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Abstract: In this work, it was analyzed the use of
complexity measures derived from recurrence
quantification analysis to solve the problem of blind IIR
equalization of FIR channels for chaotic signals. The
results show that measures related to the complexity of
the ensuing recurrence plot allow perfect equalization
when this is structurally feasible.
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1. INTRODUCTION

The problem of channel equalization can be defined
as an information source s(n) sent through a
communication channel with impulse response A(n) and,
potentially, additive noise (this will not be the case in this
work). The signal is received as a distorted version x(n),
and the aim is to invert the effects of the channel in order
to recover the desired information. This is done by
carefully designing a filter, termed equalizer.

When it is possible to have access to samples of s(n),
the equalization task is considered to be supervised. If this
is not the case, and only general a priori information is
available, the task is referred to as blind equalization [1].

The problem of blind equalization is closed related to
another inverse problem, that of Blind Source Separation
(BSS) [2]. BSS is characterized by the need for
recovering, in a blind fashion, a set of information sources
from mixtures of them. Therefore, blind equalization is a
sort of “BSS in the time domain” [2].

Classically, BSS is associated with Independent
Component Analysis (ICA) in view of the usual
hypothesis that the sources are mutually independent [1].
However, there are practical instances in which this
hypothesis is not valid, which demands a distinct prior.
The use of sparseness or non-negativity are examples of

popular alternatives [3].

Interestingly, in 1998, Pajunen [4] proposed a
different perspective to the handling of the BSS problem.
He built a separation criterion based on algorithmic
complexity, conjecturing that, at least for natural signals,
the complexity of a mixture tends to be higher than that of
its components. To put in numerical terms the rather
ethereal notion of complexity, he quantized the focused
signal and used Lempel-Ziv coding.

In 2011, Soriano et al. [5] revisited this framework
by employing complexity measures derived from
Recurrence Quantification Analysis (RQA) to solve the
BSS problem concerning mixtures of deterministic and
stochastic signals. Afterwards, the work developed in Ref.
[6] have shown that the classical recurrence-based
measures could also be used for separating mixtures
involving just deterministic signals. In 2015, Soriano et al.
[7] adopted a measure more akin to that of Pajunen, the
Lempel-Ziv compression rate of the recurrence plot of a
given signal, which connected complexity algorithm
theory to the RQA framework.

The approaches developed by Soriano and his
collaborators were originally applied in the context of
blind equalization of an infinite impulse response (IIR)
channel in a preliminary work by Coutinho et al. [8]. The
obtained results were quite encouraging, but there
remained important open questions, such as the possibility
of performing IIR equalization of a Finite Impulse
Response (FIR) channel using the same approach. In this
work, we deal exactly with this problem, aiming at
analyzing the soundness of complexity-based channel
equalization, a brand new research line within the theory
developed under the aegis of this most relevant problem.

In section 2, we discuss the notion of recurrence
quantification analysis together with some important
measures. In section 3, the proposal is presented and
discussed. Section 4 brings the results and section 5 the
conclusions.



2. RECURRENCE QUANTIFICATION ANALYSIS
AND COMPLEXITY MEASURES

Recurrence Quantification Analysis (RQA) consists
of a method for time series analysis that aims to
characterize the recurrence structure of an observation.
The technique wusually employs specific statistical
measures taken from the Recurrence Plot (RP) [9], which
is a binary matrix (R(7,f)) that contains the result of the
comparison between the distance x(7) to x(j) and a chosen
threshold €, in which j = 1, 2, ..., N. The comparisons
between || x(7) — x(7) || and € obey:

RG. ) = {1; if [x (i) - x(j)| < & 0

0; otherwise

being x(k) the state space vector obtained after Takens’
embedding:

x(k) =[x(k) x(k-7) ... x(k—-(d,-1)1)]
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in which d. is the embedding dimension and t the lag
between samples to engender the other coordinates of the
state space.

In the recurrence domain, each specific signal will
generate a binary “fingerprint” related to its generative
dynamics, with many characteristics being mapped onto
specific RP features. In particular, diagonals parallel to
the main one are related to the coevolution of states,
which provides longer structures for more regular (e.g.
sinusoidal) signals. Interpretation of typical RP structures
can be found in [9].

