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Abstract: Transformation induced plasticity (TRIP) is defined as the plastic flow arising from solid phase 
transformation processes involving volume and/or shape changes within the yield surface. This phenomenon occurs in 
shape memory alloys (SMAs) having significant influence over their macroscopic thermomechanical behavior. The 
present contribution presents a macroscopic three-dimensional constitutive model with internal constraints to describe 
the thermomechanical behavior of SMAs including classical and transformation induced plasticities. Comparisons 
between numerical and experimental results attest the model’s ability to capture TRIP phenomenon.  
 
Keywords: Shape memory alloys, plasticity, transformation induced plasticity, constitutive model, numerical 
simulations. 

 
 

1. INTRODUCTION  
Shape memory alloys (SMAs) belong to the class of smart materials that have complex thermomechanical behavior 

related to different physical phenomena. Basically, the coupling between different fields establishes the remarkable 
properties of SMAs. Among the main behaviors, shape memory effect should be highlighted where the specimen can 
recover its original shape by the imposition of a proper thermomechanical loading process. Pseudoelasticity or 
superelasticity, two-way shape memory effect, phase transformation due to temperature variation, internal subloops due 
to incomplete phase transformation, and tension-compression asymmetry are other important behaviors identified on 
SMAs (Lagoudas, 2008; Paiva and Savi, 2006). 

 Plastic behavior of SMAs can be classified in two different behaviors: classical plasticity and transformation 
induced plasticity (TRIP). The classical plasticity arises from applied stress or temperature variation when yield surface 
is reached. On the other hand, TRIP results from internal stresses arising either from the volume change associated with 
the transformation or from the accompanying shape change without reaching the yield surface of the weaker phase 
involved (Leblond et al. 1989; Fischer et al. 2000). 

TRIP phenomenon is usually associated with two distinct physical mechanisms, which have been proposed by 
Greenwood & Johnson (1965) and Magee (1966). The Greenwood-Johnson effect is due to an accommodation process 
of the microplasticity associated with a volume change. The Magee effect, on the other hand, is due to an orientation 
effect that arises from a shear internal stress state, which favors the thermodynamically preferred orientation direction 
for martensite formation in the presence of an external stress field, involving shape change. 

Many efforts have been done towards for the TRIP modeling (Taleb et al. 2001; Homberg, 2004). The great 
majority of these models focus on micro scale features. Moreover, some of them discard the Magee effect for particular 
studies. Concerning TRIP effect on SMAs, it should be highlighted studies related to cyclic loading responses of SMAs 
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(Lagoudas et al. 2003; Auricchio et al. 2002; Chao et al. 2012). The main characteristic observed in the stress-strain 
curves during the training process are the reduction of the phase transformation stress and the increase of the residual 
permanent deformation which characterizes the TRIP effect (Auricchio et al. 2002). Lagoudas & Pavlin (2003) 
presented the modeling of the TRIP effect in SMAs while Entchev & Lagoudas (2003) discussed the TRIP model for 
porous SMAs. 

This paper presents a three-dimensional constitutive model to describe both classical plasticity and transformation 
induced plasticity. The proposed model is an extension of the one presented by Oliveira et al. (2016, 2009) that is 
inspired on the one-dimensional model discussed in the following references: Paiva et al. (2005); Savi & Paiva (2005); 
Savi et al. (2002); Baeta-Neves et al. (2004). The goal of this work is to describe the macroscopic manifestation of the 
TRIP phenomenon on SMAs, exploring its influence on cyclic loadings. Numerical simulations are carried out 
establishing a comparison with experimental data showing the model’s ability to capture TRIP phenomenon.  

 
2. CONSTITUTIVE MODEL  

The thermomechanical description of the TRIP effect in SMAs is based on the previous model presented in Oliveira 
et al. (2016, 2009). This model is developed within the framework of continuum mechanics and generalized standard 
materials approach (Lemaitre & Chaboche, 1990). Under this assumption, the thermomechanical behavior can be 
described by the Helmholtz free energy density, Ψ, and the pseudo-potential of dissipation, Φ. This approach assures 
that the second law of thermodynamics is satisfied, avoiding inconsistent behaviors. Based on that, the 
thermomechanical behavior of SMAs is described by the following set of equations.  

    ij ijkl kl ij ij 0E T T            
 0

1 ijh I K
ij ij ijP T T K H

          

           

   

 0
1 ijh I K

ij ij ijP T T K H
          


            

   

     2
0

1 1 1 1
2 2 2

ijA A e A M A M I K A A
ij ij ij ij ij ijA A MP Λ T T K K K HH H

                               
   

