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Abstract: We address the detection and characterization of
synchronization in coupled nonlinear oscillators by compar-
ing the temporal and magnitude signatures unfolded in both
mixed state and single state spaces of each subsystem. Such
properties, as the complexity estimated by the Shannon en-
tropy, are quantified by recurrence quantification analysis
(RQA) and by using a Poincaré section to separate the tem-
poral and amplitude signatures of the signals.
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1. INTRODUCTION

The study of synchronization phenomena of chaotic sys-
tems in networks has evolved rapidly, with a growing inter-
est in the areas of patterns formation and clustering synchro-
nization [1]. Several types of synchronous regimes were re-
ported so far, ranging from phase synchronization (PS), lag
synchronization (LS), generalized synchronization (GS) and
complete synchronization [2] (to mention just a few). Inter-
mittent versions of some of those regimes were found near
transitions (e.g., for characterization of eyelet and ring inter-
mittency, see [3] and references therein). PS is characterized
by the correlation of the time scales, while the amplitudes
remain low correlated and chaotic [4]. In CS, both the time
scales and the amplitudes are correlated, hence the states of
the coupled subsystems are equal: &7 = @'s.

A known problem in the study of chaotic phase synchro-

nization is that there is no general and straightforward way
to estimate the phases ¢;(t) and amplitudes A;(t) of a given
system j [2]. For more complex funnel like dynamics, a
phase estimate is obtained case by case.

Here we investigate the use of time series extracted from
the peak-to-peak signals (equivalent to a Poincaré section), as
a possible general way to characterize synchronization: by
disentangling the time and amplitude information provided
by the measurement of the flow. Given a time series =, we
consider as the work data the time series of the (i) magnitude
of the peaks and the (ii) inter-peak time interval (also called
return times). We investigate if type (ii) time series captures
the information about the phase coupling, while the type (ii)
retrieves information about the coupling of the amplitudes.

Recently, we provided numerical evidence that the recur-
rence quantification analysis (RQA) variables are estimated
more accurately from a Poincaré section of a flow, than from
the flow data itself [5] (as already reported for the Shannon
entropy, investigated in [6]). In the present work, we apply
the RQA with the work data using two different approaches:
single and mixed state embeddings.

2. PURPOSE

Specifically, two questions are addressed. First, to what
extend, if any, can the analysis of types (i) and (ii) time series
detect and characterize the time and amplitude properties of
different synchronized regimes? Second, does the use of both
mixed state and single state spaces provide more information
about the synchronization behavior?



3. METHODS

We consider two bidirectionaly coupled Rossler oscilla-
tors

T12 = —Wi2Y12 — 212,
U2 = wiaTiz+ay;+c(y21 —yi2),
21’2 = 0.1+ 21,2($1’2 — 85) (D)

with individual natural frequencies wy o = (1,1.02) and with
natural chaotic phase-coherent regime (¢ = 0.15). Equation
(1) was integrated (time steps of 0.01 s) for each value of
the coupling strength ¢ € [0.001, 0.2] and the initial transient
was removed. The time series 3! (¢) and y(?)(¢) (systems
1 and 2, respectively) were resampled (7s = 0.07 s) and
the final length was N = 142858 data points (total time of
10* ). The peaks of each y¥)(t) (j = 1,2) were detected,
providing the time series of their magnitude, {yl(j )}, and the
inter-peak interval, {77}

RQA was performed on the work data y() and
7U) using the time delay embedding with two ap-
proaches. In the first one, each time series were
embedded into their own m-dimensional space R'™,

yielding the vectors gjfj) = (y,gj),ygi)l,...7y£i)(m71)l)
and ﬁ(j) = (Ti(j)’Ti(i)l’""Tz‘(i)(mq)l)' In the sec-
ond approach, the mixed state embeddings 171(1,2) =
(y§1), yfi)l, ey yﬁ)(mq)l; yz(Q), yfi)l, . yi(i)(mq)l) and
7_';'(1’2) = (Ti(l)’Ti(—il-)l’ ""Ti(i)(mfl)l;Ti(2)77-i(—12-)l7 "-7Ti(i)(m71)z)

were used. Here, we call them the single state space (s-ss)
and mixed state space (m-ss) approaches, respectively.

