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Abstract: In this paper, we present a polynomial chaos-based framework for designing optimal linear feedback control
laws for a nonlinear multirotor aerial vehicle model with stochastic parameter uncertainty. The spectral decomposition
in orthogonal polynomial basis, prescribed by the Wiener-Askey scheme, provides a deterministic framework from which
the control design is derived. Optimality of the proposed control law is proved by solving the Hamilton-Jacobi-Bellman
equation and asymptotically stability of the controlled nonlinear systems is guaranteed in the Lyapunov sense. Numerical
simulations were carried out for a quadrotor model that accounts for the coupling between the dynamical modes. The
results are verified with Monte-Carlo simulations.
Keywords: Polynomial chaos, Uncertainty, Multirotor aerial vehicles, Linear feedback control.

1. INTRODUCTION

Multirotor Aerial Vehicles (MAVs) have motivated many researches in different fields of knowledge such as sensors
fusion (Cheviron et al. (2007)), computer vision (Saripalli et al. (2003)) and control strategies (Santos et al. (2013)).
Although there is a massive amount of concluded and ongoing research works on MAVs, the design of control laws for
such vehicles still has challenges to be overcome. In real implementations, such control systems ought to be robust, that is,
capable of working properly, within the designed specifications, even when subject to either disturbances or uncertainties
in the determination of the system parameters.

The control of MAVs with unknown parameters or operating in uncertain environments has been an important topic
of research. For instance, Raffo et al. (2010) designs a nonlinear H∞ controller to stabilize the rotational movements
of a MAV model with uncertain parameters subjected to a constant disturbance. Bialy et al. (2013) develops a robust
adaptive controller for the dynamics of a quadrotor with unknown parameters and bounded exogenous perturbations.Kada
and Ghazzawi (2011) presents a design scheme that combines deadbeat response, robust control, and model reduction
techniques to enhance the performances and robustness of PID controller for a unmanned vehicle.

The Linear Quadratic Regulator (LQR) is an usual control strategy applied to MAVs (Bouabdallah et al. (2004)), which
requires a linear design model. Such linear model does not take into account the nonlinear phenomena that are present
in the real operation of these vehicles. However, for a more effective control law, nonlinearities have to be considered
in order to avoid unstable regions of operation. Rafikov and Balthazar (2008) and Rafikov et al. (2008) introduced
an optimal linear feedback to handle the task of controlling nonlinear dynamical systems. Asymptotic stability of the
closed-loop nonlinear system was proved by selecting a Lyapunov function, which could be seen to be the solution of
the Hamilton-Jacobi-Bellman equation thus guaranteeing both stability and optimality. Due to the simple configuration
and easy implementation, the use of linear control is preferred over the nonlinear design. Pereira et al. (2016) (to appear)
extended the work of Rafikov and Balthazar to nonlinear systems with stochastic parameter uncertainty by implementing
a polynomial-chaos based framework to design stochastic optimal linear control policies.

Polynomial chaos expansion is an alternative to sampling methods, since it provides a simpler framework to deal with
the propagation of uncertainty in the dynamical model. It is the spectral decomposition of a stochastic process in the
random dimension in which it is parametrized. The random trial basis is the Askey-scheme based orthogonal polyno-
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mials. Introduced first by Wiener (1938) for Gaussian random variables and then generalized by Xiu and Karniadakis
(2002) for other probability distributions, such decomposition is based on the Cameron-Martin Theorem (Cameron and
Martin (1947)), which guarantees the convergence in L2 sense for stochastic processes with finite second moment. Many
researches have attested that spectral methods based on polynomial chaos expansions can be a computationally efficient
alternative to expensive conventional approaches based on Monte Carlo sampling (Xiu and Karniadakis (2002); Fisher
and Bhattacharya (2009); Prabhakar et al. (2010); Xiu and Karniadakis (2003)).

