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Resumo. This paper considers the problem of recursive filtering for discrete-time markovian
jump linear systems subject to unobserved chain state in data fusion scenario. The estimator
presented here, enable that this kind of systems operate with more than one measurement
equation. Numerical examples are presented to verify the effectiveness of the proposed
algorithm.
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1 Introduction

Markovian jump linear systems (MJLS) have been subject of intensive study in the
last years. The MJLS are models to dynamic systems subject to abrupt changes in their
strutures. We assume that the abrupt changes can be modeled by a finite state-space
Markov chain.

Recursive filters for MJLS have been considered in the literature based on the classical
approach established by Rudolf Kalman in [4], see for instance [1], [3], [6], [5], [2], [9].
In particular [1], developed a recursive filter based on Riccati difference equation, that
is useful to be used in online applications, thanks to the augmented Markovian model
defined to deal with the unknown Markovian chain.

In this note, we extend the filter in [1] for an approach in data fusion scenario. This
filters are useful when the system is subject to modeling errors. The estimate is based
on optimization problems proposed in [3]. Numerical example are performed to show the
effectiveness of the proposed filter.
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2 Problem Statement

Consider the following DMJLS:

Tit1 = Fi,®ixi + Gi,@iwi, 1=0,1,... (1)
k k k k
yg ) = Hi(,@)ix,- + JZ-(Q)Z_UE ), k=1,...,L (2)
where, for each time instant ¢ and jump parameter ©; € S, with S := 1,.., N, being

Fie,, Gie,, H i(ké)i and Ji(lg, parameter matrices of appropriate dimensions. Suppose that,

© = {0;,i = 0,1,..]6; S S} is a finite state discrete-time Markov chain with m; ; :=
P{©; = j} and state transition probability matrix P = [pj,] € R¥*Y whose entries are
given by pj, := P{©;y1 = r|0; = j} for all j,r € S. Besides, as usually, z; € R" is the
random state vector, yl(k) € R™ is the random outputs, w; € RP is the random state noise,

o

;€ R™ are the random outputs noises, where {w;} and {vgk)} are independent wide
sense stationary sequences of mutually independent random variables with zero mean and
covariance matrices U; and Vi(k)7 respectively. Assume that zy is a random initial state
with E{zo1{g,—}} = 0 and E{$O$gl{®0:r}} ==, where 1. : A C X — {0,1}, which is
the indicator function defined as 1,4,y = 1, if z € A and 14(,) = 0, if z ¢ A. And still,
{©;} and z( are independent of {w;} and {vi(k)}; and Gi,ng:j > 0, for all instant 7 and
jes.

With the following definition for ¢ > 0 and r € {1, ..., N},

Ziyr = *ril{@i:r} eR" (3)
zi = D e RNV (4)

in [1] it was defined an augmented model of (2) in terms of z;,

ziv1 = Fizit, i=1,2,.. (5)
?/z(k) = Hz(k)zi + %(k), k=1,...L (©)
where
pufii - pniFin
. . N k k k
E = : .. : 77-[5 ) = Hi(,l) e H’L(»]\)f ’ (7)
pinFii - pNNEin

o = Ji(,lgivgk)a Vi = Mz + 0, (8)



M1
My = ) 9)
(Mt N
Mivi, = [(Lep=ry —P1r)Fin - (Ley,=r} — pnr)Fin] (10)
[ 116, =13Gi.0,ws
¥ = : , jy,r=1,...,.N; k=1,..., L. (11)
| 116,,,=N1Gi0,wi

(12)
From hypothesis about wu; and w(k), the following properties are valid to the system
augmented (5): E{zo} = 0, E{e;} = 0, E{gplk)} = 0, E{z;v]} = 0, IE{zztpZ ™ = o,

k
E{vip"T} = 0.
Consider the following definitions for the second-order moment variables, for ¢ > 0 and
re{l,.,N}:

Zip = E{z”z .} e RV (13)
Zi = E{zZzZT} = diag|Z;,] € RN™Nn (14)

where Z;, is given for the following recursive equation

z+1r: Zp]r i,j +Zp]T7TzJG UGzTgv (15)

being Zy, = =, the initial cond1t1on.

Calculating the variances of ; and gpl(k), it is obtained, respectively
I, = E{¢i} = diag ivjpjrﬂ,jzi,jﬂ@ — FiZiF" (16)
j=1
+ dzag[Zme”G UGZT] , (17)
j=1
RY = E{pPe"} ZM TV I, (18)

The Kalman filter for DMJLS in data fus10n scenario problem, for the filtered estimate,
will be defined as follows. Let Z;; be the filtered estimate of z;, obtained at step 7, then,
there exists a weighting matrix Zili for the filtering error z; — Z;;, along with the new

observation at time ¢ + 1, i.e., yfi)l, where k£ =1, ..., L. To update the filtered estimate of

zi from Z;); to Z;11);11, it is proposed the solution of following problem, based in augmented
system (5)

min Hzi—émll%;+sz’+1—fﬂill —1+Z|!y,+1 HE zi 1, - (19)
1|7

Ziy%i+1



3 Filtering For DMJLS in Data Fusion Scenario

To solve this problem, it is necessary enunciate the following lemma, proposed by [3].

