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Resumo. The algorithms of multi-objective optimization had a relative growth in the
last years. Thereby, it’s requires some way of comparing the results of these. In this
sense, performance measures play a key role. In general, it’s considered some properties
of these algorithms such as capacity, convergence, diversity or convergence-diversity. There
are some known measures such as generational distance (GD), inverted generational dis-
tance (IGD), hypervolume (S-Metric), Spread(∆), Averaged Hausdorff distance (∆p), R2-
indicator, among others. In this paper, we focuses on proposing a new indicator to measure
convergence based on the traditional formula for Shannon entropy. The main features about
this measure are: 1) It does not require tho know the true Pareto set and 2) Medium com-
putational cost when compared with Hypervolume.

Palavras-chave. Shannon Entropy; Performance Measure; Multi-Objective Optimization
Algorithms.

1 Introduction

Nowadays, the evolutionary algorithms (EAs) are used to obtain approximate solutions
of multi-objective optimization problems (MOP) and these EAs are called multi-objective
evolutionary algorithms (MOEAs). Some these algorithms are very well-known among the
community such that NSGA-II (See [1]), SPEA-II (See [2]), MO-PSO (See [3]) and MO-
CMA-ES (See [4]). Although the most of MOEAs to use the previous criteria, when m > 3
the MOP is called Many Objectives Optimization Problems and in this case algorithms
Pareto-Based is not good enough. Some papers try to explain the reason why such thing
happens (See [5,6]). To avoid the phenomenon caused by Pareto relation, some researchers
indicates others way of comparative the elements (See [7]) or change into Non-Pareto-based
MOEAs, such as indicator-based and aggregation-based approaches (See [8, 9]).
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With the growing of use these MOEAs, it’s natural to know how theirs outputs are
relevant. In this sense, there are metrics that measuring mainly: 1) Closeness to the
theoretical Pareto set, 2) Diversity of the solutions and 3) number of Pareto-optimal
solutions. This papers is addressed for the first category. Our work is divided as follow.
On the section 2 we present a traditional way to multi-objective problem. Next, on section
3, we revised some indicators for performance of evolutionary algorithms. On section 4,
we established our proposal for a new indicator. Finally, on section 5, we compared our
idea with some indicators well-known.

2 Multi-objective Problem (MOP)

It’s common to define multi-objective optimization problems (MOP) as follows:

min f(x), f(x) = (f1(x), f2(x), · · · , fm(x))
s.t: x ∈ Ω ⊂ Rn (1)

in which x ∈ Rn is the decision variable vector, f(x) ∈ Rm is the objective vector, and
Ω ⊆ Rn is the feasible set that we consider as compact and connected region. In this work,
we assumed here that the functions fi(·) are continuously differentiable (or C2(Ω)).

The aim of multi-objective optimization is to obtain an estimate of the set of points
belonging to Ω which minimize, in the certain sense that we will call by Pareto-optimality.

Definição 2.1. Let u, v ∈ Rm. We say that u dominates v, denoted by u � v, iff
∀i = 1, . . . ,m

ui ≤ vi, and u 6= v. (2)

Definição 2.2. A feasible solution x∗ ∈ Ω is a Pareto-optimal solution of problem (1)
if there is no x ∈ Ω such that f(x) � f(x∗). The set of all Pareto-optimal solutions of
problem (1) is called by Pareto Set (PS) and the its image is the Pareto Front (PF). Thus,

PS = {x ∈ Ω|@y ∈ Ω, f(y) ≤ f(x)}
PF = {f(x)|x ∈ PS}

A classical work (See [15]) established a relationship between the points of PS and
gradient informations from the problem (1). That connection it is known by Karush-
Kuhn-Tucker (KKT) conditions for Pareto optimality that we define as follow:

Theorem 2.1 (KKT Condition). Let x∗ ∈ PS of the problem(1). Then, there exists
nonnegative scalars λi ≥ 0, with

∑m
i=1 λi = 1, such that

m∑
i=1

λi∇fi(x) = 0 (3)

This theorem will be fundamental to this paper because we will use this fact to for-
mulate our proposal.
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3 Some Convergence Indicators

In this section, we will go to relate some metrics or indicators known by scientific
community and well-done established. The idea here is to compare those indicators further
below with our proposal measure.