   2 2
3 3

ij ijp I A p K A
ij ij ij ij

ij ij

ˆ Hˆ
                                    

      32 2313 31 43 342 1trip A A A A A
ij ij M M M M  M M                               

A A                 
Yield surface and its conditions:  2

3ij ij Yˆf K     ;     0  , 0f   and 0f  ;    0f  if 0f   
 

This model considers four macroscopic phases: austenite (A), twinned martensite (M), which is stable in the 
absence of a stress field; and two phases associated with detwinned martensite, ܯା and ିܯ. In this regard, volume 
fraction of each phase should be considered: ߚ஺ is volume fraction of austenite (A); ߚା and ିߚ, are the volume fraction 
of martensitic variants (ܯା and ିܯ, respectively); the fourth phase is associated with twinned martensite (M) and its 
volume fraction is ߚெ. Since ߚெ = 1 − ାߚ − ିߚ − ௜௝௘ߝ ,஺.  In the previous equationsߚ , is the elastic strain; T is the 
temperature; T0 is a reference temperature in a stress-free state; ϑ is the isotropic hardening variable; ߫௜௝ is the kinematic 
hardening tensor; ߪො௜௝ is the deviatoric tensor of ߪ௜௝. Finally, ߦା, ߦ ,ିߦ஺ are the new internal variables specifically related 
to the TRIP phenomenon. 

Concerning parameters, subscript A and M are respectively related to austenitic and martensitic phases; α is a 
parameter that control the height of the stress-strain hysteresis loop; ߉ெ and ߉஺ are functions of temperature that define 
the phase transformation stress value; ߗ௜௝  is a tensor related to the thermal expansion coefficients; K it is the plastic 
modulus; H is the kinematical hardening modulus; ρ is the material density; ߟ௠(݉ = +, −,  is associated with the (ܣ
internal dissipation of each material phase;  ηI defines the coupling between phase transformation and isotropic 
hardening; ߟ௜௝௄  is the second-order tensor associated with the kinematic hardening.  

Internal constraints need to be considered in order to properly describe dissipation phenomena associated with 
phase transformation and plasticity. In this regard, indicator functions are defined to establish convex sets. τ is related to 
the sub-differential with respect to volume fractions being associated with projections in the β-space: 

    A A, , I , ,                                                                                                                                         (1) 
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where ܫగ(ߚା, ,ିߚ  .஺) is the indicator function associated with the convex πߚ

The set ℸ is related to the sub-differential with respect to ߚሶା, ሶߚ ሶି andߚ ஺. 
    A A, , I , ,                                                                                                                                         (2) 
 

where ܫఞ൫ߚሶା, ,ሶିߚ ሶߚ ஺൯ is the indicator function associated with the convex χ. 
Besides, plasticity behavior is described using the classical approach considering that γ is the plastic multiplier; If is 

the indicator function related to the classical plasticity and σY is the yield stress. Moreover, plastic behavior is subjected 
to the Kuhn-Tucker conditions  ߛ ≥ 0, ݂ ≤ 0 and ݂ߛ = 0 and the consistency condition ݂ߛሶ = 0 if  ݂ = 0. 

The use of a limit number of martensitic variants is possible due to the definition of an equivalent strain field, Γ, 
which induces phase transformations (Oliveira et al. 2016). The definition of this equivalent strain field Γ is based on 
experimental observations that show that both volumetric and deviatoric effects induce the phase transformations with 
the same qualitative behavior. Its definition is as follows: 
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Note that this strain filed has volumetric and deviatoric terms that are respectively given by: 
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where the deviatoric elastic strain is given by 
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An additive composition is assumed including a new TRIP strain term: 
 

e p t trip
ij ij ij ij ij                                                                                                                                                       (8) 

 
The phase transformation strain defines the width of the stress-strain hysteresis loop, being written as follows: 
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where  ߙ௜௝௞௟௛  is a fourth-order tensor related to phase transformations that considers different parameters for normal and 
shear behaviors. Its form is similar to the classical isotropic elastic tensor (Oliveira et al. 2016). 
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where ߙே௛   is the normal component and  ߙௌ௛ is the shear component of ߙ௜௝௞௟௛ . 

The definition of transformation strain, ߝ௜௝௧ , needs the definition of parameter rkl that is a symmetric second-order 
tensor related to the loading history (Oliveira et al. 2016) as follows: 
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For situations where mechanical loadings are provided by multiaxial, non-simultaneous load history, tensor ݎ௞௟  is 

evaluated as follows for the subsequent loadings:  
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where ܵ௞௟௠௔௫ represents the maximum value of the mechanical loading that can be a stress or a strain. Besides, note that 
ௌೖ೗೘ೌೣ

หௌೖ೗೘ೌೣห = 0 if ܵ௞௟௠௔௫ = 0.  
Moreover, auxiliary quantities are defined as follows: 
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where λ and μ are the Lamé coefficients; ߜ௜௝ is the Kronecker delta. 

