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Abstract: The goal of this work is to propose the application

of an autoregressive model considering two data series: hos-

pital internment and inhalable particulate material with aero-

dynamic diameter less than 10 µm in a city in the state of

São Paulo (oct/2003 to dez/2007). In a Bayesian perspective,

using MCMC methods, we consider a mixed model with ran-

dom effects to capture the possible correlation between the

series and residuals with a Student-t distribution. This model

is more appropriate when compared to independent models

with normal residuals.
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1. INTRODUCTION

In practical problems, analysis of two time series can be

conducted considering a possible correlation between them.

In such cases it is common the use of bivariate distributions

[1]. A simpler alternative is the use of a common random

effect [2] to the both series.

Under a Bayesian perspective, using MCMC (Markov

chain Monte Carlo) methods, this alternative can be applied

in a simple way, while the random effect is generated directly

in a hierarchical model [3].

In the next section, we present the model assuming ran-

dom effects associated to the two time series. In an appli-

cation, we consider two data series related to hospital intern-

ment and inhalable particulate material with aerodynamic di-

ameter less than 10 µm in a city in the state of São Paulo

(oct/2003 to dez/2007). In the last section we present con-

clusions and perspectives.

2. METHODOLOGY

Consider two data series, Y1 and Y2, measured in the same

period and possibly correlated. Assuming that each serie can

be represented by a p order autoregressive model, denoted by

AR(p), with the introduction of a latent variable, wt (random

effect), capturing the possible correlation we have:

Y1t = α0 + α1Y1t−1 + · · ·+ αpY1t−p + wt + e1t (1)

Y2t = β0 + β1Y2t−1 + · · ·+ βpY2t−p + wt + e2t

whereα0, α1, · · · , αp and β0, β1, · · · , βp are fixed effects and

wt has a normal distribution with mean zero and variance

σ2

w. If σ2

w is close to 0, the randon effect capture a strong de-

pendence; e1t and e2t are random errors associated to each

model assuming Student-t distribution with mean zero, vari-

ance σ2

1
and σ2

2
, respectively, and v1 and v2 degrees of free-

dom of the Student-t distribution (v1, v2 > 2).

Under a Bayesian perspective, the model (1) can be intro-

duced using a normal distribution [4], that is:

Y1 | α,σ2

1
, ζ1t ∼ N

(

µ1t,
σ2

1

ζ1t

)

(2)

Y2 | β,σ2

2
, ζ2t ∼ N

(

µ2t,
σ2

1

ζ2t

)

where

µ1t = α0 + α1Xt−1 + · · ·+ αpXt−p + wt

µ2t = β0 + β1Yt−1 + · · ·+ βpYt−p + wt



and ζ1t and ζ2t are the weights relative to each subject (t =
1, ..., n) assuming gamma distributions:

ζ1t | α,σ2

1
, v1 ∼ G

(v1

2
,
v1

2

)

ζ2t | β,σ2

2
, v2 ∼ G

(v2

2
,
v2

2

)

with mean 1 and variance 2

v1
and 2

v2
. Observe that when

v1 → ∞ and v2 → ∞ the variance of ζ1t and ζ2t tends to

be too small, leading the weights to be close to 1, converging

towards a normal distribution. The advantage of using these

expresssions under a Bayesian approach is that ζ1t and ζ2t
can be generated directly from a gamma distribution.

3. APLICATION

For the application of the proposed methodology, we con-

sider two data series about hospital internment and inhalable

particulate material with aerodynamic diameter less than 10
µm in a city in the state of São Paulo (oct/2003 to dez/2007).

