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Abstract: This work proposes a model of a nonlinear beam-
shaker as a Duffing oscillator. The modal parameters of
the linear equivalent systems and the nonlinear stiffness are
estimated by stochastic methods considering the restoring
force surface method. The parameters probability density
functions (PDFs) are estimated of nonparametric way and
a stochastic model is obtained with confidence limits to the
responses. The model is validated with new experimental
data through Monte-Carlo simulations. The results have been
shown the capability to describe the nonlinear behavior of the
beam considering uncertainties quantification.
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1. INTRODUCTION

The mathematical modeling of engineering structures is
important to predict the dynamic systems behavior. Usually,
the modal analysis process is used to describe the dynamic
systems responses thorough the identification and validation
of structural models based on the modal parameters (natural
frequency, damping ratio and mode shapes)(e.g. [1]]). Thus,
models can be updated in order to know more deeply the
behavior of the systems, and then optimize their operation.

Unfortunately, these approaches leads to good results for
linear systems, because it is based on the superposition prin-
ciple. However, it is known that many engineering struc-
tures have geometric and operating conditions, excitations
and loads leading to highly nonlinear effects. Therefore, they
should necessarily be considered in the analysis of the dy-
namic behavior of such structures (e.g. [2H4]). The nonlinear

systems have many individualities, so it is difficult to obtain
a model that can describe all systems.

One of the first paper that proposed a nonlinear structures
identification method was [5]], which presents the method of
restoring force surface. For nonlinear system with a single
degree-of-freedom identification, the restoring force surface
method is very effective. To better understand the structure
behavior in nonlinear regime, it is useful to know the restor-
ing force, i.e., a nonlinear function of system parameters.

On the other hand, the measurements have a lot of uncer-
tainties related with ambient conditions, instruments and im-
perfections, among others. These variations are called data
uncertainties and it is very important take into account these
uncertainties in the model identification to ensure a better
description of system behavior. So, the system uncertainties
should be quantifying and limits of confidence should be es-
tablished (e.g. [658]).

Thus, in this paper, the behavior of a free-clamped beam
with nonlinear effects induced by the presence of a magnet
near to the free end is approximated by a known literature
benchmark, a Duffing oscillator (e.g. [9]). The modal param-
eters are identified by a stochastic way and their probability
density functions (PDFs) are estimated by a nonparametric
way for the linear and nonlinear motion regimes. With non-
linear motion regime, the cubic system stiffness is estimated
of a stochastic way also, based on the restoring force surface
method. After the identification of the PDFs, a stochastic
model is constructed, with confidence limits to the system
responses, and validated with new experimental data using
Monte Carlo simulations.



2. EXPERIMENTAL SETUP

The experimental setup is composed by an aluminum
beam with dimensions of 300 x 18 x 3 [mm)] of length, as
seen in Fig. [T} In the free end of the beam a steel mass was
connected to cause an magnetic interaction between the beam
and the magnet. A MODAL SHOP shaker (Model Number:
K2004EO01) is attached 77 mm from the clamped and used
to excite the structure considering different levels of voltage
amplitude 0.05 V (low level), 0.10 V (medium level) and
0.15V (high level). A laser (vibrometer) and a load cell were
used to measure the velocity in the free end of the beam and
the force excitation, respectively. All signals were measured
considering a sampling rate of 1024 Hz and 4096 samples
saved using a m+p data acquisition system. It is important to
note that the input signal considered was the voltage applied
in the shaker as was made in [10]. This because the current
applied in the shaker was kept constant but the force applied
to the beam was not constant over a range of frequencies.
Considering this, a relationship between the voltage applied
in the shaker and the force applied to the beam was deter-
mined as 9 N/V.
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Figure 1 — Experimental setup.

The magnet interaction with the beam generates a nonlin-
ear hardening behavior. This hardening effect is illustrated in
the stepped sine test shows in Fig. 2] When the input signal
is high, the beam presents a jump phenomenon that is rep-
resented by a sudden drop in the amplitude of the response.
This results clearly shows the nonlinear behavior.

3. MODEL CONSTRUCTION

The studied system has nonlinear behavior for large
displacements, therefore it can be approximated by single
degree-of-freedom model represented by a Duffing oscillator
(e.g. [O). Considering that the parameters of motion equa-
tion have several uncertainties in their determination process,
including measurements and data process uncertainties, the
Duffing equation can be rewritten:

m(0)%(0,t) + c(0)%(0,t) + k(0)%(0,t) +
+F(0,2(0,t)) = u(8,t) (1)
where the symbol # denotes an elementary event in the as-

sociated sample space, m, ¢ and k are random variables
that represents the equivalent mass [kg], damping coefficient
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Figure 2 — Stepped sine test. Where A represents the low level
of input signal (0.05 V), o the medium level (0.10 V) and [ the
high level (0.15 V).