The coupling with the kinematic hardening is defined by the second-order tensor ߟ௜௝௄  defined as follows: 
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It is important to highlight that some constants are split due to temperature or loading dependence. In this regard, 

some changes can be used to facilitate adjustments with experimental data. Yield surface can be defined as a function of 
temperature. Besides, it is important to define the form of the temperature dependent phase transformation stress levels. 
The dissipation aspects of phase transformation may be defined using different parameters during loading and 
unloading. Therefore, it is important to define the details of some parameters. 

Initially, consider the temperature dependent functions ߉ = ℵ߉ and (ܶ)߉ =  ℵ(ܶ). The following definitions are߉ 
adopted:  
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where TM  is the temperature below which the martensitic phase becomes stable; note that the phase transformation 
stress level is constant for T <TM. 

The phase transformation dissipation can be defined contemplating the different characteristics of the phase 
transformation kinetics during loading and unloading processes. Therefore, different values can be employed for the 
parameters ߟ and  ߟ஺, in the follow form: ߟ = ሶ߁ ௅ ifߟ > ߟ ;0 = ሶ߁ ௎ ifߟ < ஺ߟ ;0 = ሶ߁ ௅஺ ifߟ > ஺ߟ ;0 = ሶ߁ ௎஺ ifߟ < 0. The 
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parameters ߟ௅, ߟ௎, ߟ௅஺   and  ߟ௎஺ are calculated considering fourth-order tensors, in the same way of the Equations (21) 
and (22). 
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where ( )ே and ( )ௌ respectively represents the normal and the shear components; ߁ఙ  is the equivalent stress field, 
similar to the strain field ߁. 
 
2.1. Saturation Parameters  

In order to describe the TRIP effect, it is necessary to represent the saturation effect. This behavior is taken into 
account with exponential functions, associated the variables ߦ௡ related TRIP effect. 

The parameters ܮ ,ߙ଴ା, ܮ଴ି  :஺, are presented in the general formܮ ,  ଴஺ܮ ,ିܮ ,ାܮ ,
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(23)  

 
where ( ) represents the actual value of the parameter, (  ) ෢  represents the nominal parameter value and m( ) controls the 
saturation effect. 

In addition, TRIP parameters are defined as follows: 
    13 13 31 31exp expM MM M m Mˆ M̂ m                                                                                                  (24) 
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where mM controls the saturation effect. Temperature dependence is considered assuming that parameters can have a 
linear dependence as shown in the following expression: 

 

                                                                                                                       
(27) 

 
where ܯ෡ଵଷோ  is a reference value of ܯ෡ଵଷ  at ܶ = ܶ௧௥௜௣ and ܶ௧௥௜௣ is a temperature below which TRIP does not exist. 
Analogous expressions are used to M31, M23 and M32. For simplicity, this work considers M34=M43 = 0. 
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3. NUMERICAL SIMULATIONS – UNIAXIAL TESTS  

Numerical simulations are carried out in order to show the model capabilities to describe themomechancial 
behavior of SMAs. This section considers uniaxial tests by assuming that mechanical loading linearly varies from zero 
to a maximum value and then back to zero. Stress driving case is assumed. Table 1 presents constitutive parameters. 
Experimental results from Tobushi et al. (1991) are considered as a reference. In order to compare with the one-
dimensional model, Poisson's ratio is vanished. 

 Initially, numerical simulations are compared with experimental data obtained by Tobushi et al. (1991). Figure 1 
presents tests for three different temperatures: T=373K, T=353K and T=333K. It is noticeable a pseudoelastic behavior 
and that the model captures the general thermomechanical behavior, including the TRIP effect represented by a residual 
strain when the loading cycle is finished. This behavior, however, is temperature dependent. The higher temperature is 
related to higher value of the residual strain related to the TRIP effect. 
 

Table 1- Parameters obtained from the experimental results obtained by Tobushi et al. (1991). 
 

