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Abstract. A similarity analysis is applied to the transport equations for the second-order velocity structure functions
of 〈(δu)2〉 and 〈(δq)2〉 along the centreline of a round turbulent jet. On the basis of the current analysis, self-similar
forms of the transport equations are obtained. These self-similar equations have the desirable benefit to require less
extensive measurements to calculate the inhomogeneous terms of the transport equations. The validity of these equations
is investigated via hot-wire measurements of velocity fluctuations. The present similarity form of the transport equation
for 〈(δq)2〉 is shown to be closely satisfied by the experimental data, while the assumption of isotropy leads to a significant
imbalance in the equation for 〈(δu)2〉. The current analysis argues that the similarity assumptions in combination with
the linear decay of the mean velocity are enough to predict a power-law decay of turbulent kinetic energy, 〈q2〉, as well
as turbulent velocity fluctuations (〈u2〉 and 〈v2〉). The theoretical solutions are tested against new experimental data
obtained along the centreline of a round turbulent jet at ReD = 50, 000.
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INTRODUCTION

Kolmogorov (1941) derived an important exact relation between the second- and third-order moments of the longitu-
dinal velocity increment from the Navier-Stokes equations assuming homogeneity, isotropy (HIT) and sufficiently high
Reynolds number conditions, viz.

−〈(δu)3〉+ 6ν
d

dr
〈(δu)2〉 =

4

5
〈ε〉r , (1)

where δu = u(x + r) − u(x), and r is the separation between the longitudinal direction x, ν is the kinematic viscosity
and 〈ε〉 is the mean dissipation rate of turbulent kinetic energy. This equation implies that at a scale r the dissipation of
turbulent kinetic energy is the sum of turbulent advection (first term left-hand side in (1)) and molecular diffusion (second
term left-hand side in (1)).

However, the assumption that the Reynolds number should be very large is not realized in turbulent flows encountered
in laboratory conditions such as gird turbulence, fully developed channel and jets. Therefore, (1) cannot be balanced for
these practical flows. As such, Danaila et al. (1999) revisited the hypotheses involved in the derivation of (1) and derived
a new equation for decaying turbulence as:

−〈(δu)3〉+ 6ν
d

dr
〈(δu)2〉 − 3U

r4

∫ r

0

s4
∂

∂x
〈(δu)2〉ds =

4

5
〈ε〉r. (2)

Here, U is the mean streamwise velocity, and x is the downstream location and s is a dummy separation variable. The
third term on the LHS of (2) reflects the inhomogeneity due to the streamwise decay of 〈u2〉, which was introduced as a
consequence of low Re condition. The terms in this equation can be measured by using a single hot-wire. Assuming the
global isotropy, this equation can be also applied along a round jet centreline.

Later, Danaila et al. (2004) derived a scale-by-scale energy equation along the centreline of a turbulent round jet using
the same procedure used in Danaila et al. (1999) and Danaila et al. (2002), viz.
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Here, 〈(δq)2〉 (= 〈(δu)2〉+〈(δv)2〉+〈(δw)2〉) is the total turbulent energy structure function. This equation has one extra
term than (2), which is related to the energy production. Equation (3) is more general than (2) and only requires a local
isotropy assumption, whereas (2) was derived with the use of global isotopy. Terms in (3) can be measured experimentally
using a cross-wire.

In order to compute the inhomogeneous decay terms in (2) and (3), 〈(δu)2〉 and 〈(δq)2〉 have to be measured at
different streamwise locations, which involves significant uncertainties associated with the numerical differentiation of
the data Antonia and Burattini (2006). Therefore, the main goal of the current work is to apply a novel similarity analysis
and introduce self-similar forms to (2) and (3). If global isotropy is assumed along the jet centreline, the production
term is zero; therefore, (2), which has been previously obtained for grid turbulence, can be applied along the centreline.
A particularly useful feature of this analysis is that it reduces some of the difficulties involved in the calculation of the
∂/∂x terms (production and decay terms). Based on our analysis, the similarity variables are formally obtained from the
governing equations. In addition, the current work assess the degree that similarity is satisfied with and without relaxing
the isotropy requirement. The similarity solutions obtained are then tested against experimental measurements taken along
the centreline of a round jet.

