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Resumo. This paper considers the problem of recursive filtering for discrete-time markovian
jump linear systems subject to unobserved chain state in data fusion scenario. The estimator
presented here, enable that this kind of systems operate with more than one measurement
equation. Numerical examples are presented to verify the effectiveness of the proposed
algorithm.
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1 Introduction

Markovian jump linear systems (MJLS) have been subject of intensive study in the
last years. The MJLS are models to dynamic systems subject to abrupt changes in their
strutures. We assume that the abrupt changes can be modeled by a finite state-space
Markov chain.

Recursive filters for MJLS have been considered in the literature based on the classical
approach established by Rudolf Kalman in [4], see for instance [1], [3], [6], [5], [2], [9].
In particular [1], developed a recursive filter based on Riccati difference equation, that
is useful to be used in online applications, thanks to the augmented Markovian model
defined to deal with the unknown Markovian chain.

In this note, we extend the filter in [1] for an approach in data fusion scenario. This
filters are useful when the system is subject to modeling errors. The estimate is based
on optimization problems proposed in [3]. Numerical example are performed to show the
effectiveness of the proposed filter.
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2 Problem Statement

Consider the following DMJLS:

xi+1 = Fi,Θixi +Gi,Θiwi, i = 0, 1, ... (1)

y
(k)
i = H

(k)
i,Θi

xi + J
(k)
i,Θi

v
(k)
i , k = 1, ..., L (2)

where, for each time instant i and jump parameter Θi ∈ S, with S := 1, .., N , being

Fi,Θi , Gi,Θi , H
(k)
i,Θi

and J
(k)
i,Θi

parameter matrices of appropriate dimensions. Suppose that,
Θ := {Θi, i = 0, 1, ...|Θi ∈ S} is a finite state discrete-time Markov chain with πi,j :=
P{Θi = j} and state transition probability matrix P = [pjr] ∈ RN×N whose entries are
given by pjr := P{Θi+1 = r|Θi = j} for all j, r ∈ S. Besides, as usually, xi ∈ Rn is the

random state vector, y
(k)
i ∈ Rm is the random outputs, wi ∈ Rp is the random state noise,

v
(k)
i ∈ Rm are the random outputs noises, where {wi} and {v(k)

i } are independent wide
sense stationary sequences of mutually independent random variables with zero mean and

covariance matrices Ui and V
(k)
i , respectively. Assume that x0 is a random initial state

with E{x01{Θ0=r}} = 0 and E{x0x
T
0 1{Θ0=r}} = Ξr, where 1. : A ⊂ X → {0, 1}, which is

the indicator function defined as 1A(x) = 1, if x ∈ A and 1A(x) = 0, if x /∈ A. And still,

{Θi} and x0 are independent of {wi} and {v(k)
i }; and Gi,jG

T
i,j > 0, for all instant i and

j ∈ S.

With the following definition for i ≥ 0 and r ∈ {1, ..., N},

zi,r := xi1{Θi=r} ∈ <
n (3)

zi :=

 z
T
i,1
...

zTi,N

 ∈ <Nn, (4)

in [1] it was defined an augmented model of (2) in terms of zi,

zi+1 := Fizi + ψi, i = 1, 2, ... (5)

y
(k)
i := H(k)

i zi + ϕ
(k)
i , k = 1, ..., L (6)

where

Fi :=

 p11Fi,1 · · · pN1Fi,N
...

. . .
...

p1NFi,1 · · · pNNFi,N

 ,H(k)
i :=

[
H

(k)
i,1 · · · H

(k)
i,N

]
, (7)

ϕ
(k)
i := J

(k)
i,Θi

v
(k)
i , ψi :=Mi+1zi + ϑi, (8)
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Mi+1 :=

Mi+1,1
...

Mi+1,N

 , (9)

Mi+1,r :=
[
(1{Θi+1=r} − p1r)Fi,1 · · · (1{Θi+1=r} − pNr)Fi,N

]
, (10)

ϑi :=

 1{θi+1=1}Gi,Θiwi
...

1{θi+1=N}Gi,Θiwi

 , j, r = 1, ..., N ; k = 1, ..., L. (11)

(12)

From hypothesis about ui and w
(k)
i , the following properties are valid to the system

augmented (5): E{z0} = 0, E{ψi} = 0, E{ϕ(k)
i } = 0, E{ziψTi } = 0, E{ziϕ(k)T

i } = 0,

E{ψiϕ(k)T
i } = 0.