In both cases, m = 4 and the delay [ = 1 data point. The
RQA threshold ¢ corresponded to 10% of the maximum dis-
tance in the reconstructed phase space. The following RQA
variables were used: recurrence rate (% REC), “determin-
ism" (% DET), divergence (DIV') and shannon entropy (.S)
as defined in [6]. For the sake of clarity, the following no-
tation is used for a given RQA variable, as exemplified by
the entropy S: ng*), where v = (PP,IPI) is the type
of work data used and j* refers to system 1, 2, with the
s-ss, or is 1,2 when the m-ss is considered. From those
variables, we compute the ratio DET/RR and estimate the

mutual information from Ipp = 51(311)3 + SI(EI)J — 5531152) and

Lipr = S§p; + Sipr — SipT-

In order to gain insight into the synchronization behavior
with increasing coupling ¢, we conducted two complemen-
tary analysis. First, the single-variable multivariate singu-
lar spectrum analysis (SM-SSA) [7-9] was applyied with the
variable y; of each system. Second, a straightforward anal-
ysis of the phase difference A¢(t) = |o(t)1 — d(¢)2] [2]
was conducted. For each system, the phase was estimated
by ¢(t); = arctg(y,;/x;) [10]. PS is characterized by a
bounded phase difference A@(t) = |mo(t); — ng(t)z] <
const, and low correlation of the amplitudes. Finally, in or-
der to quantify the “quality" of synchronization, we compute
the degree of synchronization as characterized by (s;) [10,

2 M) characterizes the

p. 158], where s; = sin (
instantaneous phase difference between systems j = 1 and
j = 2, and (-) is the time average. The average (s;) is 0.5
for uncorrelated phases.

4. RESULTS

The characterization of synchronization along an increas-
ing c is performed in Sec. 4.1. The RQA with the PP and
I PI series, in both s-ss and m-ss approaches, is presented in
Sec. 4.2.

4.1. Preliminary analysis

We first present the results of the SM-SSA, which give
a general overview of the synchronization behavior. Fig-
ure 1 shows the singular spectrum \* [modified variances,
panel (a)] and the participation index difference between
the oscillatory mode k of the systems, Am, = ZWLk —
> w2 [panel (b)]. Both suggests the onset of PS near
¢ =~ 0.02. Surprisingly, this technique captured what seems
to be a second transition near ¢ ~ 0.08, which is more
visible with A7my. So, we consider three ranges regard-
ing synchronization and two transitions. Accordingly, six
values (dashed vertical lines) of the coupling strength were
chosen to guide the following discussion and to perform
a straightforward phase analysis: {ci, ca,c3,¢4,¢5,¢6} =
{0.0013,0.016, 0.024, 0.060,0.1,0.2}.
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Figure 1 — SM-SSA analysis of two coupled Rossler systems,
with increasing coupling c. (a) modified variances, (b) differ-
ence between the participation index of the oscillators.

The phase difference A¢(t), Fig. 2.(a), is unbounded
for ¢ = {c1,ca}, implying that these regimes are not syn-
chronous. For ¢ = c3 to cg, the phases are completely locked.
Hence, the phases are synchronized, while the amplitudes
[Fig. 2.(b)] become increasingly more correlated. At cs, the
low correlation of amplitudes suggests PS. At ¢ = ¢4, they
are more correlated but no structure is seen. At ¢ = c¢s, cg,
if one zooms in in the two last plots (not shown), the image
of a time-delay embedded Rossler system with a small value
of the delay is seen. This feature is a signature of LS. These
results corroborates the information given by the SM-SSA
analysis, for which at least phase synchronization is present
for ¢ > 0.02, and allows to corroborate the existence and
characterize the second transition at ¢ =~ c5 as the onset
of LS. Finally, Fig. 2.(c) indicates that the phase-coherent
topology of each system is preserved, which guarantees the
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Figure 2 — Phase and amplitude analysis of the coupled sys-
tems. (a) Instantaneous phase difference A¢(¢). (b) Degree of
synchronization (s;) with an increasing c. (c) Plots of y (¢) vs.
y2(t). (d) Projections of the trajectories of systems j = 1, 2 onto
the zy plane (z is represented by the shading).

appropriateness of the phase estimative applied here.

It is pertinent to access “continuously” the synchroniza-
tion along the increasing c. For this, Fig. 2(b) shows the de-
gree of synchronization (s;). It agrees with the sliced anal-
ysis, showing the onset of a “high-quality” synchronism af-
ter ¢ ~ 0.02. Interesting, this analysis shows a deviation
from the general increasing of quality for ¢4 < ¢ < ¢5 (the
second transition suggested by SV-SSA), and is signed by
a black arrow. Taken together, the results suggest that one
has three distinct ranges regarding synchronization: (I) no-
synchronization for ¢ < cq, (I) at least PS at c3 < ¢ < c4,
and (IIT) LS with decreasing lag for ¢ > c5. This is a clearly
trend in the direction to CS. At a more general level of analy-
sis, one could consider only two ranges: no-synchronization
and at least PS (joining ranges II and III), with a critical cou-
pling strength ¢, ~ 0.02.

4.2. RQA with the single state embedding and mixed state
embedding approaches

Figure 3 shows the results of the RQA with the {yfj )}

and {Ti(j )} time series (left and right panels, respectively).
The six dashed vertical lines are the same used in the pre-
vious section to indicate the selected coupling strengths that
guide the discussion. For the sake of space, only S, DIV,
Det/RR and I are shown. The general features observed a
similar with % RR and % DET.

