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Abstract. In this paper, the problem of transferring a space vehicle from a circular low Earth orbit (LEO) 

to a circular low Moon orbit (LMO) with minimum fuel consumption is studied. The class of two impulse 

trajectories is considered: a first accelerating velocity impulse tangential to the space vehicle velocity 

relative to Earth is applied at a circular LEO and a second braking velocity impulse tangential to the space 

vehicle velocity relative to Moon is applied at a circular LMO. The dynamical model used to describe the 

motion of the space vehicle is based on a new version of the patched-conic approximation which includes 

the eccentricity of the orbit of the Moon. The optimization problem has been solved by means of a 

gradient algorithm in conjunction with Newton-Raphson method. Numerical results are compared to 

other ones that use the classical patched-conic approximation or the classical circular restricted three-

body problem.  

 

Palavras-chave.  Earth-to-Moon trajectories, optimal space trajectories, minimum fuel trajectories. 

1 Introduction 
 
 In this paper, the problem of transferring a space vehicle from a circular low Earth orbit 

(LEO) to a circular low Moon orbit (LMO) with minimum fuel consumption is studied. The class 

of two impulse trajectories is considered: a first accelerating velocity impulse is applied at a 

circular low Earth orbit and a second braking velocity impulse is applied at a circular low Moon 

orbit; each impulse is tangential to the respective terminal orbit – LEO or LMO. The 

minimization of fuel consumption is equivalent to the minimization of the total characteristic 

velocity which is defined by the arithmetic sum of velocity changes [3].  
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The dynamical model used to describe the motion of the space vehicle is based on a new 

version of the patched-conic approximation which includes the eccentricity of the orbit of the 

Moon. This model provides an approximation to the planar elliptic restricted three-body problem 

(PER3BP). Since the eccentricity of the orbit of the Moon is included, the optimization problem 

has two degrees of freedom and has been solved by means of a gradient algorithm [4] in 

conjunction with Newton-Raphson method [6]. The analysis of optimal trajectories is carried out 

considering several final altitudes of a clockwise or counterclockwise circular low Moon orbit for 

a specified altitude of a counterclockwise circular low Earth orbit. Only the outgoing trip with 

direct ascent is considered in this study. Numerical results are compared to the ones obtained 

using the classical patched conic approximation and the results obtained using the circular 

restricted three-body problem, found in the literature. 

 

2 Optimization problem based on patched-conic approximation 
 

In this section, the optimization problem based on a new version of the patched-conic 

approximation, which includes the eccentricity of the orbit of the Moon, is formulated. The 

following assumptions are employed: 

  

1. The Earth is fixed in space; 

2. The eccentricity of the Moon orbit around Earth is considered; 

3. The flight of the space vehicle takes place in the Moon orbital plane; 

4. The gravitational fields of Earth and Moon are central and obey the inverse square law; 

5. The trajectory has two distinct phases: geocentric and selenocentric trajectories. The 

geocentric phase corresponds to the portion of the trajectory which begins at the point of 

application of the first impulse and extends to the point of entering the Moon’s sphere of 

influence. The selenocentric phase corresponds to the portion of trajectory in the Moon’s 

sphere of influence and ends at the point of application of the second impulse. In each 

one of these phases, the space vehicle is under the gravitational attraction of only one 

body, Earth or Moon; 

6. The class of two impulse trajectories is considered. The impulses are applied tangentially 

to the space vehicle velocity relative to Earth (first impulse) and Moon (second impulse).  

 

For a given initial position of the Moon on its orbit defined by the true anomaly  0Mf t , an 

Earth-Moon trajectory is completely specified by four quantities: 
0r  - radius of circular LEO; 

0v  - 

velocity of the space vehicle at the point of application of the first impulse after the application of 

the impulse; 
0  - flight path angle at the point of application of the first impulse and 0 - phase 

angle at departure. These quantities must be determined such that the space vehicle is injected 

into a LMO with specified altitude after the application of the second impulse. It is particularly 

convenient to replace 
0  by the angle 1  which specifies the point at which the geocentric 

trajectory crosses the Moon’s sphere of influence. On the other hand, it should be noted that the 

initial position of the Moon determines the distance D between Earth and Moon at the time at 

which the space vehicle reaches the sphere of influence of the Moon. So, it is also convenient to 

specify the eccentric anomaly  1ME t , replacing the true anomaly  0Mf t , which can be 

determined after solving the two-point boundary value problem of going from LEO to LMO. 
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Equations describing each phase of an Earth-Moon trajectory are briefly presented in what 

follows. It is assumed that the geocentric trajectory is direct and that lunar arrival occurs prior to 

apoapsis of the geocentric orbit. Figure 1 shows, separately, the geometry of the geocentric phase 

and of the selenocentric phase for a clockwise arrival to LMO.  
 

 

 

 

 

        

 

Figure 1 – Geometry of geocentric and selenocentric phases 
 

For a given set of initial conditions  0 0 0, ,r v   and specified eccentric anomaly  1ME t , 

energy and angular momentum of the geocentric trajectory can be determined from the equations 
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where 
E  is Earth gravitational parameter.  

From the geometry of the geocentric phase (Fig. 1), one finds 
 

2 2

1 12 cosS Sr D R DR    ,   (3) 

 

1 1 1sin sinSR r  ,   (4) 

where D is the distance from the Earth to the Moon at time 
1t , 

SR  is the radius of the Moon’s 

sphere of influence. Subscript 1 denotes quantities of the geocentric trajectory calculated at the 

edge of the Moon’s sphere of influence.  