3.1 GD/IGD

The Inverted Generational Distance (IGD) indicator has been using since 1998 when
it was created. The IGD measure is calculated on objective space, which can be viewed
as an approximate distance from the Pareto front to the solution set in the objective
space. In the order to define this metric, we assume that the set Λ = {y1, y2, · · · , yr} is
an approximation of the Pareto front for the problem (1). Let be the VMOEA a solutions
set obtained by some MOEA in the objective space as VMOEA = {v1, v2, · · · , vk} where vi
is a point in the objective space. Then, the IGD metric is calculated for the set VMOEA

using the reference points Λ as follows:

IGD(VMOEA,Λ) =
1

r

(
r∑
i=1

d(yi, VMOEA)2

)1/2

, (4)

where d(y,X) denotes the minimum Euclidean distance between y and the points in X.
Besides, we also can to define de GD metric by

GD(VMOEA,Λ) = IGD(Λ, VMOEA) (5)

This indicators are measure representing how ”far” the approximation front is from
the true Pareto front. Lower values of GD/IGD represents a better performance. The
only different between GD and IGD is that in the last one you don’t miss any part true
Pareto set on comparison.

In [10] indicates two main advantages about it: 1) its computational efficiency even
many-objective problems and 2) its generality which usually shows the overall quality of an
obtained solution set. The authors in [10] studied some difficulties in specifying reference
points to calculate the IGD metric.

3.2 Averaged Hausdorff Distance (∆p)

This metric combine generalized versions ofGD and IGD that we denote byGDp/IGDp

and defined by, with the same previous notation,

IGD(VMOEA,Λ)p =

(
1

r

r∑
i=1

d(yi, VMOEA)p

)1/p

(6)

GD(VMOEA,Λ)p = IGD(Λ, VMOEA)p (7)

The indicator, so called by ∆p, was proposed in [11] defined by

∆p(X,Y ) = max{IGD(X,Y )p, GD(X,Y )p}, (8)
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In [11] the author proved that function is a semi-metric, ∆p does not fill the triangle
inequality, for 1 ≤ p <∞. Many others properties was proved in [11].

3.3 Hypervolume

This indicator has been using by the community since 2003. Basically, the hypervolume
of a set of solutions measures the size of the portion of objective space that is dominated
by those solutions as a group. In general, hypervolume is favored because it captures in
a single scalar both the closeness of the solutions to the optimal set and, to some extent,
the spread of the solutions across objective space. There are many works on this indicator
such as in [12] which the author studied how expensive to calculate this indicator was.
Few years later, it was proposed a faster alternative by using Monte Carlo simulation (
See [13]). In the order to get a right definition, you can look at [12,13].

4 Proposal Measure H
In the order to define our proposal measure, consider the quadratic optimization prob-

lem (9) associated with (1):

min
α∈Rn


∥∥∥∥∥
m∑
i=1

αi∇fi(x)

∥∥∥∥∥
2

; αi ≥ 0,
m∑
i=1

αi = 1

 (9)

The existence and uniqueness of a global solution of the problem (9) is stabilized in [14].
The function q : Rn → Rn given by

q(x) =
m∑
i=1

α̂i∇fi(x) (10)

where α̂ is a solution of the (9), becomes well defined. There is a interested property about
this function that was proved in [14]:

• each x∗ with ‖q(x∗)‖2 = 0, where |·| represents euclidean norm, fulfills the first-order
necessary conditions for Pareto optimality given by Theorem 2.1.

Thereby, these points are certainly Pareto candidates what motivates the next definition
about nearness.

