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SUMMARY: We develop a Monte Carlo framework to integrate a three-dimensional finite element
variably-saturated flow model and numerical limit analysis to evaluate the impact of uncertainty
about bedrock surface and soil hydraulic parameters on the stability of slopes. In this paper, we
explore the main capabilities of our MATLAB program, including pre- and post-processing tools.
Pre-processing tools include automatic mesh generation and explicit treatment of uncertainty in key
inputs of geotechnical stability models for unsaturated soils. Processing tools are illustrated with
three case studies that explore the effectiveness of our methodology. Post-processing tools embrace
plots of the factor of safety uncertainty, pressure head distributions and failure mechanisms.
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1 INTRODUCTION

The stability of a slope is commonly expressed
with a quantitative metric named factor of safety
(FS). Depending on the geotechnical stability
method adopted one can calculate FS in differ-
ent ways. Generally, slope failure (FS is smaller
than unity) will be imminent if equilibrium can
no longer be maintained in the slope. On the
contrary, when FS is larger than one the slope
is considered safe. Thus, the smaller the value
of FS, the less stable a hillslope is, and the more
susceptible this slope is to failure. One should be
particularly careful, however with the interpreta-
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tion of deterministic FS values, as the different
variables that go into its calculation are subject
to uncertainty and cannot be measured precisely
(Duncan and Wright, 2005).

Probabilistic methods for stability analysis al-
low the designer to address issues beyond those
that can be dealt with deterministic methods.
These approaches allow us to calculate confi-
dence intervals of the FS in response to un-
certainty in soil properties, measurement data,
stratigraphic conditions and model structural er-
rors. Examples of uncertainties in soil proper-
ties and stratigraphic conditions include, respec-
tively, the variability of the soil hydraulic prop-
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Figure 1: Basic building blocks of the developed MATLAB code for integrating unsaturated flow simulations and numer-
ical limit analysis. Input/output and the main steps of the process are indicated. The code is specially designed to execute
Monte Carlo simulations for evaluation of bedrock depth and soil hydraulic parameters uncertainties.

erties and the uncertainty of the bedrock surface.

The purpose of this paper is to present a
computer program specially designed to evalu-
ate the impact of bedrock depth variability and
soil hydraulic parameters uncertainty on slope
stability analysis, and its impact on the proba-
bility of failure. To achieve this goal, a three-
dimensional finite element solver of Richards’
equation (Micheletto, 2008) is coupled with a
numerical limit analysis code (Camargo et al.,
2016), providing several benefits of an integrated
toolbox. As an illustration, we apply our method
to a natural hillslope in Rio de Janeiro, Brazil.
We emphasize the coordinated impact of both
sources of uncertainty (bedrock depth and soil
hydraulic properties) on the confidence intervals
of the FS. The framework presented herein pro-
vides a basis for reliability analysis of geotechni-
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cal hazards.

2 MODELING FRAMEWORK
We have developed an integrated framework
for stochastic slope stability analysis (Figure
1). This probabilistic framework couples a
Monte Carlo algorithm with a three-dimensional
variably-saturated flow simulator and a numer-
ical limit analysis (NLA) code. The Monte
Carlo algorithm is used to quantify the impact
of bedrock depth and soil hydraulic uncertainty
on the simulated FS values by repeated numeri-
cal simulation of the Richards’ solver and NLA
codes for the experimental hillslope under inves-
tigation.