EA(GPa) EM(GPa) ΩA(MPa/K) ΩM (MPa/K) ߙே௛(MPa) ߙௌ௛(MPa) 
54 42 0.74 0.17 0.0453 0.0228 

஺ܮ ଴஺(MPa)ܮ (MPa) ±ܮ ଴±(MPa)ܮ (MPa)ߙ  (MPa) TM (K) 
330 0.15 41.5 0.63 180 291.4 

TF (K) T0(K) ܶ௧௥௜௣(ܭ) ߪ௒ெ (GPa) ߪ௒஺௜ (GPa) ߪ௒஺௙ (GPa) 
423 307 333 1 3 2 

KA(GPa) KM(GPa) HA(GPa) HM (GPa) ߟூ ߟ௄ 
1.4 0.4 4 1.1 -0.01 -0.01 

൫ߟ௅ ൯ே (MPa. s) ൫ߟ௎ ൯ே(MPa.s) (ߟ௅஺)ே (MPa. s) (ߟ௎஺)ே(MPa.s) ൫ߟ௅ ൯ௌ  (MPa. s) ൫ߟ௎ ൯ௌ(MPa.s) 
1 2.4 1 2.4 1 2.4 

.ௌ (MPa(௅஺ߟ) s) (ߟ௎஺)ௌ(MPa.s) ܯ෡ଵଷ (GPaିଵ) ܯ෡ଷଵ(GPaିଵ) ܯ෡ଶଷ (GPaିଵ) ܯ෡ଷଶ(GPaିଵ) 
1 2.4 0.009 0.009 0.009 0.009 

݉ఈ ݉௅ ݉ெ N ߭஺  ߭ெ  
0.2 0.1 0.1 2 0.40 0.42 

 

 (a) 

                                                             (b)    (c) 
Figure 1- Numerical-experimental comparison: (a) T=333K; (b) T=353K; (c) T=373K. 

 
The TRIP effect has a saturation characteristic meaning that its influence reduces when the number of cycles 

increases. Because of that, SMA actuators need to be subjected to training process that eliminates the influence of this 
phenomenon. Figure 2 presents results of a cyclic response of an SMA sample (Lagoudas et al. 2003) compared with 
numerical simulations related to the same experimental data. Table 2 presents model parameters employed for 
simulations. Figure 2(a) shows stress-strain curves establishing a comparison between experimental and numerical 
results. Figure 2(b) presents phase transformation evolution showing volume fraction time history. Figure 2(c) shows 
the evolution of the TRIP effect. After the first fifteen cycles, the TRIP strain assumes a constant value, stabilizing the 
hysteresis loop. Note that this kind of simulation can be performed in order to evaluate the number of cycles needed for 
a proper training process. 
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Table 2- Model parameters that match experimental results due to Lagoudas et al. (2003). 
 

EA(GPa) EM(GPa) ΩA(MPa/K) ΩM (MPa/K) ߙே௛(MPa)  (MPa) 
72 28.2 0.74 0.17 0.037 140 

஺ܮ ଴஺(MPa)ܮ (MPa) ±ܮ ଴±(MPa)ܮ  (MPa) TM (K) TF (K) 
0.1 41.5 0.63 147 291.4 423 

T0(K) ܶ௧௥௜௣(K) ߪ௒ெ (GPa) ߪ௒஺௜ (GPa) ߪ௒஺௙ (GPa) KA(GPa) 
307 330 5 15 10 1.4 

KM(GPa) HA(GPa) HM (GPa) ߟூ ߟ௄ ൫ߟ௅ ൯ே (MPa. s) 
0.4 4 1.1 -0.01 -0.01 0.1 

൫ߟ௎ ൯ே(MPa.s) (ߟ௅஺)ே (MPa. s) (ߟ௎஺)ே(MPa.s) ܯ෡ଵଷ (GPaିଵ) ܯ෡ଷଵ(GPaିଵ) ݉ఈ  
0.04 0.1 0.04 0.072 0.071 0.07 

݉௅ ݉ெ N ߭஺  ߭ெ   
0.2 0.14 2 0 0  

 
 

 (a) 

 (b)       (c) 
Figure 2- Cyclic loading test: (a) stress-strain curves; (b) volume fractions; (c) TRIP strain evolution. 

 
4. NUMERICAL SIMULATIONS – MULTIAXIAL TESTS  

This section investigates SMAs subjected to multiaxial tests. Initially, a pure shear test is carried out showing the 
coordinate invariance of the model. Afterward, the pure shear test with plasticity is treated. Finally, a tension-torsion 
coupled test is carried out, showing the influence of TRIP effect in this three-dimensional test. 

 
4.1. Pure ShearTest 

 This section analyzes the pure shear test. The main idea is to compare the pure shear test with its analogous tension-
compression test. A situation where the SMA specimen reaches the yield surface is in focus, presenting plastic 
behavior. Stress driving case is assumed with the maximum stress components as follows. Table 1 presents model 
parameters employed for simulations. 