Consider the following definitions for the second-order moment variables, for i ≥ 0 and
r ∈ {1, .., N}:

Zi,r := E{zi,rzTi,r} ∈ Rn×n, (13)

Zi := E{zizTi } = diag[Zi,r] ∈ RNn×Nn (14)

where Zi,r is given for the following recursive equation

Zi+1,r :=
N∑
j=1

pjrFi,jZi,jF
T
i,j +

N∑
j=1

pjrπi,jGi,jUiG
T
i,j , (15)

being Z0,r = Ξr the initial condition.

Calculating the variances of ψi and ϕ
(k)
i , it is obtained, respectively

Πi := E{ψiψTi } = diag

[
N∑
j=1

pjrFi,jZi,jF
T
i,j

]
−FiZiFT (16)

+ diag

[
N∑
j=1

pjrπi,jGi,jUiG
T
i,j

]
, (17)

R
(k)
i := E{ϕ(k)

i ϕ
(k)T
i } =

N∑
j=1

πijJ
(k)
i,j V

(k)
i J

(k)T
i,j . (18)

The Kalman filter for DMJLS in data fusion scenario problem, for the filtered estimate,
will be defined as follows. Let ẑi|i be the filtered estimate of zi, obtained at step i, then,

there exists a weighting matrix Z̃i|i for the filtering error zi − ẑi|i, along with the new

observation at time i+ 1, i.e., y
(k)
i+1, where k = 1, ..., L. To update the filtered estimate of

zi from ẑi|i to ẑi+1|i+1, it is proposed the solution of following problem, based in augmented
system (5)

min
zi,zi+1

[
||zi − ẑi|i||2Z̃−1

i|i
+ ||zi+1 −Fizi||2Π−1

i
+

L∑
k=1

||y(k)
i+1 −H

(k)
i+1zi+1||2

R
(k)−1
i+1

]
(19)
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3 Filtering For DMJLS in Data Fusion Scenario

To solve this problem, it is necessary enunciate the following lemma, proposed by [3].

Lemma 3.1. [3] Consider the problem of solving

x̂ = argmin
x

[
||x||2Q +

L∑
k=1

||Akx− bk||2Wk

]
, (20)

where A is the data matrix, bk are the measurement vectors which are assumed to be
known, x is the unknown vector, xTQx is the regularization term and Q = QT > 0 and
Wk = W T

k ≥ 0 are given weighting matrices. The solution of (20) is given by

x̂ =

[
Q+

L∑
k=1

ATkWkAk

]−1 L∑
k=1

ATkWkbk. (21)

Theorem 3.1. Let k = 1, ..., L be the quantity of measurement equations, for all i ≥ 0.
The optimum filtered estimates ẑi|i, resulting from (19), can be obtained from the following
recursive algorithm:

Step 0 (Initial Condition):

Z̃0|0 := (Z̃−1
0 +HT0 R

−1
0 H0)−1

ẑ0|0 := Z̃0|0H
T
0 R
−1
0 y0.

(22)

Step 1: Update {ẑi|i, Z̃i|i} to {ẑi+1|i+1, Z̃i+1|i+1} as follows:

Z̃i+1|i+1 := ((Πi + FiZ̃i|iFTi )−1 +HTi+1R
−1
i+1Hi+1)−1, (23)

ẑi+1|i+1 := Z̃i+1|i+1(Πi + FiZ̃i|iFTi )−1Fiẑi|i + Z̃i+1|i+1H
T
i+1R

−1
i+1yi+1, (24)

where

Hi+1 :=


H(1)
i+1

H(2)
i+1
...

H(L)
i+1

 ; Ri+1 :=


R

(1)
i+1 0 · · · 0

0 R
(2)
i+1 · · · 0

...
...

. . .
...

0 0 · · · R
(L)
i+1

 ; yi+1 :=


y

(1)
i+1

y
(2)
i+1
...

y
(L)
i+1

 . (25)

Step 2: The state of the original system (2) is given by

x̂i|i :=

N∑
j=1

ẑi,j|i. (26)
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Proof. The recursive equation is obtained from application of the Lemma 3.1. This re-
quires prior identification between the parameters of (19) and (21), as follow:

x←
[
zi − ẑi|i
zi+1

]
, bk ←

[
Fiẑi|i
y

(k)
i+1

]
, Q←

[
Z̃−1
i|i 0

0 0

]
,

Ak ←

[
−Fi I

0 H(k)
i+1

]
,Wk ←

[
1
LΠ−1

i 0

0 R
(k)−1
i+1

]
.