Our framework is coded in MATLAB and in-
tegrates both numerical models so that users do
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Figure 2: Examples of FE meshes with (a) prismatic and (b) tetrahedral elements for our experimental hillslope. (a)
The boundary conditions of the variably-saturated flow model are listed at the edges of the mesh of our flow domain. A
precipitation boundary condition, Q(z, y, 2, t) is used at the surface of our structured mesh, whereas a no flow condition,
V- [K(¥)V(¢)] = 0 is assumed at the soil-bedrock interface, and at the upslope, lateral and downslope faces of the hills-
lope domain. (b) The boundary conditions of NLA are separately listed at the edges of the mesh with tetrahedral elements.
The symbols u, v and w are used to denote the strain velocities in the directions of the three spatial coordinates, x, y, and
z of the hillslope, respectively. Their values follow from the assumed boundary conditions (no velocity: © = v = w = 0).

not have to port data from one model to the next.
This simplifies considerably slope stability anal-
ysis. What is more, the MATLAB code generates
automatically prismatic and tetrahedral finite el-
ement meshes for the spatial domain of the hill-
slope of interest and has built-in pre-processing
and post-processing capabilities to help setup the
models and visualize the results.

A summary of our computer code is depicted
in Figure 1. Four basic inputs are required to
run the code: slope geometry (including spa-
tially distributed depth to bedrock), soil hy-
draulic parameters, boundary/initial conditions
and strength parameters. Other (optional) inputs
include parallel computing, mesh refinement set-
tings and strings that enable Monte Carlo sim-
ulations for ensembles of bedrock surfaces and
soil hydraulic parameters. The flow model solves
Richards’ equation and calculates transient val-
ues of the pressure head, ¢ (x,y, z,t), as func-
tion of spatial coordinates (z,vy), depth (z) and
time (¢). 1 nodal values are then interpolated for
each element of the FE mesh with tetrahedral ele-
ments (red dot symbol of the tetrahedral FE mesh
in Figure 1). We refer to the work of Micheletto
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(2008) for further information on the variably-
saturated model used herein. The NLA code, de-
tailed in Camargo et al. (2016), returns the corre-
sponding (transient) values of the FS and veloc-
ity vectors at collapse.

In the following sections, we will show the ba-
sic building blocks of the developed MATLAB
code.

3 PRE-PROCESSING TOOLS
3.1 FE mesh generation

Finite element (FE) meshes with prismatic and
tetrahedral elements (see Figure 2) are automat-
ically derived to run the Richards’ solver and
the NLA code, respectively. Unfortunately, one
cannot build the surface mesh without adequate
knowledge of the surface and bedrock topogra-
phies. The MATLAB toolbox developed herein
allows the user to define the density of the sur-
face mesh (number of nodes/elements). What is
more, the toolbox also allows the user to define
the number of nodes in the z (vertical) direction
between the hillslope surface and bedrock.



3.2 Tools for bedrock surface treatment

If desired by the user to investigate the effect
of uncertainty about bedrock surface, plausible
maps of soil-bedrock interface should be pro-
vided. These maps, stored in matrices, are used
in our probabilistic framework.

For instance, in a recent paper published
by Gomes et al. (2016b) we have developed a
geomorphologic model for the spatial distribu-
tion of depth to bedrock (DTB) using high-
resolution topographic data, numerical mod-
eling and Bayesian analysis. In summary,
we have reconciled the simulated bedrock
depths of our model with field observations
(Gomes et al., 2016a) using Bayesian analysis
with the DREAM algorithm (Vrugt, 2016). This
approach uses Markov chain Monte Carlo Sim-
ulation (MCMC) simulation with DREAM to
search efficiently the model parameter space in
pursuit of posterior samples that statistically best
honor the bedrock depth. Our results demon-
strated that our DTB model predicted accurately
the observed soil-bedrock interface data. The
posterior mean DTB simulation was shown to be
in good agreement with the measured data.

In this paper, we illustrate our method by sam-
pling bedrock topography maps from the poste-
rior prediction uncertainty of the DTB model and
propagate these maps forward through the com-
puter code developed herein to derive probabilis-
tic estimates of the FS.

The user, however, can use different ap-
proaches to derive bedrock maps with un-
certainty estimates, for instance, kriging, lin-
ear/nonlinear regression, etc.

