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Abstract: We investigate how the energy distribution of a
spring pendulum varies as a function of its parameters. We
split the total energy of the system into three terms: spring,
pendulum and coupling. We show numerically that the en-
ergy distribution follows a well defined pattern. The max-
imum values of the spring and coupling energy terms vary
regularly with the parameters, as well as the minimum val-
ues of the pendulum energy term.
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1. INTRODUCTION

The spring pendulum is a rather simple mechanical sys-
tem that presents a complex behavior, including resonances
and chaos. It is a paradigm for the study of nonlinear Hamil-
tonian systems with applications in different areas of Physics,
such as celestial mechanics [1–3], plasma physics [4, 5] and
nonlinear optics [4, 6].

The spring pendulum has been extensively studied in the
literature and several of its characteristic are well known [1,
7–12]. However, these studies focus more on the dynamics
of individual trajectories, especially for the cases of small
oscillations, than in its general behavior. Some insight into
the general dynamics of the spring pendulum can be found
in Ref. [13], where we discuss how the system undergoes a
transition to chaos and then back to order as we increase the
values of its parameters.

In this paper, we investigate the dynamics of the spring
pendulum as a whole and we determine some statistical prop-
erties of the system. We consider that the total energy of
the system is divided into three different terms that we call
spring, pendulum and coupling. We analyze how this energy
distribution varies according to the parameters of the system
and we observe that it presents a well defined pattern. The
maximum in the spring and coupling energy terms coincides

with the minimum value of the pendulum energy term, and
the position of these maxima and minima is a regular func-
tion of the parameters of the system.

The paper is organized as follows: In Section 2, we de-
scribe the spring pendulum and we write its Hamiltonian. In
Section 3, we discuss how the total energy distributes itself
among the energy terms we define. In Section 4, we present
our conclusions.

2. DESCRIPTION OF THE SPRING PENDULUM

Suppose a mass m attached to a spring with stiffness con-
stant k and unstretched length l0. The other extremity of the
spring is fixed at the center of the Cartesian coordinate sys-
tem (x, y) = (0, 0), and the spring pendulum is allowed to
move only in the xOy plane. The stable equilibrium posi-
tion of this system corresponds to (x, y) = (0,−l), where
l = l0 +mg/k and g is the free-fall acceleration.

In the Cartesian coordinates, the Hamiltonian of the
spring pendulum is given by

ET = H(x, y, px, py) =
p2x + p2y
2m

+mgy

+
k

2
(
√
x2 + y2 − l0)

2, (1)

where ET is the total energy of the system.
Using the dimensionless quantities H/kl2 → H , x/l →

x, (y + l)/l → y,
√
k/m t → t, f = mg/kl, and the

dimensionless coordinate system

ρ = f − 1 +
√
x2 + (y − 1)2 ,

θ = arctan
x

1− y
,

(2)

we rewrite Hamiltonian (1) as

ET = H(ρ, θ, pρ, pθ) =
1

2

[
p2ρ +

p2θ
(ρ+ 1− f)2

]
+

ρ2

2

− f(ρ+ 1− f) cos θ , (3)



where ρ represents the spring extension or compression from
its unstretched length and θ is the angle formed between the
mass m and the vertical axis pointing down.

3. ENERGY DISTRIBUTION

In this paper, we consider that the total energy ET of the
spring pendulum is distributed among three terms. The en-
ergy ES corresponds to the energy associated with the spring.
EP is the energy associated with the pendulum, and EC is
the energy representing the coupling between the spring and
the pendulum, such that

ET = ES + EP + EC . (4)

The spring pendulum described by Hamiltonian (3)
presents just two parameters, ET and f . For each value
of these parameters, we calculate the average energy terms
in the time interval t = [0, 250] for 3264 initial conditions
evenly distributed throughout the phase space. We normalize
the average energies for each component (spring, pendulum
and coupling) to the interval [0, 1] according to the following
expressions:

|ES |normalized =
|ES |

|ES |+ |EP |+ |EC |
,

|EP |normalized =
|EP |

|ES |+ |EP |+ |EC |
,

|EC |normalized =
|EC |

|ES |+ |EP |+ |EC |
.

(5)

Figure 1 shows how expressions (5) vary as a function of
the parameter f for ET = 0.275. Whenever the total energy
ET lies in the interval [0.17, 0.8], the curves described by the
energy terms are similar to those represented in this figure.
From Figure 1.a, we observe that the normalized average en-
ergy of the spring |ES |normalized presents a maximum that
depends on f . Correspondingly, Figure 1.c shows that the
maximum point of the energy |EC |normalized occurs in the
same location with respect to the parameter f , while we have
|EP |normalized = 0 for this values of f (Figure 1.b).

From Figure 1.a, we observe that the normalized average
energy of the spring is always above 0.4, while the normal-
ized average energy of the pendulum component lies below
these values (Figure 1.b). The energy of the coupling shown
in Figure 1.c varies between 0.0 and 0.3 for the analyzed
range of ET .

4. CONCLUSIONS

We analyzed the dynamics of a spring pendulum as a
function of its dimensionless total energy and a parameter,
called f , that accounts for the physical characteristics of the
system, i.e., the pendulum mass, the spring stiffness constant
and the spring unstretched length. We divided the total en-
ergy of the system into three different terms: spring, pendu-
lum and coupling. When the total energy lies in the inter-
val [0.17, 0.8], we observed that the energy terms associated
with the spring and the coupling present a maximum value
that varies regularly according to the total energy and the pa-

Figure 1 – Normalized average energy for the (a) spring, (b)
pendulum, and (c) coupling components as a function of the pa-
rameter f for ET = 0.275.

rameter f . On the other hand, the energy term that corre-
sponds to the pendulum is minimum for the same values of
the total energy and the parameter f .

These results show us that the energy distribution of a
spring pendulum varies according to the configuration of the
system. By adjusting its parameters properly, one finds that
great part of the energy is stored in the spring, while the en-
ergy of the pendulum is very low.
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