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Abstract: We study the stochastic problem of anomalous
structures emergence on the sea surface. The kinematic
boundary condition on the surface is assumed to be a closed
stochastic quasi-linear equation. We derive an equation for
a spatially single-point, simultaneous joint probability
density of the surface elevation field and its gradient. We
show the emergence of anomalous high structures on the
sea surface almost in every realization of a stochastic
velocity field.
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1. INTRODUCTION

By now, a great body of literature is concerned with
anomalously high structures which are observable in a vast
range of media including random ones. For instance, rogue
waves in the ocean [1-4], capillary waves [5], the branching
of electron flows in semiconductor devices [6, 7], extreme
acoustic [8] and optical [9,10] waves. In this work, we are
mainly interested in surface ocean structures. Despite
significant efforts (see reviews [1,3] and with an emphasis
on statistical properties [11-13]), there is still no exhaustive
explanation on the way by which those structures are born
and what are their main statistical properties. Partial
explanations, based on the observation that such events
correspond to heavy tails of distribution other than
Gaussian, can be found in [14].

It is worth noting, that one of the approaches to
investigating rogue waves is to consider them as structures
that emerge at random places in random instants of time.
The causes and mechanisms of rogue wave appearance
attract the attention of many researchers (see, for example,
[14-16], and references therein). Some of them analyze
dynamical systems on the basis of the Schrodinger
equation which can be treated analytically or numerically.
Usually, when dealing with random process realizations in

time, the emergence of rare but intense impulses is
identified as rogue waves. This identification seems to be
debatable (see monographs [17,18]).

In this work, we adhere to the idea that rogue waves
can be generated as a result of clustering that appears in
uniform random fields. We suggest addressing the
anomalous structures on the sea surface problem based on
the ideas of statistical topography [17,19-21], which
describe the formation of stochastic structures in random
fields [4,18]. The main goal of the paper is to study the
generation of anomalous sea surface structures by making
use of developed methods that have been shown as fruitful
in solving stochastic problems with parametric excitation
[18,20].

2. PROBLEM STATEMENT

Let us consider the water boundary elevation
z=¢(R,t) on the sea surface as a kinematic boundary

condition
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where R is the horizontal coordinates, z is the vertical
coordinates and U(r;t) = (u(R, z;t),w(R, z;t)) is the three-
dimensional velocity field with horizontal u, (R, z;t) and
vertical w(R, z;t) components (see fig. 1).

The boundary condition can be considered as a closed
stochastic quasi-linear equation within the kinematic
approximation, i.e. with prescribed statistical features of

the velocity fields u(R, z;t), and W(R, z;t):
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Einstein notation over summation. We can obtain equation
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Figure 1 — Sea surface fluctuations

3. DERIVATION OF PROBABILITY DENSITY
EQUATION

3.1. Liouville equation

Let us introduce a joint indicator function of surface
elevation and its gradient,
p(R,t;£,p) = 5(S(R,1)-&)S(P(R,)-p)
Taking into account dynamical conditions, one can derive
a linear Liouville equation [4,18],
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Let us consider the random hydrodynamic velocity
field in the form of a random Gaussian field which is
statistically uniform and isotropic in space and statistically
stationary in time. Its correlation and spectral functions
read
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in the case of turbulent velocity, and
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in the case of wave turbulence. Here w=w(k)>0

determines a dispersion curve of the wave motion, and 1
indicates the wave attenuation. In both cases the joint
probability density of the surface elevation field and its
gradient is the joint indicator function averaged over an
ensemble of the random velocity field realizations.

3.2. Statistical averaging

Now, one can obtain an equation for the joint
probability density of surface elevation and its gradient. To
do that, one must average Liouville equation over an
ensemble of the random velocity field realization. To
divide correlations of wvelocity u(r,t) with arbitrary
fuctional of it, one can make use of the Furutsu-Novikov
theorem [17,22,23], taking into account the sea bottom
irregularities H(R) and diffusion approximation [18]:
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where B (R,$) = TdrBij (R,&,7).

Let bottom topography has mean value
(H(R))=—H , where H is the mean depth of the sea as

on fig. 1. Taking into account that topographic irregularities
are statistically independent on the hydrodynamical
velocity field and by averaging (2) over an ensemble of
realizations, one gets
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Here P(H,&)=P{&>H(R)}=(0(¢-H(R))), s an
integral probability function of the distribution of
topographic irregularities and we consider the case of a
statistically uniform random field H(R), so this function
does not depend on spatial coordinates R . In the case of a
model of an infinitely deep sea the function P(x,&)=1

and we will consider such a case.
3.3. Surface elevation probability density
After some calculation (see detail in works [24,25])

we obtain for surface elevation probability density very
unexpected result
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So, the probablllty density of the surface elevation random
field £(R,t) is the Gaussian distribution
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not depending on non-linearity of initial equation with the
variance <§2(R,t)> =2B,,,(0,0)t. Diffusion coefficient

B, (0,0) is naturally linked to the variance of the random
hydrodynamic velocity field,

BW(O,O):éjdkEs(k,O):

P(t;$) =

It is worth to mention that surface elevation not
correlated with its gradient [24,25].