In the Figure 1, we observe positive correlation between hos-

pital internment and inhalable particulate material.
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Figure 1 – Scatterplot to hospital internment and inhalable par-

ticulate material

3.1. Prior elicitation

Assuming p = 1 in (2), we consider the prior distribuions

given by:

α0 ∼ N(aα0
, b2α0

);α1 ∼ N(aα1
, b2α1

)

β0 ∼ N(aβ0
, b2β0

);β1 ∼ N(aβ1
, b2β1

)

σ−2

1
∼ G (c1, d1) ;σ

−2

2
∼ G (c2, d2)

wt ∼ N
(

0, σ2

w

)

Observe that we are assuming a simplified form of model

(2), that is a AR(1) model. For the second stage, we have

σ−2

w ∼ G (e, f).
The choice of the degrees of freedom (v1 and v2) was

based on [5], where the use of v = 4 degrees of freedom

is a good choice in several applications as suggested in the

literature. (see also [6]).

The values of the hyper-parameter were chosen to lead to

an approximately non-informative prior distribution, result-

ing in similar estimates to the ones obtained through MLE

(Maximum Likelihood Estimation). In this way, we have:

aα0
= aα1

= aβ0
= aβ1

= 0; b2α0
= b2α1

= b2β0
= b2β1

=

102 and c1 = d1 = c2 = d2 = e = f = 0.1.

For all models, 100, 000 Gibbs samples were simulated

for each parameter using the OpenBUGS software [7], from

the R software (R2OpenBUGS library). From the total num-

ber of generated samples, 50, 000 were discarded (burn-in-

sample) to avoid the possible influence of initial values until

the chains are stable. From the 50, 000 remaining samples

for each parameter, values of 50 were taken to ensure non-

correlated samples. Convergence of the Gibbs sampling al-

gorithm was observed from traceplots of the simulated Gibbs

samples.

3.2. Results

In Table 1, we introduce the estimated parameters and

DIC (Deviance information criterion) value for the models.

DIC [8] is a famous discrimination criterion used to compare

models. When two values of DIC are compared, smaller val-

ues of DIC imply better model.

Table 1 – Mean (standard deviation) for the estimated parame-

ters and DIC value for the models.

Model (v = 4) (v → ∞)
Parameters Student-t (Random Effect)

α0 3.14 (0.69) 2.84 (0.64)
α1 0.37 (0.14) 0.43 (0.13)
β0 1.09 (0.38) 1.21 (0.37)
β1 0.70 (0.10) 0.67 (0.10)
σ1 0.14 (0.02) 0.17 (0.03)
σ2 0.22 (0.03) 0.28 (0.03)
σ2

w 0.05 (0.01) 0.05 (0.01)
DIC 6.8 10.5

Parameters Student-t (Bivariate)

α0 3.09 (0.62) 2.92 (0.58)
α1 0.39 (0.12) 0.41 (0.11)
β0 0.96 (0.33) 1.23 (0.35)
β1 0.74 (0.09) 0.66 (0.09)
σ1 0.21 (0.03) 0.24 (0.03)
σ2 0.29 (0.04) 0.35 (0.04)
ρ 0.61 (0.10) 0.55 (0.11)
DIC 32.9 30.7



We consider the DIC values for the two proposed mod-

els, Student-t distribution with random effects (v = 4 and

v → ∞) and two classical approaches considering bivari-

ate Student-t distributions with the same degrees of freedom.

The model considering a Student-t distribution with random

effects (v = 4) has the lowest value of DIC, indicating the

best fit between the compared models. In this way, we have

the Figures 2 and 3 with the observed values versus the fitted

model values. Note that we have a good fit for the proposed

model.

In terms of estimated parameters, we have similar values

for the models.
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Figure 2 – Fitted model for hospital internment

4. CONCLUSION AND PERSPECTIVES

The use of Bayesian methods with the MCMC algorithm

is a good alternative for the development of new statistical

models in the solution of applied problems.

In this work, we proposed a model with random effects to

capture a possible correlation between two series as alterna-

tive to classical method using bivariate distributions. This is

useful since in this approach it is not necessary to assume a

bivariate form of a specified distribution.

The perspectives of this work are: considering autoregres-

sive models with p > 1; considering others structures to ran-

dom effects; using the two techniques (random effects and

bivariate models simultaneously) and a simulation study to

compare these models in several different situations.
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Figure 3 – Fitted model for inhalable particulate material
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