The use of polynomial chaos expansions in control theory is recent. Hover and Triantafyllou (2006) demonstrated that
this method applies to the stability study of nonlinear systems, especially when the methods of Lyapunov are inconclusive
and Monte Carlo simulations are expensive. Fisher and Bhattacharya (2009, 2006, 2008) presented a generalized proce-
dure for the stability analysis of linear and polynomial systems and a systematic framework for designing linear quadratic
regulators (LQR) for stochastic linear systems using polynomial chaos expansions. The work of Pereira et al. (2016) (to
appear)follows a similar approach to design a LQR-like control for nonlinear systems with uncertain parameters.

This work applies the polynomial chaos expansions for designing a linear feedback control for a nonlinear quadrotor
model with stochastic parameter uncertainties. Random disturbances from an uncertain environment are also considered.
We use the polynomial chaos expansion to propagate uncertainties trhough the MAV model and to create a deterministic
framework from which the control design is derived.

This paper is organized as follows. We first present the quadrotor dynamical model. Next we present the polynomial
chaos expansion and the Wiener-Askey scheme, and apply the spectral decomposition to transform the MAV stochastic
nonlinear dynamics into a higher dimension deterministic system, which is used to derive the optimal linear feedback
control law. The proposed method is validated by numerical simulations of the MAV subjected to random disturbances.
The results are then verified with the traditional Monte Carlo simulations in the statistical sense.

2. MULTIROTOR AERIAL VEHICLE MODEL

This section presents the equations of motion of a multirotor aerial vehicle (MAV), considering all the relevant effects
necessary to be accounted for in ground-thruth model for simulation-based evaluation of control laws.

2.1 Preliminary definitions

We define two Cartesian coordinate systems (CCS) as illustrated in Fig. 1. The body CCS, SB , {XB, YB, ZB} is
attached to the vehicle’s body with the origin at the vehicle’s center of mass (CM), the XB axis pointing forward, the ZB

axis pointing upward, perpendicular to the plane of the rotors, and the YB axis completing a dextrogeous frame. The CCS,
SG = {XG, YG, ZG} is fixed to the ground at a known point O, with the ZG axis pointing upward, aligned with the local
vertical.
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Figure 1: The Cartesian coordinate systems (CCS). SB = {XB, YB, ZB} is the body CCS and SG = {XG, YG, ZG}
is the ground CCS.

2.2 Resultant control thrust and torque

We consider a quadrotor configuration with the longitudinal axisXB pointing between rotor 1 and rotor 2, and with 45
degree of separation angle between adjacent arms; we call it the "x" configuration. Moreover, we consider that rotor 1 and
rotor 3 rotate in clockwise direction, while rotor 2 and rotor 4 rotate in counterclockwise direction. For the aforementioned
configuration, one can show that the relationship between the individual rotor thrusts fi and the resultant thrust magnitude
and torque vector is given by[

F c

Tc
]

= Γf, (1)
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with f ,
[
f1 f2 f3 f4

]T
and

Γ ,


1 1 1 1

l/
√

2 −l/
√

2 −l/
√

2 l/
√

2

−l/
√

2 −l/
√

2 l/
√

2 l/
√

2
kτ/kf −kτ/kf kτ/kf −kτ/kf

 , (2)

where l is the length of each vehicle’s arm. The superscript c in Eq. (1) stands for the control command defined by the
operator and is used to distinguish from the other sources of force and torque that will be presented soon.

By inverting Eq. (2), one can compute the command f̄ ,
[
f̄1 f̄2 f̄3 f̄4

]T
as

f̄ = Ξ

[
F̄ c

T̄c
]
, (3)

where Ξ , Γ−1, F̄ c is the thrust magnitude command, and T̄c is the control torque command. Note that the rotor
dynamics is not considered here, since we suppose that the motor response is imeadiate to the command input.