THEORETICAL CONSIDERATION

The concept of similarity, or self-preservation, which assumes the flow scales with single velocity and length scales,
has been an important analytical tool in turbulence research. In this work, an equilibrium similarity analysis, first intro-
duced by George (1992), is developed for the transport equation of the second-order energy structure function of 〈(δq)2〉
along the centreline of a round turbulent jet (3). The equilibrium similarity forms of the second- and third-order structure
functions of u, v and q are required to obtain the similarity form of (3). Following the same procedure as George (1992),
Danaila et al. (2004) and Sadeghi et al. (2015), we can show that these are given by

f(r/λ) = 〈(δq)2〉/〈q2〉, (4)

e(r/λ) = 〈(δu)2〉/〈u2〉, (5)

h(r/λ) = 〈(δv)2〉/〈v2〉 (6)

and

g(r/λ) = −〈(δu)(δq)2〉/(3−1/2Re−1
λ 〈q

2〉3/2). (7)

respectively. Here, g is the normalized third-order structure function, and f , e and h are the normalized second-order
structure functions. Assuming axisymmetry, 〈q2〉 = 〈u2〉 + 2〈v2〉. The accuracy of this assumption has been confirmed
both on and off the centreline of round jets by Hussein et al. (1994). The general definitions of Taylor microscale and
Taylor microscale Reynolds number are:

λ2 = 5ν
〈q2〉
〈ε〉

, (8)

and

Reλ =
〈q2〉1/2λ
31/2 ν

. (9)

respectively, (Antonia et al., 2003; Burattini et al., 2005b). One possible equilibrium similarity solution of (3) is a power-
law of the form

〈q2〉 = A(x− x0)m, (10)

where x0 is the virtual origin, m is the power-law exponent and A is a constant of proportionality. The same power-law
behaviour is also suggested for 〈u2〉 and 〈v2〉 as

〈u2〉 = A1(x− x0)m (11)

and

〈v2〉 = A2(x− x0)m. (12)

The virtual origin follows from the variation of the mean velocity along the centreline, viz.
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U = C/(x− x0), (13)

where C is a constant. For the region near the axisymmetric jet centreline, Burattini et al. (2005a) approximated the
kinetic energy budget equation as

〈ε〉ls,q = −U
2

d〈q2〉
dx

− (〈u2〉 − 〈v2〉)dU

dx
. (14)

The subscript “ls, q” indicates that the dissipation is evaluated from the large-scale quantities via the energy budget of
〈q2〉. Assuming axisymmetry, introducing (10)-(13) into (14), we obtain

〈ε〉ls,q = C

[
−(A1 + 2A2)m

2
+ (A1 −A2)

]
(x− x0)m−2. (15)

The similarity form of (3) follows after substituting (4)-(7) and (15) into (3), viz.
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where Γ1, Γ2, Γ3 and Γ4 are given by
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Here,

c1 =
A1

−Am+ 2(A1 −A2)
(17)

and

c2 =
A2

−Am+ 2(A1 −A2)
. (18)

Dividing by (20/3)r/λ, (16) can be rewritten symbolistically as

A∗ +B∗ +D∗ + P ∗ = C∗. (19)

where A∗ is the turbulent advection term (the first term in (16)), B∗ is the diffusion term (the second term in (16)),
D∗ is the inhomogeneous decay term along streamwise direction x (the sum of third and forth terms in (16)), P ∗ is the
production term (the sum of fifth and sixth terms in (16)) and C∗ is the balance of all other terms.