Once that the recurrence matrix is available, typical
RQA measures can be obtained in terms of diagonal
length distribution, defining different measures of signal
complexity i.e. different quantifiers for its organization
[9]. Having this is mind, a previous work [7] has
introduced the possibility of computing algorithmic
complexity of an RP based on ZIP coding strategy that
employs a combination between Lempel-Ziv and
Huffman coding [10] for describing the sequence of bits.
Our approach here relies on generating a single string of
bits s from the concatenation of the diagonals in the
superior triangular part of R(i,j) — Figure 1 —, capturing
the coevolution of states. The string is then zipped and
size of the produced file is then compared to the size of
original string, leading to the expression:

zip, = ar 3)
size original
Therefore, rich coevolution profiles (i.e. large variety
of diagonals lengths) tend to produce maps that are more
easily compressed, leading to a ZIPiuw.x close to zero,
while strings poor in diagonals diversity tends to present a
higher ZIPngex.
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Figure 1 - Concatenation of diagonals in RP in order to
form a single string to be ZIP compressed and compared
to the size of original string.

3. BLIND IIR EQUALIZATION OF FIR CHANNELS
BASED ON COMPLEXITY MEASURES

Following the assumption presented by Pajunen [4],
it is assumed that the intersymbol interference introduced
by the channel will tend to generate a received signal
more complex than the original information source.
Therefore, the main idea to achieve equalization in a blind
fashion by minimizing a complexity measure — here, (3)
was employed.

Differently from the /IR channel [8], the FIR channel
does not impose an extremely long impulse response to
the signal being transmitted. The implication thereof is
that the complexity of the signal at the receiver is just
slightly larger than that at the transmitter. Hence, to
perform an efficient recovery of the source signal, the
choice of the parameters of the RPs must be made
carefully. For some combinations of t and &, the
complexity of the transmitted signal may be lesser than
that of the source. This situation completely misleads the
process of equalization, once the main hypothesis is not
satisfied.

4. RESULTS

To evaluate the proposed idea, the following
numerical experiment was performed. It was considered
s(n) to be a normalized version (zero mean and unit
variance) of 500 samples derived from the logistic map,
which is described by the following equation:

Xn+1 :/uxn(l_'xn) “4)

where u = 4. The channel is a FIR filter with unit norm
coefficient vector and the following transfer function:

1

H(z)=cos( @¢)—sin( @)z~ (5)

in which ¢ = #/6. No additive noise was taken into
account. The IIR filter that models the equalizer is
analogously structured in terms of a single variable 6:

1

W(z)= cos( @) —sin( @)z (©)

To perform blind equalization, an exhaustive search
over @ is carried out. Due to the IIR filter, the range of the
6 parameter is from 0 to z/4, which ensures system



stability. 700 values of # in the specified range were used.
For each 6, the RP of the recovered signal is generated
and its complexity is evaluated. The relation between the
compressed and the uncompressed file that represents the
RP is taken as an estimate of the subjacent complexity -
the ZIPindex in (3). It should be noted that, for 8 = 7/6, the
equalizer perfectly inverts the channel i.e. Hz)W(z) = 1.

In respect to the RP parameters, the choice of the
threshold relies on the simple “rule of thumb” of
considering values varying from 20% to 40% of the
signal’s standard deviation [11]. On the other hand, the
selection of the delay time value was made based on
preliminary tests, in which results of the blind
equalization for each value of 7 were examined.

The variation of the complexity measures for values
of ¢ ranging from 0.2 to 0.4, t = 2, d, = 2, and 6 changing
as aforementioned is shown below (Figure 2). The figure
depicts how the complexity measure changes depending
on the values of ¢ and 6. As expected, the minima in all
cases are close to the value of n/6 for 6. Figure 3
compares the three involved signals, s(n), x(n) and the
source estimate y,..(n) in a globally optimal situation. It is
visually clear that equalization is duly performed.
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Figure 2 - Variation of the complexity measure -
estimated via ZIPiex - when the blind equalizer
parameters are modified. All cases show minima around
the value 8 = 7/6. At these points, channel inversion is
attained.
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5. CONCLUSIONS

In this work, it is shown that it is possible to perform
blind equalization of a chaotic signal transmitted over a
FIR channel using an IIR equalizer and a properly tuned
complexity measure. This complements the work [8] in
that the case of a channel with a small impulse response is
dealt with. The results were satisfactory, but it should be
remarked that there is a noticeable sensitivity with respect
to the parameters of the recurrence plot. This indicates the
need for further investigation in this scenario and also in
the more complex case of FIR equalization of a FIR
channel.
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Figure 3 — 700 samples of each signal: s(n), x(n) and
Vree(n). s(n) and yy.(n) are both normalized. At the point of
minimum complexity, for each value of &, the recovered
signal is an excellent estimative of the source signal.
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