2.3 Rotational motion

Representing the attitude using the Euler angles aα ,
[
φ θ ψ

]T
in the rotation sequence 1-2-3, we have the

following rotational kinematics equations:

ȧα = AΩ (4)

where Ω , [Ωx Ωy Ωz]
T is the SB representation of the vehicle’s angular velocity w.r.t. SG and

A ,

 cosψ/ cos θ − sinφ/ cos θ 0
sinψ cosψ 0

− cosψ sin θ/ cos θ sinψ sin θ/ cos θ 1

 (5)

Assume that the vechile has a rigid structure and SG is an inertial frame. Considering the existence of gyroscopic
effects, due to the rotors, and disturbance torques, and using the Newton-Euler formulation, one can model the rotational
dynamics of the MAV by

Ω̇ = J−1(JΩ)×Ω + IrJ−1Ω× e3
4∑
i=1

(−1)iωi + J−1Tc + J−1Td (6)

where Tc and Td are the SB representations of the resultant control torque and disturbance torque, respectively, e3 ,
[0 0 1]T, Ir is the moment of inertia of the rotors w.r.t. the rotation axis, and J is the body inertia matrix. Consider that
the vehicle has a symmetric structure with known mass m and inertia matrix in SB

J =

 Jx 0 0
0 Jy 0
0 0 Jz

 . (7)

The second term in the right-hand side of Eq. (6) corresponds to the gyroscopic moment due to the rotor dynamics and it
has little effects on the vehicle dynamics and therefore will be neglected (Prado and Santos (2014)). Hence, the state-space
model for rotation can be represented as:

ẋ(t) = Ax(t) + h(x) + Bu(t) (8)

where

x ,
[
φ θ ψ Ωx Ωy Ωz

]T ∈ R6, (9)

u , Tc ∈ R3, (10)

and

A =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 B =



0 0 0
0 0 0
0 0 0
1
Jx

0 0

0 1
Jy

0

0 0 1
Jz

 h(x) =



−Ωx + Ωx
cosψ
cos θ − Ωy

sinψ
cos θ

−Ωy + Ωx sinψ + Ωy cosψ

Ωz − Ωx
cosψ sin θ

cos θ + Ωy
sinψ sin θ

cos θ
(Jy−Jz)
Jx

ΩyΩz
(Jz−Jx)

Jy
ΩxΩz

(Jx−Jy)
Jz

ΩxΩy


(11)
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3. POLYNOMIAL CHAOS EXPANSION

In this section we introduce the polynomial chaos expansion for representing a stochastic process according to the
Wiener’s theory of homogeneous chaos (Wiener (1938)). We also describe the use of such framework to transform
stochastic nonlinear dynamical systems into an augmented deterministic system for the decomposition coefficients.

3.1 The Wiener-Askey Scheme

Define the set of multi-indices with finite number of nonzero components as

J =

{
ααα = (αi)i≥1, αi ∈ N, |ααα| =

∞∑
i=1

αi <∞

}
. (12)

For an index ααα ∈ J , the Wick polynomial of order |ααα| in an infinite number of independent and identically distributed
normal random variables ξξξ = (ξ1, ξ2, . . .) is defined by

Ψααα(ξξξ) =

∞∏
i=0

Hαi(ξi) (13)

where Hn(·) is the normalized n-th order multivariate orthogonal Hermite polynomial. The random functions Ψααα form a
complete orthonormal basis in L2 on the probability space with respect to the Gaussian measure generated by ξ (Branicki
and Majda (2012)). According to the Cameron-Martin theorem (Cameron and Martin (1947)), a finite-variance random
variable g(t, ξξξ), where t denotes any deterministic parameter (e.g. the time instant), has the following decomposition in
Wick polynomials:

g(t, ξξξ) =
∑
ααα∈J

gααα(t)Ψααα(ξξξ) (14)

where gααα(t) are the mode strengths given by

gααα(t) =
〈g(t, ξξξ),Ψααα(ξξξ)〉
〈Ψ2

ααα(ξξξ)〉
. (15)

Notation 〈·〉 represents the multivariate inner product in L2(Dξ) space and Dξ is the domain of ξξξ. The spectral expansion
in Eq. (14) is referred to as the Polynomial Chaos Expansion (PCE) of the variable g. A fundamental property of this
expansion is that it converges in the L2 sense. In practice, the PCE will be truncated to a finite number of terms by
limiting the germ ξξξ to r normal random variables and the order of the multivariate polynomials Ψααα to |ααα| ≤ d. The
resulting number of terms in the truncated expansion is given by P = (r+d)!

r!d! − 1 The parameter P has to be chosen large
enough for the approximation of Eq. (14) to be accurate.