The following features are visible. First, the behavior
of the variables computed from the {yf] )} and {Ti(j )} time
series is similar, except the plateau near c4 observed in I,
[Fig. 3(h)]. Hence, in the following our discussion of the
RQA results are equivalent to both approaches. Second, the
transition ranges co — c3 and c4 — c5 are clearly discernible
by the high spikes of %RR and %DET (not shown), and
the valleys with S [Fig. 3(a,b)] and DIV [Fig. 3(c,d)], for
both single and mixed state embedding approaches). With
DET/RR [Fig. 3(e,)], the valley indicating the first transi-
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Figure 3 — RQA performed with the time series {yéj )} and
{Tfj >} with the single and mixed state embedding approaches.

tion co — c3 is present only for the mixed state embedding.
Third, all RQA variables show a change in the initial hori-
zontal trend, preceding the spike/valley of transition co — c3,
which is much more visible in the mixed state embedding
with the variables %Det, S, DIV and Det/RR. Fourth,
a plateau is found after the second transition ¢ > c¢5, for
which a given RQA variable has the same value for both sin-
gle and mixed state embeddings, suggesting that the systems
are identical. Finally, the estimate of the mutual information,
Fig. 3(g,h), is the only that presents a (small) difference be-
tween the {ygj )} and {Ti(j )} time series. A plateau preceding
c4 is seen in I but not in I, which can be further investi-
gated. I, fluctuates less than I, and is the only to show a
signal of the transition region co — c3 (signed with a black
arrow). The second transition, ¢4 — c5, is visible as a deep
valley in both approaches.

5. DISCUSSION

One of the main goals of the present work was to verify
the possibility to access the coupling of time scales (implying
PS) and the amplitudes (implying LS or CS) in a untangled
way, through the use of the peak-to-peak signals {yl(] )} and

{Ti(j )}. However, the results obtained with both time series
were identical, with the exception of a small plateau in the
mutual information I, before the second transition, ¢ < ¢y,
and is currently being investigated.

The identical results obtained with {ygj )} and {Ti(J )}
could be analysed and more deeply understood with the
peak-to-peak dynamics unified approach proposed in [11],
which allows the quantification of the entrainment between
their dynamics. Our results could be associated to the ex-
istence of a functional relationship y; = Y7 (7;). This ap-
proach provides more tools and concepts to explore our hy-
pothesis, and future studies will be conducted.



All RQA variables detected the LS regime. It was charac-
terized by the identical values of the RQA variables with the
mixed state embedding compared with the single state em-
beddings. Strictly speaking, the systems are not identical at
the same time, but one is the lagged copy of the other.

The RQA was not able to precisely detect the more sub-
tle PS regime, but it showed an increasing similarity be-
tween the values obtained with the mixed state embedding
and those with single state embedding. E.g., DIV with the
mixed state embedding (mse) begins a trending towards the
values with single state embeddings (sse) at ¢ ~ 0.007 and
became very close (but not identical) at ¢ ~ 0.011. After
the first transition (near ¢ = c3), that difference increases,
but Div,,s. stays at a lower value than the observed at the
non-synchronous regime (the opposite occurs for the values
of Divgse, which are observed at higher values than before).
These values of DIV start to approximate again and became
identical near and after the second transition (at ¢ > c¢y).
This general behavior could lead to an appropriate index to
characterize the onset of PS and LS and are being currently
investigated, with no necessity of an a priori phase for fre-
quency estimative.

Another feature is the early sign of PS (modification of
the initial trend of the RQA variables) given by the mixed
state embedding approach. The real nature of the systems
dynamics at these coupling values and their fingerprint in the
RQA will be taken into account in future research.

6. CONCLUSIONS

It was not possible to untangle the synchronization fea-
tures of the phases (time scales) and amplitudes with the

peak-to-peak approach as analysed with the RQA, namelly

by comparing the results of the time series {ylm} and {Ti(j )}

with single and mixed state embedding approaches. Cur-
rently, we are exploring the tools and concepts of the peak-
to-peak dynamics unified approach [11] to deepen the inves-
tigation of our main hypotheses.

The use of the mixed state embedding, in addition to the
single one, provided some hints of profound modifications of
the systems dynamics observed along the increasing values
of the coupling strength. This could lead in a appropriate
index to characterize synchronization regimes. Since there
is no general way to access the phases of a given system, an
index independent of a phase definition would be a welcome
feature.

Another topic is the possibility to retrieve the informa-
tion of the synchronization process observing only one sys-
tem, and not both. As seen in the single state embedding
approach, enhanced by the with of the Poincare section, the
RQA features changed along the increasing of the coupling
strength, suggesting the possibility of measuring just one sys-
tem j = 1 or j = 2. To what extend one could clearly asso-
ciate these changes to the different synchronization regimes
remains for future research.
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