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Abstract: In this work, the nonlinear dynamics of an Atomic Force Microscope micro cantilever operating in tapping
mode is investigated, considering the influence of damping, nonlinear stiffness term, and squeeze film damping in
fractional-order. The response analysis of the system is carried out by bifurcation diagrams, phase portraits and
Lyapunov exponents. Numerical results showed that the analyzed parameters play an important role because they can
lead to different responses, like periodic and chaotic motion. In particular, for squeeze film damping in fractional-
order, the results showed the influence of the order of the derivative on the dynamic (regular or non-periodic)
behavior. To characterize these behaviors the 0-1 test was used once this is a good tool to characterize fractional-
order differential systems.
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1. INTRODUCTION

A typical (AFM) system consists of a micro-machined cantilever probe and a sharp tip mounted to a Piezoelectric
(PZT) actuator and a position sensitive photo detector for receiving a laser beam reflected off the end-point of the beam
to provide cantilever deflection feedback as show Fig. 1 (Jalili and Laxminarayana, 2004).
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Figure 1. Schematic diagram of the atomic force microscope (Frétigny, 2007).

According to Balthazar et al. (2014) that the nonlinear dynamic atomic force microscopy, in essence, consists of a
vibrating micro cantilever, with a nanoscale tip, which interacts with a sample surface via short and long range
intermolecular forces.

According to Garcia and Pérez (2003), Giessibl (2003), Rodrigues et al. (2014); Nozaki et al. (2013), Balthazar et
al. (2012a), (2012b), the main interest in the nonlinear dynamics of AFM grew out of observations of instabilities,
which occur at certain oscillation amplitudes. Then, it has been required to develop a new generation of AFM. In
addition, according to Burgess and Daniel (2006) the micro-cantilever of AFM in tapping mode may exhibits chaotic
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behavior under certain conditions. This subject has been experimentally observed. The existence of chaotic behavior in
AFM is highly undesirable because of its bad effects on the system once this type of complex irregular motion causes
the AFM to give inaccurate measurements and low resolution of the achieved sample topography.

Accordingly, to ensure good performance of the microscope is necessary to know the AFM operating conditions to
a region of the parameter space (Basso and Bagni, 2004).

Considering the importance of the knowledge of the dynamics of the AFM system for parametric variation, this
work presents the numerical results of the analysis of the influence of damping, nonlinear stiffness term, and squeeze
film damping in fractional-order, in the dynamic of the system AFM in tapping mode.

This paper is organized as follows. In Section 2 is presented the mathematical modelling. In Section 3, the proposed
control is designed and implemented, and the parameters: damping, nonlinear stiffness term of the beam, were
numerical analyzed considering bifurcation diagrams and Lyapunov exponent. Section 4 presents the numerical analysis
of the squeeze film damping in fractional-order considering time history of the displacement of the tip of the beam,
phase plane, Poincare map and 0-1 test. The conclusions are shown in Section 5.

2. MATHEMATICAL MODEL FOR A TYPICAL AFM WITH A NONLINEAR BEHAVIOR
Figure 2a presents the physical model of the tapping mode AFM. The basis of the cantilever is excited by a piezo-

electric actuator, with the displacement given by a harmonic force, and in Fig. 2b, is presented the cantilever as a mass-
spring-damper system vibrating closely to the surface of the sample.
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Figure 2. Model of an AFM (Balthazar et al., 2014).

The tip is taken as a sphere of radius R and the distance between the sample and the cantilever by Z, (distance
between an equilibrium position of the cantilever and the sample), when only the gravity force acts on it. The position
of the cantilever is given by x, measured from the equilibrium position (Balthazar et al., 2014).

According to Rutzel et al. (2003) the interaction between the tip of the cantilever and the surface of the sample, may
be modeled as being the interaction between a sphere and a plane surface, as in Eq. (1).

___AR AR
U0t = e W) )

where: U(X,zo) is the Lennard-Jones (LJ) potential, A; is the Hamaker constant to the attractive potential and A, is the
constant of Hamaker to the repulsive potential.