An interesting result of the expansion presented in Eq. (14) is that the first two statistical moments of the random
variable g are readily computed from the terms of the PCE, with no need of Monte Carlo sampling methods. Considering
the truncated decomposition, we have:

E[g(t, ξξξ)] = E

[
P∑
k=0

gkΨk(ξξξ)

]
= g0, (16)

V [g(t, ξξξ)] = V

[
P∑
k=0

gkΨk(ξξξ)

]
=

P∑
k=0

g2k(t)V [Ψk(ξξξ)]. (17)

Xiu and Karniadakis (2002) extended the PCE framework to non-Gaussian random inputs by elaborating a tree that
maps a certain distribution to the corresponding orthogonal polynomial that guarantees the optimal convergence of the
expansion. Table 1 shows the pairing for continuous distributed random variables. This broad framework is called
Generalized Polynomial Chaos (gPC) expansion and it associates the probability density function of the germ ξξξ with
polynomials within the Askey-scheme that have a similar weight function. Such polynomials form a complete basis in the
Hilbert space determined by their corresponding support (Fisher and Bhattacharya (2009); Askey and Wilson (1985)).

The gPC method is especially useful in solving or analyzing stochastic differential equations. In control theory, the
use of conventional methods to study the stability and to design a robust controller subject to random inputs can lead
inconclusive results or does not cover all the possible scenarios in an efficient way. In this sense, the gPC is a powerful
tool since the stability characteristic of a dynamical system can be inferred from the decay of the modes strengths over
time (Fisher and Bhattacharya (2006); Hover and Triantafyllou (2006)), that is, in a deterministic framework.
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Table 1: The Wiener-Askey scheme.
Random variable ξ Polynomial basis Ψk Support

Gaussian Hermite (−∞,∞)
Uniform Legendre [a, b]
Gamma Laguerre [0,∞)
Beta Jacobi [a, b]

3.2 Expansion of Stochastic Differential Nonlinear Equations

Consider the following stochastic nonlinear dynamical system:

ẋ̇ẋx(t, ξξξ) = AAA(ξξξ)xxx(t, ξξξ) + hhh(xxx,ξξξ) +BBB(ξξξ)uuu(t, ξξξ), (18)

where xxx ∈ Rn is the state vector, uuu ∈ Rm is the control input, AAA ∈ Rn×n andBBB ∈ Rn×m are matrices and hhh ∈ Rn is
a vector whose components are continuous nonlinear function of xxx. The random variable ξξξ = (ξ1, ξ2, . . . , ξr) represents
uncertainties, with a known stationary distribution, by which the parameters of the model or the initial conditions are
expressed. The initial state vector is xxx(t0) = xxx0(ξξξ). Due to the randomness of the system parameters, one can see that
the state trajectories will also be stochastic. Here we assume that the control input is computed by some state feedback
strategy and therefore will also present a stochastic behavior.

Denote the components of xxx(t, ξξξ), uuu(t, ξξξ) and hhh(xxx,ξξξ) by, respectively, xi(t, ξξξ), ui(t, ξξξ) and hi(xxx,ξξξ). Also, denote
the elements of AAA(ξξξ) and BBB(ξξξ) by, respectively, Aij(ξξξ) and Bij(ξξξ). We can represent xi(t, ξξξ), ui(t, ξξξ), Aij(ξξξ), Bij(ξξξ)
and hi(xxx,ξξξ) by means of the gPC expansion of order P in the orthogonal polynomial basis Ψk(ξξξ) according to the
Wiener-Askey scheme (see Table 1):

xi(t, ξξξ) ≈
P∑
k=0

xi,k(t)Ψk(ξξξ) (19)

ui(t, ξξξ) ≈
P∑
k=0

ui,k(t)Ψk(ξξξ) (20)

Aij(ξξξ) ≈
P∑
k=0

aij,kΨk(ξξξ) (21)

Bij(ξξξ) ≈
P∑
k=0

bij,kΨk(ξξξ) (22)

hi(xxx,ξξξ) ≈
P∑
k=0

hi,kΨk(ξξξ) (23)

Note that, as long as the relation between hhh and xxx is known, the expansion for hi(xxx,ξξξ), Eq. (23), may be reformulated in
terms of the expansions xi(t, ξξξ) (see Section 3.2.2).