Summarizing, one can draw a conclusion that the
complex structure of a hydrodynamic velocity field in the
deep sea cannot be a direct cause of a stochastic structure
on the sea surface.

From solution (3) the expressions for conditional
averages follow
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3.4. Probability density of the surface elevation gradient

To simplify, we go to the random field 1(R,t) =p?*(R,t)
and obtain the equation, with P(t;1) being the probability
density,
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with dimensionless time 1=EDSt in the case of
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hydrodynamic turbulence and = :EDpt in the case of
wave turbulence. Here we denote
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where o(r,t) =curl U(r,t) is the velocity field curl and
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So we again have the very unexpected result, the equation

for probability density of the surface elevation gradient
does not depend from statistical nature of velocity field.

is the divergence of the velocity field.

4. STATISTICAL TOPOGRAPHY OF RANDOM
FIELD FOR THE SURFACE ELEVATION
GRADIENT

The probability density equation for the random field
I(z;R), provided a spatial uniformity, govern the

statistical properties of the surface elevation gradient field.
At any fixed point in the space R, function I (r;R) isa
random process in time with the simultaneous probability

density independent on R governed by the obtained
equations. In the physical space {R}, there may appear the

structure as a physical object. This structure appears as
closed regions with high gradient concentration
conventionally called as cluster. The equations, describing
this process, are fairly complex due to two concurrent

phenomena. On one hand, the field 1(z;R) is induced by

a random Gaussian field from the zero initial condition, on
the other hand, there is a parametric excitation of the field.
Certain statistical parameters, characterizing this excitation
within separate realizations of the random field, can be
obtained analytically.

4.1. Moment equation and the Lyapunov characteristic
parameter

Let us consider the n-th moment (1"(r;R)) of the

function 1(z;R). By multiplying the probability density
equation by 1", and integrating over 1, one obtains
0 Jing.. e
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In particular, as n=1, the equation for
(I(r;R))=03(r;R) the surface elevation gradient
variance is
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It means that there is no steady-state distribution as 7 — o

By same procedure, one obtains the equation for the

Lyapunov characteristic parameter, ;(In 1(7)).
T
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i.e. the Lyapunov exponent decreases rapidly in time as
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It follows that the field | (z;R) decreases rapidly almost

at every point in space as time 7 increases, therefore the
field may cluster in small space areas.

4.2. Integral probability distribution equation

The integral probability distribution function for the
probability density P(z;1) is defined as
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Due to parametric excitation, that function rapidly
approaches unity as time increases. So, the value

Soom (7.1) = (0(1(m:R)-T)), @)
is the probability of an event P(I(z;R)>T). Then, in

accordance with statistical topography theory [17,18], this
function in the case of a statistically uniform field
delineates geometrically a specific area, where the field

I (7;R) exceeds any given value | . As the field decreases

almost at every point in space, this probability approaches
zero, indicating that the basic statistic characteristics
(moments) concentrate inside this small area. As the
specific gradient squared, localized inside the area,
satisfies the equation,

(i(z:1 >|‘)>=<|(r)>—}d| IP(z;1)

Let us consider the process of formation of structure
of the sea elevation. We must study the probability density
of field &£(R;t) in areas with big value of gradient, i.e.

areas from (4). As the fields £(R;t) and [(R;t) are
statistically independent, the conditional average
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for statistically uniform and isotropic in space problem has
the form
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We can see, that the average elevation of sea surface in the
area of gradient clustering will grows at short time and then
will decreases due to decreasing of clustering area

Som (7:1) -
By the same way we can consider the conditional
average IdR(f(R,t)H(O—é(R,t))H(I (; R)—I_)>¢I .

5. CONCLUSION

The main result of the paper is that we derived
equations for the joint simultaneous probability density for
a perturbed surface field £(R;t) and its gradient p(R;t)

under the influence of the vertical component in the
hydrodynamic velocity field. And secondly, we have
analyzed statistical features of these equations. In the case
of a spatially uniform medium in the deep sea, the fields
£(R;t) and p(R;t) do not correlate.

Then making use of the equations, we have obtained
an equation for the Lyapunov characteristic exponent.
These equations show, that the Lyapunov exponent rapidly
decreases with time. It means the clustering of gradient
field in small areas. We show that the surface elevation in
that area increases at small time and then decreases as the

clusters area decreases. It results in the emergence of rare
events such as anomalous high structures and deep gaps on
the sea surface almost in every realization of a random
velocity field. Such structures exist only a finite time and
restricted by amplitude.
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