[N.s/m] and linear stiffness [N/m] respectively, u is the gen-
eralized force applied in the system [N] and x is the displace-
ment in the tip of the beam, the over-dots represent differen-
tiation with respect to time. [, is the random restoring force
[N], that in this case can be approximated by:

Fnh(6,2(0,t)) = [k3(9)x<(0,t)3 )
where k3 is the random nonlinear stiffness and x is the dis-

placement. If the cubic term is positive (negative), the non-
linear behavior of system is said to be hardening (softening).

3.1. Parameters Identification Method

To identify the parameters of system a lot of test were
conducted. The beam has been excited by a chirp signal with
range’s frequency of 10 to 50 Hz and rate of 10 Hz/s, in two
different levels of amplitude, low (0.05 V) and high (0.15 V),
considering 620 repetitions in different days to construct the
stochastic model.

The identification of linear parameters was done by an hy-
brid approach. First, we identified the damping ratio (f) and
natural frequency (w,,) of the equivalent linear system, con-
sidering low level of input (0.05 V), because in this condition
the system has linear behavior. These parameters were iden-
tified through the experimental frequency response function
(FRF) in the zone of first mode. The equivalent mass (m)
was identified with an optimization process of the system re-
sponse in the time domain and linear regime of motion. Fi-
nally, the damping coefficient (c) and the linear stiffness (k)
were obtained by the expressions:

c(0) = 28(0)wn (0)m(0) (3)
k(0) = m(6)ew, (0) 4

With the linear parameters identified and applying high
level of input to the beam (nonlinear regime of motion) we
can determined the restoring force [ ,,; by the expression (e.g.
[51):

Frni(0,%(0,t)) = u(d,t) —m(0)%(0,t) +

—c(0)%(0,t) — k(0)=(8,t) 5)

In this paper, the velocity and excitation were measured,
while the beam acceleration and displacement were esti-



mated by frequency domain derivation and integration. Once
the restoring force identified, can determine the random non-
linear stiffness approximating the curves by a cubic polyno-
mial order.

4. IDENTIFICATION OF THE NONLINEAR BEAM

This section presents the results that the authors have been
obtained with the method described in section [3] applied in
the experimental setup described in section [2]

4.1. Linear Vibration

When the system has linear behavior, one can identify the
linear model parameters, following the procedure described
in section [3.1] For this, the structure was excited by a chirp
signal from 10 to 50 Hz and rate of 10 Hz/s with 0.05 V
of voltage amplitude applied in the shaker. The test was re-
peated 620 times with sampling frequency of 1024 Hz and
4096 samples. Fig. [3] shows a nonparametric estimation of
probability density function (PDFs) of linear parameters of
the model m, ¢ and k. We can detect a multimodal behavior
to each parameter.

4.2. Nonlinear Vibration

Now, when the system has nonlinear behavior we can
identify the restoring force and the nonlinear stiffness. The
structure was excited by the same chirp signal with 0.15 V
of amplitude. The test was also repeated 620 times with
sampling frequency of 1024 Hz and 4096 samples. Fig. [F]
shows a nonparametric estimation probability density func-
tion (PDF) of the nonlinear stiffiness (ks). We can see a large
dispersion of the parameter that will influence the system re-
sponse in nonlinear terms.

4.3. Validation

To validate the model new tests were done in the structure.
The model was validated in time domain and frequency both
in linear and nonlinear vibration regime. First, Fig. [5] shows
the limits of confidence to the experimental and response
of the stochastic model identified considering low and high
level of amplitude voltage applied in the shaker. One can ob-
serve that the experimental response is inside the limits with
99% of confidence what indicates that the model describe the
system behavior in time domain for both linear as nonlinear
behavior. The variation of response is consequence of the
system variation and the uncertainties in the model parame-
ters identification process. In frequency domain the model
was validated with the stepped sine test. The test was made
both with low as high input and the results are shown in Fig.
[l The results shows that the model describes the system be-
havior both in linear as nonlinear regime of motion.

5. FINAL REMARKS

The results have showed that the studied system can be
well approximated by a Duffing oscillator. The stochastic
approach allows the model to represent the system behavior
in different days and situations with statistical confidence.
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Figure 3 — Linear parameters normalized PDFs.
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