Thus the ini-
tial kinetic energy of Eq.(12) is the same for the three cases,
but not the thermal energy of Eq.(13) since the initial pseudo
temperature is not the same for the three cases, according to
Eq.(11), being greater for fermions and smaller for bosons,
as compared to the classical case.

Under the initial condition the density is ρ = 0.12 inside
and ρ = 0.1 outside the circle of radius R = 10. The ini-
tial temperature is T = 0.5 and the macroscopic velocity u
is zero everywhere. Though there is no initial motion, the
non homogeneous density distribution sets a pressure front.
The higher density at the center means higher pressure that
forces motion outward the circle, and so, generates friction,
heating and raise of the temperature in the cell. The first 1000
steps of Ekin are shown in Fig. 1. Notice that it starts from
zero and the oscillatory behavior set by the entrance of wave
fronts from neighbor cells is well described by the D2V17
and D2V37 lattices since their numerical differences are in
the range of 10−7. In this case too the difference among the
three distributions is hidden by the lattice difference, shown
in the inset for a chosen window of time steps for both lat-
tices. The trend towards kinetic energy decay is seen in this
figure though the convergence towards a steady state is only
suggested by this figure. To really see it a larger window
must be taken. The time step evolution of Etherm is shown
in Fig.(2). Etherm experiments a sudden drop to allow for
the increase ofEkin (Fig.(1)) as the system starts motion due
to pressure unbalance. As in the previously case, Etotal is
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Figure 2 – The thermal energy of the MB distribution using the
D2V17 and D2V37 lattices is shown here for the first 1000 time
steps. The initial condition used is that of the circle of density.
The inset shows in a particular time step window the splitting of
the kinetic energy among the three distributions for the D2V17
lattice.

absolutely conserved to machine precision, in our case tested
to order 10−10. The inset of this plot shows the splitting of
the three distributions within the first 1000 steps. Notice that
such values are distinct because we chose the same initial
θ for the three distributions, which means different θ̄ in the

three cases. Finally we address the evolution of the tempera-
ture deviation from its initial value T = 0.5 in Fig.(3) within
the full time step window studied, namely 20000 steps. The
very first 20 steps, shown in the inset, indicate that the ini-
tial temperature is the same in all cases. However the final
ones are different. The D2V17 reaches a final temperature
deviation at a value slightly lower that the D2V37 case by an
order of magnitude of 10−7. The final deviation is higher for
the FD distribution and lower for the BE. We notice during
evolution a drop to a minimum of temperature required to
accommodate the kinetic expansion caused by the pressure
unbalance in an energy conserving scenario.
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Figure 3 – The temperature deviation from its initial value is
shown here for the case of a circle of density as initial condition
for the first 20000 time steps. The curves for the three distribu-
tions and the two lattices are clearly seen here. The inset shows
the first 20 time steps.

4. CONCLUSION

In this work, we described our thermal LBM for semi-
classical dilute fluids of bosons and fermions and we per-
formed a simple simulation to verify the conservation of
the total energy. Our code converges and produces realis-
tic results for regimes near to the classical one, i.e., regimes
weakly semi-classical. The merit of this model is to correctly
describe the thermodynamics of the system, what can only be
done by expanding the distribution function up to fourth or-
der, as demonstrated in Ref.[2]. The success of this model
represent an important contribution to the understanding of
the thermal LBM and the semi-classical LBM, both with lack
of contributions.
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