The assumption of isotropy has been extensively used in the literature to estimate dissipation and some other charac-
teristics of jet flows. In this case, only one component of the flow (u) is measured using a single-wire. The equilibrium
similarity expression of 〈(δu)2〉 and 〈(δu)3〉 are required to obtain the similarity form of (2). Using the same procedure
as Sadeghi et al. (2015), we can show that these are given by

fu(r/λu) = 〈(δu)2〉/〈u2〉, (20)

and

gu(r/λu) = −〈(δu)3〉/(Re−1
λu
〈u2〉3/2), (21)

where the subscript u is used to identify quantities related to the transport equation of 〈(δu)2〉.
The isotropic definitions of the Taylor microscale and Taylor microscale Reynolds number, which are the appropriate

parameters for the transport equation of 〈(δu)2〉, are defined as

λ2u = 15ν
〈u2〉
〈ε〉

, (22)
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and

Reλu =
〈u2〉1/2λu

ν
. (23)

The dissipation can be obtained from the isotropic form of the mean energy budget, viz.

〈ε〉ls,u =
−3U

2

d〈u2〉
dx

. (24)

Equation (24) is used to remain consistent with the isotropic assumption that was used to derive equation (2). Substi-
tution of (20), (21) and (24) into (2) yields a similarity from of (2), viz.

gu + 6
dfu

d(r/λu)
+

30

m

Γu1
(r/λu)4

− 30
Γu2

(r/λu)4
= 12(r/λu). (25)

where Γu1 and Γu2 are given by

Γu1 =

∫ r/λu

0

(
s

λu

)5
dfu

d(r/λu)
d

(
s

λu

)
,

Γu2 =

∫ r/λu

0

(
s

λu

)4

fu d

(
s

λu

)
.

Dividing by 12(r/λiso), (25) can be rewritten as

A∗
u +B∗

u +D∗
u = C∗

u. (26)

Experimental details

Experimental measurements were performed to test the similarity solutions obtained in the previous section. An air
jet was generated using a fan mounted on anti-vibration pads. The air then exits a settling chamber via a round duct to
the inlet of a smoothly contracting axisymmetric nozzle. The experiments were carried out at the exit Reynolds number
of ReD = 50, 000, where ReD is calculated based on the jet exit mean velocity (Uj = 10.65 m/s) and the nozzle exit
diameter D = 0.0736 m. The jet has a top-hat velocity profile at the exit. The axial turbulence intensity in the potential
core of the flow near the jet exit was less than 0.7% (see Sadeghi and Pollard (2012); Sadeghi et al. (2014) for further
details about the exit conditions of the jet). The measurements were performed for 10 ≤ x/D ≤ 20. Measurements of the
turbulence statistics were obtained using both singe and cross-wire probes. The wires were made of 2.5 micron diameter
tungsten wire with a 0.5 mm sensing length. The hot-wires were calibrated in the jet core before and after each experiment.
Similar to the scheme described in Burattini and Antonia (2005), the cross-wire was calibrated using a look-up table, with
calibration angles within the range ±40, in intervals of 10◦. The signals were low-pass filtered at a cut-off frequency fc,
which was selected based on the onset of electronic noise and close to the Kolmogorov frequency, fk ≡ U/2πη, where
η is Kolmogorov length scale. The measurements were taken with a sampling frequency of fs ≥ 2fc. The sampling
time was selected to ensure enough data were taken to achieve statistical convergence of 〈q2〉 (at least within ±2%) and
in the peak value of the generalised normalised third-order structure function 〈(δu)2(δq)〉 (at least within ±4%, which
typically required 10 min. sampling time). In the present work, the modified Taylor hypothesis based on the models
developed by Lumley (1965) was used to convert time into a spatial series. In addition, data were corrected for the effect
of high frequency noise and finite spatial resolution (Hearst et al., 2012; Xu et al., 2013; Sadeghi et al., 2014). A few basic
quantities measured at three selected axial locations are summarized in Table 1 for reference. Here, 〈ε〉iso is an estimation

x/D 〈ε〉hom 〈ε〉iso λhom λiso Reλhom Reλiso ηhom ηiso

(m2s−3) (m2s−3) (mm) (mm) (mm) (mm)
10 33.9 37 3.16 3.45 242 302 0.103 0.101
15 9.30 13 4.36 4.21 242 265 0.143 0.131
20 3.40 5.63 5.64 4.98 243 245 0.219 0.189

Table 1. A few basic parameters at three downstream locations along the jet centreline of the jet.

for dissipation based on the local isotropy assumption, viz.