Let us define the following vector notation for the mode strengths appearing in Eq. (19)-(23):

xxxi ,
[
xi,0(t) xi,1(t) . . . xi,P (t)

]T ∈ RP+1, (24)

uuui ,
[
ui,0(t) ui,1(t) . . . ui,P (t)

]T ∈ RP+1, (25)

Define also the matrices AAAk ∈ R(n×n) with {Ak}ij = aij,k(t) and BBBk ∈ R(n×m) with {Bk}ij = bij,k for k =
0, . . . , P . Using the intrusive approach in Xiu and Karniadakis (2002), the coefficients aij,k(t) and bij,k are computed by
the Galerkin projection of each mode onto the polynomial basis {Ψq}Pq=0, in order to ensure the error is orthogonal to the
functional space spanned by the finite-dimensional basis Ψk:

aij,k =
〈Aij(ξξξ),Ψk(ξξξ)〉
〈Ψ2

k(ξξξ)〉
, (26)

bij,k =
〈Bij(ξξξ),Ψk(ξξξ)〉
〈Ψ2

k(ξξξ)〉
. (27)

The modes strengths xxxi, uuui and hhhi are also worked out in an intrusive way by employing the Galerkin projection. The
gPC expansions from Eq. (19) to (23) are substituted into the original system, Eq. (18), and the projection with respect to
the polynomial basis is taken, yielding a system of n(P + 1) deterministic ordinary differential equations for the modes.
The derivation of such system can be performed in two steps: one for the linear part and the other for the nonlinear part.
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3.2.1 Linear Part

Consider the linear part of Eq. (18), that is, ẋxx = AxAxAx +BuBuBu. The gPC expansion and subsequent Galerkin projection
onto {Ψq}Pq=0 result in(Fisher and Bhattacharya (2009, 2006, 2008)):

Ẋ̇ẊX =AAAXXX +BBBUUU (28)

whereXXX ∈ Rn(P+1) and UUU ∈ Rm(P+1) are given by

XXX =
[
xxxT1 xxxT2 . . . xxxTn

]T
, (29)

UUU =
[
uuuT1 uuuT2 . . . uuuTm

]T
. (30)

MatricesAAA ∈ Rn(P+1)×n(P+1) and BBB ∈ Rn(P+1)×m(P+1) are defined as:

AAA =

P∑
k=0

AAAk ⊗EEEk (31)

BBB =

P∑
k=0

BBBk ⊗EEEk (32)

whereAAAk andBBBk are defined below Eq. (25), ⊗ denotes the Kronecker product andEEEk ∈ R(P+1)×(P+1) is a symmetric
matrix given by:

EEEk =


ê1k1 ê1k2 . . . ê1kP
ê1k2 ê2k2 . . . ê2kP

...
...

. . .
...

ê1kP ê2kP . . . êPkP

 . (33)

where

êqkr =
〈ΨkΨr,Ψq〉
〈Ψ2

q〉
(34)

3.2.2 Nonlinear Part

Consider the nonlinear part of Eq. (18), that is, ẋ̇ẋx = hhh. We will first assume that hhh has a polynomial form in xxx (Fisher
and Bhattacharya (2006)).

hi(xxx,ξξξ) =

s∑
j=1

ηj(ξξξ)xxx
βββj (t, ξξξ) (35)

where ηj ∈ R are uncertain coefficients of the polynomial of xxx, which has s terms, and βββj ∈ Rn, whose elements are
non-negative integers, is a vector containing the order of each term in the monomial. We may represent ηj(t, ξξξ) in gPC
expansion as:

ηj(ξξξ) ≈
P∑
k=0

ηj,kΨk(ξξξ). (36)

Similar to aij,k and bij,k, the coefficients ηj,k are obtained through the projection onto {Ψq}Pq=0

ηj,k =
〈ηj(ξξξ),Ψk(ξξξ)〉
〈Ψ2

k(ξξξ)〉
. (37)

The substitution of the expansions for xi and ηj , Eq. (19) and (37) respectively, in Eq. (36) and subsequent Galerkin
projection yields (Fisher and Bhattacharya (2006)):