(27)

With the previous identifications, the cost functional of the minimization problem (19) is
rewritten as: [

zi − ẑi|i
zi+1

]T [
Z̃−1
i|i 0

0 0

] [
zi − ẑi|i
zi+1

]

+
l∑

k=1

[([
−Fi I

0 H(k)
i+1

] [
zi − ẑi|i
zi+1

]
−

[
Fiẑi|i
y

(k)
i+1

])T [ 1
LΠ−1

i 0

0 R
(k)−1
i+1

](
•
)]
. (28)

According to (27) and (21), the optimum filtered estimate of xi+1 in data fusion scenario,
x̂i+1|i+1, is obtained with the solution of the following expression:

[
ẑi|i+1 − ẑi|i
ẑi+1|i+1

]
=

[
Z̃−1
i|i +

∑L
k=1[ 1

LF
T
i Π−1

i Fi]
∑L

k=1[− 1
LF

T
i Π−1

i ]∑L
k=1[− 1

LΠ−1
i Fi]

∑L
k=1[ 1

LΠ−1
i +H(k)T

i+1 R
(k)−1
i+1 H

(k)
i+1]

]−1

×

[ ∑L
k=1[− 1

LF
T
i Π−1

i Fiẑi|i]∑L
k=1[ 1

LΠ−1
i Fiẑi|i +H(k)T

i+1 R
(k)−1
i+1 y

(k)
i+1]

]
(29)

pre-multiplying in both sides of the equality (29) by

[
0
I

]T
, one can obtain the following

equation:

ẑi+1|i+1 =
[

0 I
] [ Z̃−1

i|i + FTi Π−1
i Fi −FTi Π−1

i

−Π−1
i Fi Π−1

i +
∑L

k=1[H(k)T
i+1 R

(k)−1
i+1 H

(k)
i+1]

]−1

×

[
−FTi Π−1

i Fiẑi|i
Π−1
i Fiẑi|i +

∑L
k=1[H(k)T

i+1 R
(k)−1
i+1 y

(k)
i+1]

]
.

(30)

After some algebra, the filtered estimate equation ẑi+1|i+1 is given by (24) in Step i with

the auxiliary variable Z̃i+1|i+1, defined as (24).

4 Numerical Examples

In the numerical examples, two comparative studies are presented to show the effective-
ness of the DMJLS filter in data fusion scenario. Both studies we consider the probability
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and the parameter matrices are defined as

P =

[
0.9 0.1
0.1 0.9

]
, F1 =

[
0.7 0
0.1 0.2

]
, F2 =

[
0.6 0
0.1 0.2

]
, G1 = G2 =

[
0.8731 0

0 0.2089

]
,

H
(1)
1 = H

(1)
2 =

[
50 40

]
, H

(2)
1 = H

(2)
2 =

[
0.00003 0.00002

]
, H

(3)
1 = H

(3)
2 =

[
0.00002 0.00001

]
,

J
(1)
1 = J

(1)
2 = 80, J

(2)
1 = J

(2)
2 = 0.00006, J

(3)
1 = J

(3)
2 = 0.00005.

First, a comparative study between the real value of the state and the filtered estimate
is shown in Figure 1. Notice the DMJLS filter in data fusion scenario presented satisfactory
estimate. Second, a comparative study between the DMJLS filter proposed in [1] and the
DMJLS filter in data fusion scenario is shown in Figure 2.

(a) (b)

Figure 1: Real and Estimated States.

Figure 2: Comparison between Discrete-time MJLS Filter of [1] and Discrete-time MJLS
Filter in Data Fusion.

In this case, the parameter matrix H
(1)
i used in the DMJLS filter of [1] is simulating a

modeling error. The square root of the mean square error (rms) estimator was simulated.
The curves were obtained from i = 0, ...100 for each recursive step of 4000 Monte Carlo
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simulations with the values of Θi generated randomly. The initial condition x0 is con-

sidered Gaussian with mean
[
0.196 0.295

]T
and variance

[
0.0384 0.0578
0.0578 0.870

]
, Θi ∈ {1, 2}, vi

and ωi are independent sequences of noises, π1(0) = 0.05 and π2(0) = 0.95. Our estimator
outperforms the estimator given in [1].

5 Conclusion

In this paper was developed the DMJLS Kalman filter in data fusion scenario. The
estimate was deduced based on the assumption that jump parameter is not accessible.
Numerical example showed the effectiveness of this approach.
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