The forces can be represented by the sum of attractive and repulsive forces, expressed them in Eq. (2), by Rutzel et
al. (2003):
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Note that during the process of the tapping mode of AFM, the cantilever is also excited by a harmonic force
fcos(wt), and the contact tip-sample generates the force.
The governing equation of the motion of the cantilever can be determined, in given in Eq. (3).

mX=F +F +F_+F+fcoswt 3)

where: x is the displacement of the tip of the cantilever, considering the equilibrium position in the absence of the
external forces, the mass of the cantilever is represented by m, the forces F can be represented by the sum of attractive
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and repulsive forces, expressed by Eq. (2), the conservative force of the spring is Fy, F,the damping force of the elastic
term is F, and the squeeze film damping is given by F¢. In addition, the spring stiffness also is a parameter, which can

be affected by elastic term phenomena and nonlinearities. Therefore, the variation of the conservative force of the
spring (Fy) can be represented by (Balthazar et al., 2014):

Fk :k|X+kn|X3 (4)
The dissipation force F, can be obtained from (Balthazar et al., 2014):
F. =cx (5)

According to Zhang et al. (2009) the F. squeeze film damping is represent by:

3
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where ue i the effective viscous coefficient, the width of the cantilever is £ and its length as I.
The equation of motion (3) will become:
3
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The equation (7) can be represented in following dimensionless form:
X =X
X, = —IXy —bX; — X, — d -+ € 8JrgcosQr—Le’x2 ®)
(a+x) (a+x (a+x,)
. 6
Where Xl:y,X2:y,T:W1t,y=L,y= X 1a~=z_01b=ﬁ1(:=h252!d:iye:ii !gzia
Z, W, Zg Z Kat Kat 27 405\ z KatZs
3
| %
p=ta Bl o W L zsz(z) ARY®
mw, zg W, Q 3\ 3k

3. NUMERICAL SIMULATIONS, RESULTS AND DISCUSSIONS FOR ATYPICAL AFM

Considering the variation of the nonlinear term of the spring stiffness (c) in the behavior of the nonlinear AFM
model as c¢<[0.28,0.38], and a=1.6, b=0.05, ¢c=0.35, d=4/27, e=0.0001, g=0.2, =1, p=0.005 and
r=0.1, Figs. 3 show the bifurcation diagram and the Largest Lyapunov exponent for nonlinear term of the spring
stiffness (c) variation.
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Figure 3. Variation of the nonlinear term of the spring stiffness coefficient ¢ €[0.28,0.38] . (a) Bifurcation

diagram showing maximum displacement. (b) Largest Lyapunov exponent.
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It can be observed in Fig. 3, the coefficient ¢ has some influence on the dynamical behavior of the beam. It is
possible through an appropriate choice of the imposed coefficient a periodic or chaotic behavior of the system.

Next, we will consider the variation of the beam’s damping coefficient (r) in order to see its influence in the
behavior of the nonlinear AFM maodel, in the interval r €[0.05,0.15], and a=1.6, b=0.05, ¢=0.35, d =4/27,
e=0.0001, g=0.2, Q=1and p=0.005.

Figures 4 show the bifurcation diagram and the Largest Lyapunov exponent for the variation of the beam’s damping
coefficient (r). The damping coefficient also interfere on the dynamic of the system, being predominantly with chaotic
behavior to r €[0.05,0.135] and periodic forr €[0.135,0.15 ] .
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Figure 4. Variation of the damping force of the elastic term coefficient r €[0.05,0.15] . Bifurcation diagram
showing maximum displacement. (b) Largest Lyapunov exponent.

Figure 5 shows the maximum Lyapunov exponent for the variation of the damping force of the elastic term
coefficient r €[0.05,0.15] and nonlinear term of the spring stiffness coefficient ¢ €[0.28,0.38] .
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Figure 5. Largest Lyapunov exponent.

Analyzing Fig. 5, it is possible to see that the most influential factor in the chaotic behavior of the system is the
nonlinear term of rigidity, demonstrating the importance of the appropriate choice of the beam material and the
importance of the nonlinear term in the mathematical model of the AFM.

4. INFLUENCES OF THE SQUEEZE FILM DAMPING IN THE BEHAVIOR OF THE AFM SYSTEM

In this section, we will discuss the influence of the squeeze film damping in the behavior of the AFM system. In Eq.
P

+x )
behavior of the sample.
Then, in Fig. 6, the variation of the parameter (p) was performed, whose parameter depends on the effective viscous
coefficient (ue). The parameter p has a small influence on chaotic behavior of the system, as the Lyapunov exponent
remained positive for practically any change, except for p =0.0072 in the Lyapunov exponent tended to zero.

(8) we can observe a dissipation term caused by the squeeze film damping (- X, ), inherent in the viscous
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Figure 6. Largest Lyapunov exponent for p €[0.001,0.009].

Considering the numerical values of the parameters: Q=1, r=0.1, b=0.05, ¢=0.35, d=4/27, e=0.0001,
g=0.2, p=0.005, a=1.6, X, =0 and X, =0. The displacement of the tip is shown in Fig. 7a, phase plane in Fig.

7b and Poincare map in Fig. 7c.
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Figure 7. (a) Displacement of the tip. (b) Phase portrait. (c) Poincare map.

