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Abstract: We present a study on out-of-equilibrium phase
transitions induced by multiplicative noise. Based on a re-
cently developed path integral formalism, we built up a “dy-
namical potential’ written in terms of an order parameter ca-
pable to describe non-equilibrium phase transitions. As an
example, we applied our formalism to a particularly simple
model which captures the physics of non-equilibrium phase
transition. The model is defined by a set of stochastic vari-
ables arranged in a hyper-cubic lattice satisfying a system of
interacting Langevin equations with multiplicative noise. We
computed a potential for the non-equilibrium stationary state
in the saddle-point plus Gaussian fluctuations approximation.
We discovered a phase transition with reentrant behavior for
sufficiently strong lattice coupling. We computed the phase
diagram for different dimensions and for different values of
the stochastic prescription used to define the multiplicative
stochastic process. We found that, at the level of this approx-
imation, the phase transition is continuous and we computed
critical exponents. Even thought, the concept of universal-
ity is not completely developed in out-of-equilibrium transi-
tions, the computed exponents are in the universality class of
the dynamical Ising model.
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1. INTRODUCTION

The theory of stochastic processes [1] is one of the natu-
ral approaches to describe out-of-equilibrium statistical me-
chanics since there is no closed theoretical framework to deal
with this type of systems. Stochastic processes with mul-
tiplicative noise often leads to stationary out-of-equilibrium
states. They are characterized by the presence of probability
currents and, in general, time-reversal is a broken symme-
try and usual equilibrium properties, such as detailed bal-
ance, are not satisfied. In this type of stationary states,
symmetry-breaking phase transitions could take place, in-
duced by noise[2]. That is, for weak noise the stationary state
is usually disordered. However, an ordered state sets in when
the noise intensity is increased. There are two necessary in-
gredients to produce this class of phase transitions: multi-
plicative noise and out-of-equilibrium stationary states[3]. In
this work, we present a study on out-of-equilibrium phase
transitions induced by multiplicative noise. Recently, we
have presented a functional formalism[4–7] to compute cor-
relations functions in these systems. Based on that, we built
up a “dynamical potential” written in terms of an order pa-
rameter capable to describe non-equilibrium phase transi-
tions. As an example, we applied our formalism to a par-
ticularly simple lattice model, which captures the physics
of non-equilibrium phase transition. We computed a “dy-
namical potential” for the stationary state in the saddle-point
plus Gaussian fluctuations approximation. We have built up
a phase-diagram in terms of the lattice interaction and the



noise. We discovered a phase transition with reentrant behav-
ior for sufficiently strong lattice coupling. We computed the
phase diagram for different values of the stochastic prescrip-
tion that defines the multiplicative stochastic process. At the
level of this approximation we found that the phase transition
is continuous and we computed critical exponents.

2. NON-EQUILIBRIUM POTENTIALS

We consider a system of Langevin equations given by

dxi(t)

dt
= fi(x(t)) + gij(x(t))ηj(t) , (1)

where i = 1, . . . , n, j = 1, . . . ,m, x ∈ <n and ηj(t)
are m independent Gaussian white noises: 〈ηi(t)〉 = 0,
〈ηi(t), ηj(t′)〉 = σ2δijδ(t − t′), where σ2 measures the
noise intensity. The drift force fi(x) and the diffusion ma-
trix gij(x) are, in principle, arbitrary smooth functions of
x(t). We use the Generalized Stratonovich prescription,
parametrized by a real number 0 ≤ α ≤ 1 [6]. Time corre-
lation functions can be computed by performing functional
derivatives of a generating functional written in terms of
functional integrals, that we have recently implemented [7].
The generating functional can be written in terms of a func-
tional integral over the vector variable x(t),

Z[J] =

∫
Dx det−1(g) e

− 1
σ2

{
S[x]−

∫∞
−∞

dt′J·x(t′)
}
, (2)

where the “action” is given by

S =

∫ tf

ti

dt

{
1

2
[ẋ` − Γ`] [g2]−1`m [ẋm − Γm] + ασ2∂kfk

+
1

2
α2σ4 [∂mgkj(x)∂kgmj(x)− ∂mgmj(x)∂igij(x)]

}
,

(3)

with Γ`(x) = f`(x) − ασ2g`j(x)∂igij(x). The second
and third terms of Eq. (3), proportional to α and α2 respec-
tively, comes from the non-trivial Jacobian associated with
the change of variables ηi(t) → xi(t). Formally, Z[J(t)]
plays the same role as the partition function in equilibrium
statistical mechanics. Then, it is immediate to define the
functional F [J(t)] = −σ2 lnZ[J], from which we can com-
pute a “local order parameter”

Mi(t) ≡ 〈xi(t)〉 = − δF [J]

δJi(t)
. (4)

In order to define a generating functional in terms of the or-
der parameter, we perform a Legendre transformation in the
following way,

G[M(t)] =

∫
dt J(t) ·M(t) + F [J(t)] , (5)

in which J(t) ≡ J[M(t)] is obtained by inverting Eq. (4). It
is immediate to verify δG[M]/δMi(t) = Ji(t), that can be
interpreted as the nonequilibrium state equation.