ẋi,q =

s∑
j=1

P∑
kη=0

P∑
k1,1=0

· · ·
∑
kn,βjn

êq,kη,k1,1,...,kn,βjn ηj,k n∏
r=1

βjn∏
c=1

xr,kc

 (38)
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where

êq,kη,k1,1,...,kn,βjn =
〈Ψk · · ·Ψkn,βjn

,Ψq〉
〈Ψ2

q〉
. (39)

The inner products present in both Eq. (34) and (39) can be computed numerically. Equation (38) may be rewritten in a
more compact form as

Ẋ̇ẊX =HHH =

ŝ∑
j=1

η̂jXXX β̂̂β̂βj (40)

where η̂j represents the coefficients of polynomials ofXXX , which has ŝ terms, and the vector β̂̂β̂βj contains the order of each
monomial.

A possible approach to representing non-polynomial functions is to expand them in Taylor series around the mean of
the argument. For instance, consider the case where hi(xxx,ξξξ) is a non-polynomial function of the single variable xj(ξξξ).
The Taylor series expansion around the mean of hi, that is, the first term of the gPC expansion according to Eq. (16),
gives:

hi(xj(ξξξ)) ≈
N∑
p=0

h
(p)
i (xj,0)

p!

(
P∑
k=0

xj,kΨk(ξξξ)

)p
. (41)

Putting together the derivations presented in Sections 3.2.1 and 3.2.2, especially Eq. (28) and (40), we can write the
augmented system of n(P +1) deterministic ordinary differential equations for the modes strengths of the gPC expansion
of the original stochastic dynamical system:

Ẋ̇ẊX =AAAXXX +HHH+BBBUUU XXX (t0) = XXX 0 (42)

Note that this intrusive approach increased the dimension of the system by a factor equal to the order of the gPC expansion.
On the other hand, the behavior of the dynamical system is now represented in a deterministic framework.

4. LINEAR FEEDBACK CONTROL DESIGN

Here we want to design a control system that drives the trajectories from a certain initial condition to the origin, i.e.
xxx(tf ) = 0. We formulate an optimal control problem that, given the nonlinear dynamics with parametric uncertainty in
Eq. (18), aims at minimizing the following LQR-like cost function:

min
uuu
J = min

uuu
E

[∫ tf

t0

(l(xxx) + uuuTRRRuuu)

]
(43)

where

l(xxx) = xxxTQQQxxx+N(xxx), (44)

QQQ ∈ Rn×n is a real symmetric and positive definite matrix and RRR ∈ Rm×m is a real positive definite matrix. N(xxx) is
a term that will be chosen later to account for the nonlinearities of the model.The stochastic dynamical system can be
represented as in Eq. (42). Likewise note that we can write the functional in Eq. (43) in the gPC framework, just as
presented in Section 1.. Using the orthogonal polynomials property, one can show that (Fisher and Bhattacharya (2009)):

E[xxxTQQQxxx] = XXX T Q̃̃Q̃QXXX (45)

E[uuuTRRRuuu] = UUUT R̃̃R̃RUUU (46)

where Q̃̃Q̃Q , QQQ⊗WWW , R̃̃R̃R , RRR ⊗WWW andWWW ∈ R(P+1)×(P+1) is a matrix whose elements are {WWW}ij = 〈Ψi(ξξξ),Ψj(ξξξ)〉. In
general, the expectation of N(xxx) can be written as a function of the gPC coefficients for xxx:

E[N(xxx)] = N (XXX ) (47)

Hence the cost function in Eq. (43) can be represented in a deterministic form as:

min
UUU

J̃ = min
UUU

∫ tf

t0

L+UUUT R̃̃R̃RUUU (48)

where

L = XXX T Q̃̃Q̃QXXX +N (XXX ) (49)

Note that solving the optimal control problem in Eq. (43) is equivalent to solving the problem in Eq. (48). Moreover,
as demonstrated in Fisher and Bhattacharya (2006); Hover and Triantafyllou (2006), the stability of the augmented system
guarantees that the original system is also stable.
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Proposition 1 : Consider the augmented system presented in Eq. (42). Let us chooseN (XXX ) = −HHHT P̃̃P̃PXXX −XXX T P̃̃P̃PHHH, so
that