〈ε〉iso = 15ν

〈(
∂u

∂x

)2
〉
, (27)
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Figure 1. Axial decay of the mean velocity along the centreline. Solid line is the least squares fit to the data.

while 〈ε〉hom is obtained by only the much less restrictive assumptions of homogeneity and axisymmetirc using a cross-wire,
viz.

〈ε〉hom = 3ν

[〈(
∂u

∂x

)2
〉

+ 2

〈(
∂v

∂x

)2
〉]

. (28)

In Table 1, λhom and λiso are calculated by replacing 〈ε〉hom and 〈ε〉iso into (8) and (22), respectively. Reλhom is obtained from
(9) using λhom while Reλiso is calculated from (23) using λiso. The Kolmogorov length scales of ηhom and ηiso are obtained
by replacing 〈ε〉hom and 〈ε〉iso into

η ≡ ν3/4/〈ε〉1/4. (29)

EXPERIMENTAL RESULTS

The axial mean velocity along the jet centreline is presented in Figure 1. As expected, it decays linearly with axial
distance. For a self-similar jet, the centreline velocity variation can be written as

Uj
Uc

=
1

B

(
x− x0
D

)
, (30)

which is the inverted normalised form of (13). A least-squares fit to the data gives a mean velocity decay constant of
B = 6.6 (or C = B ∗D ∗Uj = 5.17) and a virtual origin of x0 = −1.69D. Here, B is very similar to the values obtained
by Weisgraber and Liepman (1998) and Ferdman et al. (2000) (B ∼ 6.7) and in good agreement with Panchapakesan and
Lumley (1993) and Burattini et al. (2005b) (B ∼ 6.1). It is generally accepted that there is some variability in the mean
velocity decay constant and virtual origin (e.g., see Table 1 in Fellouah et al., 2009) for different experiments, which has
typically been related to differences in the measurement region, exit Reynolds number, experimental technique used and
initial conditions (Xu and Antonia, 2002).

The streamwise variations of 〈q2〉, 〈u2〉 and 〈v2〉, measured along the jet centreline and normalised by U2
j , are shown

in Figure 2. A curve fit was applied to the data using the virtual origin of x0 = −1.69D. It was found that 〈q2〉, 〈u2〉
and 〈v2〉 follow closely a power-law with exponent m = −1.83, in agreement with (10-12). The decay rate constants for
〈q2〉, 〈u2〉 and 〈v2〉 are estimated to be A = 3.29, A1 = 1.43 and A2 = 0.93, respectively.

In order to further confirm the analytical solutions with the experimental results, distributions of f(r/λhom) measured
at the three locations considered here (x/D = 10, 15 and 20) are shown in Figure 3. The second-order structure functions
of q are found to collapse approximately at each streamwise location, which suggest that the similarity parameters found
in the analysis are justified. The distributions of e(r/λhom) and h(r/λhom) are also shown in Figure 3. The second-order
structure functions of u and v are also found to collapse approximately using the normalization parameters.