Assuming that, at long times, the system reaches an ho-
mogeneous stationary state, we can define the nonequilib-
rium potential as

Gst(M) = lim
t→∞

lim
N→∞

1

N
G[M(t)] , (6)

where N is the number of degrees of freedom and the order
parameter M = (1/N) limt→∞

∑N
i=1〈xi(t)〉.

The expressions in Eqs. (5) and (6) are the main proposals
of this work. The potentialGst(M) is the analog of the Gibbs
free energy for describing nonequilibrium stationary states.
The critical behavior of the nonequilibrium state should be
codified in the analytical properties of Gst(M).

3. STOCHASTIC LATTICE MODEL IN THE WEAK
NOISE EXPANSION

The functional integral can be computed in the saddle-
point plus Gaussian fluctuations approximation, for small σ.
Retaining the leading order terms in σ, we find the expression

G[M(t)] = S[M(t)] +
σ2

2
Tr ln

{
S(2)[M(t)]

}
. (7)

where the components of the fluctuation matrix S(2) are
given by

S
(2)
ij (t, t′) =

δ2S[x]

δxi(t)δxj(t′)

∣∣∣∣∣
x(t)=x0(t)

, (8)

in which x0[J ] minimize the exponent in (2). Eq. (7) is the
explicit expression of the generating functional of the local
order parameter in the Gaussian fluctuations approximation.

We computed G[M(t)] for a model consisting in a set
of N stochastic variables whose dynamics are driven by the
same drift f(x) and the same diffusion function g(x). Each
degree of freedom is arranged in a d-dimensional hyper-
cubic lattice and we consider short-range lattice couplings.
Then, in Eq. (1), we take fi(x) = f(xi) + Fi(x) and
gij(x) = g(xi)δij , where Fi(x) represent the lattice cou-
plings. In the absence of couplings, Fi(x) = 0, the system
converges, at long times, to an equilibrium state. Impos-
ing the Einstein relation f(x) = −(1/2)g(x)2dV (x)/dx,
where V (x) is a classical potential, the equilibrium distri-
bution is Peq ∼ exp{−(1/σ2)Ueq(x)}, with the potential
Ueq(x) = V (x) + (1 − α) ln g2(x) [6]. We consider the
simplest lattice interaction,

Fi(x) =

(
D

2d

) ∑
xj∈n(xi)

(xj − xi) , (9)

where n(xi) denotes the set of first neighbors of xi, D is the
coupling constant and d is the number of dimensions of the
hypercubic lattice. Due to interactions, the fluctuation ma-
trix S(2)

ij (t, t′) is not diagonal, neither in time, nor in lattice
indexes. For this reason, Tr lnS(2) in Eq. (7) is a cumber-
some evaluation. Fortunately, in the stationary and homoge-
neous limit the coefficients are constants and it is possible
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Figure 1 – Phase diagram. Critical lines are defined by
χ−1
0 (σ2, D) = 0. In the exterior part of each line the system

is disordered, M = 0, while in the interior, M 6= 0. Continu-
ous, dashed and dot-dashed lines correspond to α = 0, 1/2, 0.8,
respectively. We fixed the parameters d = 2, Ω = 1.

to diagonalize S(2) by Fourier transforming in time and lat-
tice indexes. In the long distance limit, the fluctuation kernel
takes form S(2)(ω,~k) = ω2 + A|~k|2 + Σ, where A and Σ
are constants. Then, we can finally write the nonequilibrium
potential as,

Gst(M) = Sst(M)+
σ2

2

∫
dω

2π

ddk

(2π)d
ln
(
ω2 +A|~k|2 + Σ

)
.

(10)
where the coefficients A(M) and Σ(M) are functions of
the order parameter and can be computed from the local
properties of V (x) and the diffusion function g(x), near
x = 0. To explore possible phase transitions, we compute
the inverse susceptibility in the disordered phase, χ−10 =
d2Gst(M)/dM2

∣∣
M=0

. To be specific, we choose an har-
monic oscillator potential, V (x) = Ω2x2, and a diffusion
function g(x) = 1 + x2. The critical line is defined by
χ−10 (σ2, D) = 0. In Figure (1) we plot the critical line in
d = 2, for different values of the stochastic prescription.
Above a minimum lattice coupling Dmin, we found two con-
tinuum phase transitions. For very weak noise the system is
disordered, M = 0. At a threshold σ2

c1, the system orders,
M 6= 0, breaking in this wayZ2 symmetry. For higher values
of the noise, σ2

c2 > σ2
c1 it gets disordered again. We observe

that the ordered area in theD−σ2 plane growths with α. On
the other hand, σ2

c1 as well as σ2
c2 are increasing functions

of α, making the phase transition harder to reach. In fact, in
the anti-Itô prescription, α = 1, χ−10 is positive definite and
there is no phase transition.

4. CONCLUSIONS

We have presented a path integral formalism to compute
potentials for non-equilibrium steady states, reached at long
times by multiplicative Langevin dynamics. The formalism

is completely general and can be applied to study a vari-
ety of models presenting interesting features, such as noise-
induced phase transitions, stochastic resonance and pattern
formation. We have also developed a controlled weak noise
expansion which correctly captures fluctuation-induced phe-
nomena. In particular, we have analyzed the physics of noise
induced phase transitions by computing the stationary state
potential for a general class of lattice models. We believe that
the results presented in this work open many interesting pos-
sibilities to advance our understanding of out-of-equilibrium
critical phenomena.
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