 
0 0.85 0 0.85 0 0

0.85 0 0 GPa 0 0.85 0 GPa
0 0 0 0 0 0

Shear Equivalent 
                 

 

 
Figure 3 presents the SMA response for both pure shear and tension-compression tests. Figure 3(a) presents stress-

strain curves comparing both equivalent loading process, showing that both curves are identical. Figure 3(b) presents 
volume fraction evolutions while Figure 3(c) presents TRIP strain and plastic strain evolutions. 
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 (a)                                                               (b) 

 (c) 
Figure 3 - Pure shear test with plasticity. (a) Stress-strain curves; (b) volume fraction evolution; (c) plastic and 

TRIP strain evolutions. 
 
4.1.1. Coupled Tension-Torsion Test   

This section deals with a coupled tension-torsion test. Figure 4 presents results for uncoupled test considering 
tension and torsion tests without TRIP, employed to adjust model parameters presented in Table 3. 

 
Table 3- Model parameters used to coupled tension-torsion test. 

 
EA(GPa) EM(GPa) ΩA(MPa/K) ΩM (MPa/K) ߙே௛(MPa) ߙௌ௛(MPa) 

65 29 0.74 0.17 0.0148 0.0176 
஺ܮ ଴஺(MPa)ܮ (MPa) ±ܮ ଴±(MPa)ܮ (MPa)ߙ  (MPa) TM (K) 

1 0.6 5 3.5 30 223 
TF (K) T0(K) ܶ௧௥௜௣(K) ߪ௒ெ (GPa) ߪ௒஺௜ (GPa) ߪ௒஺௙ (GPa) 

423 285 270 0.5 1.5 1 
KA(GPa) KM(GPa) HA(GPa) HM (GPa) ߟூ ߟ௄ 

1.4 0.4 4 1.1 -0.01 -0.01 
൫ߟ௅ ൯ே (MPa. s) ൫ߟ௎ ൯ே(MPa.s) (ߟ௅஺)ே (MPa. s) (ߟ௎஺)ே(MPa.s) ൫ߟ௅ ൯ௌ  (MPa. s) ൫ߟ௎ ൯ௌ(MPa.s) 

2.3 1 15 0.88 1.9 2.8 
.ௌ (MPa(௅஺ߟ) s) (ߟ௎஺)ௌ(MPa.s) ܯ෡ଵଷ (GPaିଵ) ܯ෡ଷଵ(GPaିଵ) ܯ෡ଶଷ (GPaିଵ) ܯ෡ଷଶ(GPaିଵ) 

3 0.8 0.05 0.05 0.05 0.05 
݉ఈ ݉௅ ݉ெ N ߭஺  ߭ெ  
0.1 0.4 0.2 2 0.36 0.36 

 

 (a)                                                                 (b) 
Figure 4 - Response for tensile test and shear test. (a) ߪଵଵ ൈ ଵଶߪ ଵଵ, (b)ߝ ൈ  .ଵଶߝ2

 
Figure 5 presents the loading process and SMA response. Note that loading process considers different mechanical 

loadings involving tension and torsion. Results are presented as stress-strain curves and tension-torsion strain curves. In 
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addition, the evolution of TRIP and plastic strains are also shown. Note that TRIP phenomenon is observed presenting 
the expected stabilization behavior. 

 

 (a)                                                                  (b) 

                                                                                             (c) 

 (d) 

 (e) 
Figure 5 - Tension-torsion test. (a) Loading process of the coupled tension-shear test; (b) time history of ߝଵଵ௧௥௜௣ and 

ଵଵߪ ଵଶ௧௥௜௣; (c)ߝ ൈ ଵଶߪ ଵଵ; (d)ߝ ൈ ଵଶߝଵଶ; (e) 2ߝ2 ൈ  .ଵଵߝ
 
5. CONCLUSIONS  

This work presents a three-dimensional model to describe the transformation induced plasticity on shape memory 
alloys. Essentially, the constitutive model proposed by Oliveira et al. (2016) is extended considering new state variables 
associated with the TRIP effect. Model parameters are described by exponential functions in order to represent the 
saturation effect. Numerical simulations are carried out for uniaxial and multiaxial tests. Concerning uniaxial tests, 
results are in close agreement with experimental data presented in Tobushi et al. (1991) for tensile tests and Lagoudas et 
al. (2003) for cyclic loading test. Multiaxial tests consider pure shear test showing the material invariance with an 
equivalent tension-compression test. Moreover, a coupled tension-torsion test is treated showing the capacity of the 
model to describe TRIP effect. 
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