Attention is now turned to (16) and (25), which have been derived as the similarity forms of (3) and (2), respectively.
First, in order to illustrate the validity of (16), the term g(r/λhom) is calculated from equation (16) using the corresponding
power-law exponent m and the decay rates A1 and A2 at x/D = 15 (identified as gc) and compared with the measured
profile of g(r/λhom) (denoted by gm) in Figure 4. A relatively good agreement (within ±11%) is found between gm and
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Figure 2. Streamwise variation of 〈q2〉 (2), 〈u2〉 (#) and 〈v2〉 ( ) along the centreline.

gc. The third-order structure functions are normalised using r/λhom so that their maximum peaks can be compared with
the onset of the inertial range. It can be observed that the asymptotic value of 20/3, which represents the onset of the
inertial range for a high Reynolds number, is significantly higher than the maximum measured and calculated g. Sadeghi
et al. (2014) showed that a proper inertial range is unlikely to be established along the jet axis unless a very high Reynolds
number of Reλ = 104 can be reached.

In order to study the accuracy of (25), the term gu(r/λiso), which is calculated from (25) (identified as guc), is compared
with the measured profile of gu(r/λiso) (denoted by gum) in Figure 5 at x/D = 15. The same trend in profiles guc and gum
confirms somewhat the analysis used to derive(25). However, a larger difference (within ±25%) between the measured
and calculated normalized third-order structure functions can be observed when (25) is used. This suggests that the
assumptions used to obtain (25), while only one component of the flow is measured by using a single-wire, are less
accurate than those applied in (16). It is then concluded that (16) is more appropriate for studying the scale-by-scale
budget for jet flows in the region where similarity is satisfied to a good approximation.

The scale-by-scale budget terms in (19), which is a normalised form of (16), measured at x/D = 15 in terms of r/λhom

are given in Figure 6. This figure demonstrates that (16) is adequately satisfied by the experimental data over nearly all
scales (i.e., A∗ + B∗ + D∗ + P ∗ ≈ C∗). At small r/λhom, the diffusion term B dominates, while at large r/λhom, the
decay term D∗ and the production term P ∗ are the dominant terms. A very good balance of all terms at very large scales
confirms the similarity forms of the production P ∗ and inhomogeneous decay D∗ terms. The advection term A∗ goes to
zero at both small and large separations, while its maximum is located around r ' 0.8λhom, which is similar to previous
observations from grid turbulence experiments and along a jet centreline (Burattini et al., 2005a). The peak value of the
advection term A∗ occurs at a value of r/λhom in the vicinity of B∗ = D∗. The production term P ∗ becomes important
around r/λhom & 8, where the value of the diffusion term B∗ begins to decrease at a higher rate with increasing r/λhom.
This point is very close to the value of r/λhom where A∗ = D∗.

CONCLUSION AND ONGOING WORK

Using an equilibrium similarity analysis, the similarity forms of the transport equations of the second-order velocity
structure functions of 〈(δq)2〉 and 〈(δu)2〉 were obtained along the centreline of a turbulent round jet. The important
consequence of the current analysis was to obtain the forms for the decay law directly from the governing equations. It
was shown that the self-similar analysis of the equations yield to a solution where the turbulent kinetic energy decays
following power-law of the form 〈q2〉 ∝ (x− x0)m along the centreline. It was also suggested that the normalised third-
order structure function can be estimated from the normalised second-order structure functions, power-law exponent, m,
and decay rate constants of 〈u2〉 and 〈v2〉.

Experimental measurements were conducted atReD = 50, 000 over the range 10 ≤ x/D ≤ 20 along the centreline of
a round jet to validate the theoretical analysis. It was found that a power-law decay region does exist over the present range
of measurements for 〈q2〉 with m = −1.83. It was also shown that the distributions of 〈(δq)2〉, when normalised by 〈q2〉
and λhom, satisfied similarity to a close approximation over all range of scales. The calculated and measured distributions
of the normalised third-order structure functions were found in better satisfactory in (16) than (25). Finally, the balance
of all terms in (16), which was derived as a new self-similar equation for round jets, was investigated.
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Figure 3. Distributions of f, e, h(r/λhom) at three axial locations of x/D = 10, 15, 20. Structure functions have been
shifted successively (offset 2) with respect to the lower one. Each horizontal dashed line is 2.
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