Figure 3 displays an overview of the hills-
lope under investigation, and presents a three-
dimensional plot (with colorbar) of the poste-
rior mean bedrock depth simulated by the DTB
model (top panel), and a graph of the mean poste-
rior bedrock depth (red line) of the transect CC’
predicted by the DTB model in the bottom plot
(see Gomes et al. (2016a) for spatial location).
The dark and light gray region in this graph plot
the 95% prediction intervals of the DTB model
due to parameter and total (model + parameter)
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Figure 3: Distribution of the bedrock depth in the investi-
gated slope: (a) regolith depth predicted with the posterior
mean solution derived using Bayesian analysis; (b) tran-
sect CC’ of the central part of the slope showing the mean
(red line), 95% confidence intervals due to parameter (dark
gray) and total uncertainty (light gray).

The posterior mean bedrock depth map is
computed from the posterior parameter solutions
derived from the DREAM algorithm. If we write
the DTB model, F as follows

H = F(5), (1)

then H signifies the simulated bedrock depth
map for the parameter values & = {d1,...,d4}.
We can now store the posterior sample of pa-
rameter vectors in the M X d matrix A =
{01,...,0p}. These samples can be evalu-
ated by the DTB model and used to produce an
ensemble of M different bedrock depth maps,
h = {Hy,...,Hy}. The expected value of
these maps, E(h) constitutes the posterior mean
bedrock depth map of Figure 3 (a). The varia-
tions in bedrock depth of the M samples defines
the posterior prediction uncertainty of the DTB
model, plotted in 3 (b) for the CC’ transect.



3.3 Tools for hydraulic properties uncertainty

Table 1 lists the mean values of the soil hydraulic
parameters (fourth column), their standard devi-
ation (fifth column), and linear correlation coef-
ficients (last five columns) required by the pro-
gram to simulate uncertainty estimates of FS due
to soil hydraulic parameters.

The values of the hydraulic properties listed
in Table 1 are derived from the ROSETTA pro-
gram (Schaap et al, 2001) using the method-
ology developed by Scharnagletal (2011).
The ROSETTA program implements hierarchi-
cal pedotransfer functions to estimate the van
Genuchten-Mualem (VGM) parameters from ba-
sic soil data, such as textural class. The pro-
cedure adopted here can be summarized in four
steps: (1) drawn a random sample of input vari-
ables (textural data); (2) use ROSETTA to gener-
ate the corresponding random sample of soil hy-
draulic parameters; (3) calculate the correlation
matrix of the random sample of soil hydraulic pa-
rameters; and (4) derive the full covariance ma-
trix of the predicted soil hydraulic parameters.

A detailed description of these four steps ap-
pears in Scharnagl et al (2011) and thus will not
be repeated herein. In this paper, the random
sample of input variables (step 1) was obtained
from 52 measured sand, silt and clay percent-
ages (f) of different soil layers at the experimen-
tal site of Figure 3 (Gomes et al., 2016a). This
ensemble was then used to estimate the mean
(py) and standard deviation (3¢) of the mea-
sured textural data. The random sample of input
variables was generated from a normal distribu-
tion, N (g, 3 ¢). The remaining steps (2 to 4)
follows exactly the approach by Scharnagl et al
(2011). The resulting full covariance matrix >,
accounts for parameter uncertainty and correla-
tion induced by the pedotransfer function. The
mean parameter values (pp,) and the correlation
matrix are shown in Table 1.

Representing one of the pre-processing out-
comes of our code, Figure 4 illustrates how the
multivariate normal distribution affects the con-
fidence intervals of the water retention and hy-
draulic conductivity functions. The red line de-
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notes the mean parameter values, whereas the
95% confidence intervals due to parameter un-
certainty are depicted in gray. The confidence
intervals around the inflection point of the wa-
ter retention function (Figure 4 (a)) reduces sym-
metrically, but the uncertainties in the wet and
dry ranges are poorly affected. This behavior re-
flects the parameter correlation considered in the
prior distribution and agrees with the soil-water
characteristic curve reported by Scharnagl et al.
(Scharnagl et al, 2011). The hydraulic conduc-
tivity function (Figure 4 (b)) shows a larger un-
certainty in the wet range due to the variability
in the saturated permeability, /s, whereas in the
dry range the confidence interval is smaller.
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Figure 4: 95% prior uncertainty bounds of (a) the water
retention function and (b) the hydraulic conductivity func-
tion corresponding to the multivariate normal distribution
with correlation among the soil hydraulic parameters. Red
lines in both plots correspond to the mean values.