From energy and angular momentum of the geocentric trajectory, one finds 

 

 1 12 Ev r   ,   (5) 
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The selenocentric phase begins at the point at which the geocentric trajectory crosses the 

Moon’s sphere of influence. Thus, 

 

2 Sr R ,   (7) 

 

1M 2 1v v v ,   (8) 

 

where 
1Mv  is the velocity vector of the Moon relative to the center of the Earth. Subscript 2 

denotes quantities of the selenocentric trajectory calculated at the edge of the Moon’s sphere of 

influence. 

From  Eq. (8), one finds 
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The upper sign refers to clockwise arrival to LMO and the lower sign refers to counterclockwise 

to LMO. 
1M is the flight path angle and 

1Mv  is the velocity of the Moon at time 
1t , and they are 

computed using the well-known equations of the two-body problem. 

The semi-major axis fa  and eccentricity fe  of the selenocentric trajectory are given by 

 

2

2

2 Q

r
a f


 ,   (11) 

 

  2

2 2 21 2 cosfe Q Q    ,   (12) 

 

where MvrQ 2

222   and M  is Moon gravitational parameter. 

The second impulse is applied at the periselenium of the selenocentric trajectory such that the 

terminal conditions, before the impulse, are defined by 
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Equations (1) – (14) lead to the following two-point boundary value problem: For specified 

values of 1 and  1ME t , and a given set of initial parameters 
0r  and 

0 0  (the impulse is applied 

tangentially to the space vehicle velocity relative to Earth) determine 
0v  such that the final 

condition 
Mp fr r  is satisfied, where 

0r  is the radius of LEO and 
fr  is the radius of LMO (both 

orbits, LEO and LMO, are circular). This boundary value problem can be solved by means of 

Newton-Raphson method [6].  

After computing 
0v , the velocity changes at each impulse can be determined 
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The total characteristic velocity is then given by 

 

1 2Totalv v v   .   (17) 

 

Note that the total characteristic velocity is function of 
1  and  1ME t  for a given set of 

parameters  0 0, 0, fr r  . Accordingly, the following optimization problem can be formulated: 

Determine 
1  and  1ME t  to minimize 

Totalv . This minimization problem has been solved by 

means of a classic gradient method in conjunction with Newton-Raphson method [4]. 

The total flight time of an Earth-Moon trajectory is given by 

 

ME ttT  ,   (18) 

 

where Et  is the flight time of the geocentric trajectory and Mt  is the flight time of the 

selenocentric trajectory. These times are calculated from the well-known equations times of flight 

of two-body dynamics as described in Gagg Filho and da Silva Fernandes (2016). 

 

4 Results  
 

In this section, results are presented for lunar missions using the elliptic patched conic 

approximation described in the preceding section. The results are compared to the ones found in 

the literature considering different dynamical models [1, 2, 5] and different optimization methods: 

[1, 5] uses the sequential gradient restoration algorithm and [2] uses the same algorithm adopted 

in this work. The following data are used: 5 3 23.986 10  km sE   , 3 3 24.903 10  km sM   , Ma  

(semi-major axis of the orbit of the Moon), 6378kmEa  (Earth radius), 1738kmMa  (Moon’s 

radius), 0  463 kmh  (altitude of LEO), 100, 200, 300 kmfh  (altitude of LMO), 0.05490Me   

(Moon’s eccentricity). 
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Table 1 shows the results for lunar missions with clockwise arrival at LMO and Table 2 

shows the results for lunar missions with counterclockwise arrival at LMO. The departure from 

LEO is counterclockwise for all missions. The major parameters that are presented in these tables 

are the velocity changes 
1v  and 

2v  at each impulse, the total characteristic velocity 

1 2Totalv v v   , the flight time T of lunar mission and the initial position of the space vehicle 

in the inertial reference frame Exy at the initial time 
0 0t  defined by the angle  0EP .  

 

Table 1 – Lunar mission, clockwise LMO arrival, major parameters 

 

LMO altitude 

 km 
Model Totalv  

km/s 
1v  

km/s 

2v  

km/s 

T  
days 

 0EP  

deg 

 

100 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

200 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

300 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

Table 2 – Lunar mission, counterclockwise LMO arrival, major parameters 

 

LMO altitude 

 km 
Model Totalv  

km/s 
1v  

km/s 

2v  

km/s 

T  
days 

 0EP  

deg 

 

100 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

200 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

300 

Classic Patched-conic     

Elliptic patched-conic      

Classical PCR3BP     

 

The results of Table 1 and 2 show that the eccentricity of the Moon’s orbit around Earth has 



7  

effect on the fuel consumption for a direct ascent maneuver. In fact, the elliptic patched-conic 

approximation presents a 
Totalv  smaller than the other models. However, the time of flight for 

the elliptic patched-conic approximation is larger. Moreover, the transfer with counterclockwise 

arrival (Table 1) has smaller fuel consumption than the transfer with clockwise arrival (Table 2) 

considering all the models, including the elliptic patched-conic approximation.     

 

Conclusions 
 

This paper presents a new lunar patched-conic approach where the eccentricity of the Moon’s 

orbit around Earth is included in the model. Only bi-impulsive direct ascent maneuvers are 

considered for an Earth-Moon transfer. To determine the Earth-Moon trajectory, a two-point 

boundary value problem is proposed, in which the eccentric anomaly of the Moon at the instant 

when the space vehicle reaches the SOI of the Moon is set as a parameter.  This problem has been 

solved by means of a gradient algorithm in conjunction with Newton-Raphson method, and the 

results are compared with other models that do not include the Moon’s eccentricity. The data 

provided by the trajectories show that the elliptic patched-conic approximation saves fuel 

consumption if the eccentric anomaly of the Moon on its elliptic orbit is chosen properly.    
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