L = XXX T Q̃̃Q̃QXXX −HHHT P̃̃P̃PXXX −XXX T P̃̃P̃PHHH (50)

The optimal control law that transfers the dynamical states from a given initial condition to the origin while minimizing
the cost function in Eq. (48), as long as L is positive definite, has the form

UUU = −R̃̃R̃R−1BBBT P̃̃P̃PXXX (51)

where P̃̃P̃P is the solution of the algebraic Riccati equation

− ˙̃
PPP = P̃PPAAA+AAAT P̃PP − P̃PPBBBR̃RR

−1
BBBT P̃PP + Q̃QQ P̃PP (tf ) = 000 (52)

Additionally, for t → ∞, the controlled system is locally asymptotically stable in the neighborhood Γ0 ⊂ Γ,Γ ⊂
Rn(P+1), of the origin ifXXX 0 ∈ Γ0. If Γ = Rn(P+1), then the controlled system is globally asymptotically stable.

Proof : See Pereira et al. (2016) (to appear).

5. NUMERICAL SIMULATIONS

In this section we show some numerical simulations of the proposed control strategy applied to the rotation dynamics
of the MAV presented in Section 2.. This paper makes use of the AR Drone 2 parameters in order to emulate a real
plataform. The moments of inertia of the vehicle are: Jx = 2.238 × 10−3 kg m2, Jy = 2.986 × 10−3 kg m2 and
Jz = 4.804× 10−3 kg m2. In the first batch of simulations, it was considered an uncertainty in the moments of inertia of
±50% around the nominal values. Figure 2 shows the controlled trajectories. We also show for sake of comparison the
Monte Carlo based designs. We see a good agreement between the methods. Moreover, the trajectories reach the target
value and, as can be seen in Fig. 3, the controlled system is asymptotically stable since L is positive definite. The gain
matrices were:

Q =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 R =

 1000 0 0
0 1000 0
0 0 1000

 (53)
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Figure 2: Trajectory for the controlled MAV. In black, generalized polynomial chaos (gPC) based design. In red,
Monte Carlo (MC) based design.

In the second batch of simulations, it was considered that the MAV was subjected to a external disturbance in Ωx of
the form

w =
(0.8 + 0.5ξ)9.81

2

[
1− cos

(
πt

5

)]
e−0.04t

t2 + 1
(54)
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Time
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Figure 3: Positive definite function L

where ξ N(0, 1). Such disturbance is an adaptation of the U.S. Military Specification MIL-F-8785C for wind gusts.
Figure 4 shows the trajectories of the controlled vehicle. The gain matrices were:

Q =


80 0 0 0 0 0
0 80 0 0 0 0
0 0 80 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 R =

 1 0 0
0 1 0
0 0 1

 (55)

Again, we plot the Monte Carlo based designs. Both methods provides similar results in the statistical standpoint. The
control law was able to successfully drive the trajectories to the equilibrium state.
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Figure 4: Trajectory for the controlled MAV subjected to disturbance. In black, generalized polynomial chaos
(gPC) based design. In red, Monte Carlo (MC) based design.

6. CONCLUSIONS

In this paper we have presented an optimal linear feedback control design method for the attitude control nonlinear
MAV model with stochastic uncertain parameters. We also analyzed the performance of the controlled vehicle subjected
to random disturbances. Using the generalized polynomial chaos expansions, parameterized by random variables with
known distribution, the stochastic differential equation that describes the dynamics of the system is transformed into
an augmented system of deterministic differential equations for the mode strengths of the spectral decomposition. The
feedback control design, formulated under the optimal control theory, is then performed in a deterministic framework.
Numerical simulations shows that the control laws are effective and the results are consistent with the conventional Monte
Carlo based analysis in the statistical viewpoint. As future work, we consider applying the proposed control strategy to a
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complete MAV model, for both rotational and translational dynamics, in a uncertain environment. Moreover, we consider
study the implementation of such control strategy in a real vehicle, which may require estimation algorithms.
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