Lemma 3.1. [3] Consider the problem of solving

L
&= argmin [||:U||é —I—ZHAkﬂi—ka%/Vk]a (20)
k=1

where A is the data matriz, by are the measurement vectors which are assumed to be
known, x is the unknown vector, x7 Qx is the reqularization term and Q = QT > 0 and
W, = W,;‘F > 0 are given weighting matrices. The solution of (20) is given by

> AL Wby (21)
k=1

L
Q+ Y ALWi A
k=1

T =

Theorem 3.1. Let k = 1,..., L be the quantity of measurement equations, for all i > 0.
The optimum filtered estimates 2;;, resulting from (19), can be obtained from the following
recursive algorithm:

Step 0 (Initial Condition):

-1 (22)

Step 1: Update {ZAI”“ Zl‘l} to {ZA’Z'+1|Z'+1, Zi+1|i+1} as follows:

Zistjir = ((Wi+ FZy, FH) ™! +ﬁz‘T+1§;§1ﬁi+1)_l> (23)
Ziplliv1 = Zi+1|i+1(Hi + EZﬂi]—-zT)_lFiéﬂi + Zi+1|i+1gz&-1§;—&-llgi+la (24)
where
@] [ eo] [
7i+1 = Hiﬂ 5 7i+1 = O RZH 0 b Y1 T yifl (25)
) 00 e R o)

Step 2: The state of the original system (2) is given by

z\z . Zz,ﬂz (26)



Proof. The recursive equation is obtained from application of the Lemma 3.1. This re-
quires prior identification between the parameters of (19) and (21), as follow:

A 2 5—1
v [ e [ B Lo [ 0,
Zi+1 i1 0 0
Ap i ! Wy, + i’ 0
7 R R

With the previous identifications, the cost functional of the minimization problem (19) is

rewritten as:
~ T 7—1 ~
Z; — zi|i Z” 0 Z; — Zi|z’
Zi+1 0 0 Zi+1

: 5 5 Troipg
+ E e | ) B ' 98
k=1 ([ 0 Hz(i)l ] [ Zit1 ] [ yz(—l‘,{—)l ]) o RM- (') (28)

According to (27) and (21), the optimum filtered estimate of z;;1 in data fusion scenario,
Ziy1)i41, is obtained with the solution of the following expression:

[ Zili+1 — il } _
Zi+1]i+1

X L Zé:l[_%ﬁn{;?é’(%; 1 (k)
Zk:l[%ni_lfiéi\i +H; 4 RS yi+1]

)

- _ _ -1

23t + il B F] Yol A ]

_ _ BT (k)—1,,(k
Eé:l[_%ni 1}—1] Zé:l[%ni L+ /Hl(-l-)l R§+)1 17‘[@(+)1]

(29)
017
pre-multiplying in both sides of the equality (29) by [ 7 } , one can obtain the following

equation:

Zy + FILF ~Frt ] -
_ _ K)T (k) —1,,(k
—I1; ' F ;" + Z£=1[Hz(+)1 Rz(—i-)l Hz(—&-)l] (30)
i‘F,TH'flf.;:«.‘.
IR T -1 (k) |-
;' F, iZili + Eé:l[Hz(Jr)l Rz(+)1 3/1(+)1]

Zig1livl = [ 0 I ]

X

After some algebra, the filtered estimate equation Z;, ;11 is given by (24) in Step i with
the auxiliary variable Zz‘+1\z‘+17 defined as (24). O

4 Numerical Examples

In the numerical examples, two comparative studies are presented to show the effective-
ness of the DMJLS filter in data fusion scenario. Both studies we consider the probability



and the parameter matrices are defined as

0.9 0.1 0.7 0 0.6 0 0.8731 0
F= [0.1 0.9} 1= [0.1 0.2]  Fa= [0.1 0.2} y G1=0C2= [ 0 0.2089] ’

HY = BV =[50 40], H® = B = [0.00003 0.00002], H® = H{Y = [0.00002 0.00001],

JU = gV =80, 7% = J» = 0.00006, ¥ = 7§ = 0.00005.

First, a comparative study between the real value of the state and the filtered estimate
is shown in Figure 1. Notice the DMJLS filter in data fusion scenario presented satisfactory
estimate. Second, a comparative study between the DMJLS filter proposed in [1] and the
DMJLS filter in data fusion scenario is shown in Figure 2.
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Figure 1: Real and Estimated States.
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Figure 2: Comparison between Discrete-time MJLS Filter of [1] and Discrete-time MJLS
Filter in Data Fusion.

In this case, the parameter matrix Hi(l) used in the DMJLS filter of [1] is simulating a
modeling error. The square root of the mean square error (rms) estimator was simulated.
The curves were obtained from ¢ = 0,...100 for each recursive step of 4000 Monte Carlo



simulations with the values of ©; generated randomly. The initial condition x( is con-
0.0384 0.0578

0.0578 0.870 | O € {12} vi

and w; are independent sequences of noises, 71(0) = 0.05 and 72(0) = 0.95. Our estimator

outperforms the estimator given in [1].

sidered Gaussian with mean [0.196 0.295]Tand variance

5 Conclusion

In this paper was developed the DMJLS Kalman filter in data fusion scenario. The
estimate was deduced based on the assumption that jump parameter is not accessible.
Numerical example showed the effectiveness of this approach.
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