4.1. Chaos Analysis in System with a Fractional-Order

In the case of the sample related to damping, it is possible to see that the behavior is not only viscous but
viscoelastic. For the viscoelastic behavior is possible the use of the fractional-order derivatives to analyze the dynamic
behavior of the system (Bagley and Calico, 1991). Due to essential differences between ordinary differential equations
(ODE) and fractional-order differential equations (FODE). Most of characteristics or conclusions of the ODE systems
cannot be directly extended to the case of the FODE systems (Yu et al., 2009).

Differential equations may involve Riemann—Liouville differential operators of fractional-order g > 0, which
generally takes the form below (Yu et al.,2009):
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where 7 is the first integer not less than . It is easily proved that the definition is the usual derivatives definition
when g=1. The case 0<qg<1 seems to be particularly important (Yu et al., 2009). For simplicity and without loss of
generality, in the following, we assume that: t; =0, 0<q<1.

In this section, we used the techniques of fractional calculus to analyze the behavior of the system (8) with squeeze
P

@+x)

film damping (-

X, ) with a fractional order:
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where, 0<@;,0,,0 <1. Its order is denoted by q=(q;,d,,qs3) here.

4.2. The 0-1 Test

The 0-1 test, proposed by Gottwald and Melbourne, (2004; 2005) is directly applied to the time series data, based on
the statistical properties of a single coordinate (here in the variable x;) (see Eg. 10). Basically, the 0-1 test consists of
estimating a single parameter K. The test considers a system variable x;, where two new coordinates (p,q) are defined as
follows

p(n7)= X x(i)co(§7) w
a(n)= Lx(i)sin( i) )

where, T €(0,7) isa constant. The mean square displacement of the new variables p(n,c) and q(n,c) is given by
.1N[. _ v N ._2]
M(n,0)= lim = [(p(j +n.€)~ p(i,C)) +(a(i +n.e) - a(i.c) (13)
j=1

where n=1,2,...,N and, therefore, we obtain the parameter K. in the limit of a very long time

___oov(Y,M(©))
¢ \/var(Y)var(M(E))

(14)

where vectors M ((‘:)z[M (LT),M(2C),...M (nmax,(‘:)} and Y =[1,2,...,n |-

Given any two vectors xand vy, the covariance cov(x,y)and variance var(x), of n., elements, are usually
defined as (Litak et al., 2013):

cov(x,y)=

> (x(n)=%)(y(n)-) (15)

var (x) = cov(x, x) (16)
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where X and Y are the average of x(n) and y(n), respectively. As a final result, the value of the searched parameter

K is obtained taking the median of 100 different values of the parameter € (0, 7) in Eq. (14). If the K. value is close

to 0 the system is periodic, on the other hand, if K. value is close to 1 the system is chaotic. In all simulations we have
n n

chosen n=10000 and j=——ro,...,—.
100 10

4.3. Numerical Results and Discussions

Considering the numerical values for the parameters: Q=1, r=0.1, b=0.05, ¢=0.35, d=4/27, e=0.0001,
g=0.2, p=0.005, a=1.6, % =0 and X, =0. Figure 8 shows the K variation for the derivate order for ¢, =q, =1

and 0.5<0q; <1. It is possible to see that the behaviour of the chaotic system does not change with the variation of the
order gz, which represents the viscoelastic behavior of the squeeze film damping. However, note that when gs < 1, the
value of K are higher (for g; =0.53we have K=0.9945, for g; =1we have K=0.9818), which indicates a change in
chaotic behavior and a higher level is it.
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Figure 8. Variation of the K vs variation of the 0.5<q; <1.

The displacement and the phase plane for (g, =¢, =1 and 0; =0.53) case can be observed in Fig. 9. They show
that, to g; =0.53, the system remains chaotic with a small increase in the displacement of the tip of the beam, which
can be seen in Fig. 10.
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Figure 9. (a) Time history of the displacement of the tip. (b) Phase plane.

In Fig. 10, it is possible to observe a small increase in displacement of the tip of the beam, demonstrating the
importance of analysis of the viscoelastic behavior of the surface of the sample.
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Figure 10. Time history of the displacement of the tip for (¢, =g, =1 and g3 =1 and g3 =0.53) case.

5. CONCLUSIONS

In this work, the nonlinear dynamics of an Atomic Force Microscope micro cantilever operating in tapping mode
considering the influence of the damping, nonlinear stiffness term, and squeeze film damping in fractional-order, was
investigated. Through numerical simulations it was possible to analyze the nonlinear dynamics of an AFM system.

The numerical results showed that the analyzed parameters play an important role because they can lead to different
responses, like periodic and chaotic motion. In particular, for squeeze film damping in fractional-order, the results
showed the influence of the order of the derivative on the displacement of the tip of the beam. The 0-1 test proved to be
a good tool to characterize fractional-order differential systems.
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