4 PROCESSING CAPABILITIES

In this section, we use three different case studies
to summarize our processing capabilities and to



Table 1: Mean values, standard deviations and correlation coefficients of the ROSETTA (Schaap et al, 2001) predicted

VGM soil hydraulic parameters.

correlation coefficients

standard
parameter description unit mean deviation 0, 05 logy(a) logyo(n) logyo(Ks)
0, res. water content cm®cm—3 0.0577  0.0153 1.00
0 sat. water content cm3cm™ 0.4337  0.0159 0.09 1.00
log;o(«)  shape parameter —cm™* -2.2719  0.0748 0.15 0.24 1.00
log,o(n)  shape parameter - 0.2146  0.0140 -0.58 -0.04 -0.86 1.00
log,o(Ks) sat. permeability cm/day 1.4386  0.3063 -0.97 0.12 -0.10 0.57 1.00

quantify the impact of bedrock depth and soil hy-
draulic uncertainty on the simulated values and
confidence intervals of FS. We assume constant
(Table 2) values for the shear strength parameters
in all our numerical simulations. Keeping shear
strength parameters constant allows us to better
understand the influence of the geologic condi-
tion and soil hydraulic parameters.

Table 2: Geotechnical parameters assumed in this work.

type parameter value unit
soil and water 7y, 10 kN/m3
properties Ynat 18 kN/m3
Vsat 20 kN/m3
strength d 5 kPa
parameters @' 30 °
078 15 °

Numerical solution of Richards’ equation was
obtained by imposing a precipitation water flux,
@ (L/T), across the surface boundary (I") as fol-
lows, that is, V - [K(¢)V(¥)] = Q(z,v, 2,t) at
I (see Figure 2).

We can summarize the main capabilities of
our program in three different case studies: the
impact of bedrock depth uncertainty (case 1), soil
hydraulic uncertainty (case 2), and both sources
simultaneously (case 3) on the simulated values
of v, FS, collapse mechanisms and probability
of failure. Table 3 summarizes the case studies
used in this paper to test the Monte Carlo ap-
proach. Slope geometry and soil hydraulic pa-
rameters were presented in sections 3.2 and 3.3,
respectively.
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Table 3: Summary of the case studies used in this paper.

source of uncertainty

case bedrock surface hydraulic parameters
1 h Up

2 E(h) N(pp, Zp)

3 h N(pp, p)

The code here developed runs the Richards’
solver in parallel. In this multi-core implementa-
tion, different bedrock surfaces or soil hydraulic
parameters are evaluated simultaneously in par-
allel using distributed computing toolbox of
MATLAB. This reduces considerably the com-
putational burden, since the Richards’ solver is
often computationally demanding. Serial imple-
mentation is used for the NLA code.

5 POST-PROCESSING TOOLS

Figure 5 shows results of the transient variation
of FS for the case 1 (see Table 3). The mean FS is
represented by red line and the gray regions de-
pict 95% confidence intervals. The FS values for
two samples, H, and H,, with different bedrock
surfaces are also exhibited. The measured hyeto-
graph (bar plot of the left axis) displays three in-
dividual storm events (days 2-4, days 7-13 and
days 18-21), used as our boundary condition, ),
for the Richards’ solver. The last of these three
events exhibits the largest intensity and volume
of rainfall. Four vertical dashed blue lines rep-
resent different saturation conditions. The sam-
ples H, and H, resulted in different values of FS.
In this simulation soil hydraulic parameters were



constant, thus the difference in FS is due to the
shape of the soil-bedrock interface.
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Figure 5: Transient variation of FS (right axis) predicted
for the case 1 (uncertainty of the soil-bedrock interface).
The red line represent the mean FS values and the gray re-
gions depict 95% confidence intervals. The samples H,,
and H, have different bedrock surfaces. The hyetograph
(left axis) represents atmospheric boundary condition used.
Blue vertical lines are time steps analyzed.