Definition 4.1. A point x ∈ Ω is called ε−closed to Pareto set if ‖q(x∗)‖2 < ε.

Let the set X = {x1, x2, · · · , xk} the output from some evolutionary algorithms. With
the feature about that function, we can to define a new measure by:

H(X) :=
1

2k

k∑
i=1

−qi log2(qi) (11)

where qi = min{1/e1, ‖q(xi)‖2} and put 0 · log2(0) = 0.
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The expression (11) is the traditional formula used for Shannon Entropy (See [16]).
Unlike the original way that is used this as a entropy, in the our metric each qi is not to
related with a probability space.

Theorem 4.1. About the function in (11), we have that 0 ≤ H(X) ≤ 1
2
log2(e

1)
e1

.

Proof. First, since 0 ≤ qi ≤ 0.5 then H(X) ≥ 0. On the other hand, it is known that the
function f(x) = −x log2(x) has a maximum at x = 1/e1, therefore

H(X) =
1

2k

k∑
i=1

−qi log2(qi) ≤
1

2k

k∑
i=1

−e−1 log2(e
−1)

≤ 1

2k
(k)(e−1 log2(e

1)

=
1

2

log2(e
1)

e1
≈ 0.26537

A reasonable interpretation of about H(·) can be : 1) When H(X) closed to or equal
0 then the set X has a good convergence to the Pareto Set and 2) On the other hand, for
values near to or equal 0.26537, the set X does not convergence to Pareto Set.

The main features associated with this metric are: 1) The true Pareto set doesn’t
require to be predefined and 2) It can be to used with many-objectives problems. The
first point is important because it is almost impossible to know the true PF in general.
On the other hand, the second attribute is useful since it doesn’t exists many indicator to
be used in this problems.

5 Simulation Results

This section presents some functions to be optimized with two objectives. The following
equations are from [11] and it is known by ZDT1 and ZDT2. Here, we have decided for
the two well-known algorithms: 1) MOPSO [3] and 2) NSGA-II [1].

In both algorithms, we will fix the output population at 150 individuals. The others
parameters used are:

• MOPSO: inertia w = 1/(2 · log(2)), acceleration coefficients φ1 = 0.8, φ2 = 0.8 and
size of population pop = 50.

• NSGA-II: standard real parameter SBX and polynomial mutation operator with
nc = 15 and nm = 20, respectively. In addition, the crossover probability of pc = 0.9
and mutation probability is pm = 1/n.

The algorithms are run 30 times with 30000 function evaluations running in each one.
The aim is to compare the results of problems with the indicators. From the table

(1), we can conclude the same with all indicator, included our proposal. The algorithm
on second column (NSGA-II) has better convergence than the other.
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Table 1: Indicators results for ZDT1 function
MOPSO-CD NSGA-II

GD 0.005834 (0.000866) 0.003266 (0.000768)

IGD 0.006415 (0.000623) 0.003490 (0.000168)

∆2 0.006517 (0.000679) 0.003705 (0.000552)

H 0.006429 (0.000816) 0.000378 (0.000045)

Table 2: Indicators results for ZDT2 function
MOPSO-CD NSGA-II

GD 0.005834 (0.000866) 0.003266 (0.000768)

IGD 0.006415 (0.000623) 0.003490 (0.000168)

∆2 0.006517 (0.000679) 0.003705 (0.000552)

H 0.006429 (0.000816) 0.000378 (0.000045)

6 Conclusions

In this paper, we have introduced a new indicator H which goal is evaluate the out-
come from an evolutionary algorithm on the Multi-objective optimization problems. We
have tested the new approach some MOPs and make a comparative with some others
indicators that is already known. By experimental results, we can to conclude the same
what is indicated by the other indicators of performance. Unlike such these indicators, our
proposal needs to known nothing about the true pareto of set of the MOP. This features,
we consider a great to thing because most MOPs is doesn’t have this information.

For the future, we will try to decrease the condition about the function of the problems,
until now we required being C2(Ω).
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