Figure 6 provides the coefficient of variation
of the factor of safety (COVpg) with time for
the three case studies. Our results of course
agree well with the confidence intervals for the
factor of safety (Figure 5). While COVgg for
the cases 1 and 2 are relatively similar, case 3
shows a systematic increase in COVpg. This
finding clearly demonstrates the role played by
the bedrock depth uncertainty on the reliability
of landslide stability.

Figure 7 exhibits a post-processing plot of the
1 distribution in the soil-bedrock interface (a, b,
¢, d), ¥ distribution along the transect CC’ (e,
f, g, h) and velocity vectors at collapse of the
slope (i, j, k, 1) for the sample H,. Four differ-
ent time steps (indicated in Figure 5) represent
distinct saturation conditions. Depth to bedrock
not only controls the distribution of pore pres-
sure, but also influences regions of intense plastic
shearing (red arrows in (i), (j), (k), (1) plots). In
fact, the loss of suction for ¢ = 120 h (e) brings
the development of a circular failure near the top
of the slope (i). When the soil-bedrock interface
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becomes saturated, near a thin regolith zone (f, g,
h), the regions of plastic shearing now develop at
these high pore pressure zones (j, k, 1).
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Figure 6: Transient behavior of coefficient of variation of
the factor of safety (COVgg) for the three case studies.
This plot displays larger COVpg for the case 3.

The shape of the probabilistic distribution of
the factor of safety (not shown) and the corre-
sponding coefficient of variation (Figure 6) pro-
vide a means for evaluating two alternative mea-
sures of safety: the reliability index () and the
probability of failure (F+). Mathematical formu-
las for both metrics are readily found in geotech-
nical textbooks. Table 4 shows FP;-values for the
three different case studies. We consider the ac-
tual probabilities for three different time steps.
Based on the statistics presented, we can con-
clude that the combined effect of uncertainties
(bedrock depth and hydraulic properties) must be
explicitly evaluated in probabilistic simulations
of slope stability. Indeed, Pr-values for the case
3 (last column) is always higher than the other
cases. Therefore, if the uncertainty ranges of the
bedrock depth are neglected, our study suggests
that the reliability analysis can be inappropriately
unconservative.

Table 4: Probabilities of failure based on log-normal dis-
tribution of FS for the three case studies.

Py (%)
time (h) case 1 case 2 case 3
480 0.01 0.08 1.81
504 0.01 0.37 2.59
528 0.06 1.36 4.98
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Figure 7: Post-processing plot showing the pressure head distribution in the soil-bedrock interface (a, b, c, d), pressure
head along the transect CC’ (e, f, g, h) and velocity vectors at collapse of the slope (i, j, k, ). Four different time steps

represent distinct saturation conditions.

6 CONCLUSIONS

The integrated computer program presented
herein enables explicit treatment of uncertainty
in key inputs of slope stability models of un-
saturated soils. By using the designed Monte
Carlo approach, the effects of uncertainty of the
bedrock surface (case 1), soil hydraulic parame-
ters (case 2) and the combination of both (case
3) were evaluated through the confidence inter-
vals of the factor of safety, coefficient of varia-
tion and probability of failure.

Bedrock depth uncertainty improves signifi-
cantly the quantification of prediction intervals
for the FS. One of the major strengths of our pro-
posed method is that, instead of merely assuming
a known and deterministic bedrock surface, one
can propagate the effects of the uncertainties in
the geotechnical analysis.

The MATLAB toolbox of the integrated un-
saturated flow and numerical limit analysis is
available upon request from the first author. This
includes the setups and modeling scripts of the
examples used in this paper.
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