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Abstract. This paper deals with an analytical estimation for the nagafrequency components which can be detected
during rotor-stator contact for a motion pattern called baeard-whirl. If this backward-whirl occurs depends on the
parameter set of the rotor, stator and contact area. But thkes place usually the amplitudes become very high and
severe damage might be caused to the system. As a concluisiondtion pattern should be avoided during operation.
The presented method is based on previous research whiahmagstl the backward-whirl frequency of a Laval rotor in
contact with a stator with one degree of freedom. This pagtrals this method for rotors with multi-degrees of freedom
(MDOF) contacting MDOF stators. A phenomenon which is cheegstic for such systems is the transition from a
backward-whirl motion pattern to another one with potetyi@ven higher amplitudes.

Typically, the gap between rotor and stator is very small parad to the backward-whirl amplitudes. Because of this, th
negative backward-whirl frequency component for each ehastor speed is very close to a negative natural frequency
of the coupled rotor-stator system. Thus, this couplednahftequency can be used for a bi-frequent approach to solve
the equations of motion. This gives rise to the calculatibtihe resulting backward-whirl amplitudes for a MDOF rotor
at each rotor speed.
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LIST OF SYMBOLS

A center of the contact ring Greek Symbols Subscripts

B damping matrix B angular eccentricity of the disk A contact ring

b damping coefficient, Ns/m, Nms 0 instantaneous minimal gap, m «a  axial

D damping ratio € radial eccentricity, m b backward

f excitation force vector € eccentricity vector, m C' contact

F force, N (€] moment of inertia, kg h f forward

G gyroscopic matrix I friction coefficient M center of mass,

i complex unit Q rotor speed, Hz number of stator-DOF
K stiffness matrix w natural frequency, Hz N normal,

k  stiffness coefficient, N/m, N, Nm ©® rotation angle of the rotor number of rotor-DOF
I position vector for contact-DOF ' asynchronous whirl frequency, Hz  n-th

M mass center of the disk P contact point angle p  polar

M mass matrix R rotor

m mass, kg Operators RS rotor and stator rigidly coupled
R shaft center arg{..:}  argument S stator

r  complex displacement, m diag{:.:} ~ diagonal matrix T tangential

r displacement vector amplitude @ rotation

S center of the stator =T

s average nominal gap, m L t:jansposed

y  horizontal axis —

z vertical axis dt



B. Siegl, O. Alber and R. Markert
Frequency Estimation of Backward-Whirl

1. INTRODUCTION

When a rotor contacts a non-rotating part (so-cafiedor), which can e.g. be its housing or an auxiliary bearing,
the whole dynamic system becomes nonlinear and variousomeitterns may occur. Some of these motions, e.g.
synchronous, forward whirl, sideband, sub-, superharmand chaotic motion patterns, exhibit a dominant synchueno
frequency component. Furthermore, backward-whirl mopatterns are possible. In literature the backward-whirl is
also often callediry whip (Childs and Bhattacharya, 2007). This motion pattern galyecontains a small synchronous
frequency component as well as a dominant negative asymehsofrequency component. It exhibits large vibration
amplitudes combined with huge contact forces which mighd e severe damage of the whole rotor-stator system.

In the case of a simpleAvAL rotor (also known asgFFcOTTrotor) contacting a flexibly mounted rigid stator Black
(1968) described the possible backward-whirl motion pattégth a harmonic approach only containing an asynchronous
frequency component. The rotor and stator deflectionsy, rs) as well as the contact forde- are expressed by

rr(t) =rret Yt rg(t) =7se! Yt and  Fo(t) = Foet Yt 1)

This approach is widely known in literature and has been usetany further investigations, e. g. by Bartha (2000) and
Crandall (1990). Lingener (1990) performed experimeritadies confirming these theoretical assumptions. Ehehalt
(2004) took into account an additional small synchronoeguiency component to describe backward-whirl motion. This
approach is more general than Equation (1). Childs and &ttadtya (2007) extended the simple model and investigated
backward-whirl motion with a multimode rotor and a singlede stator model. It was concluded that for multimode
rotor-stator contact many backward-whirl motions are jbss Multiple coexisting backward-whirl motions have @ls
already been identified experimentally (Wilketsal,, 2010). For a slightly different model considering afaL rotor with

an additional degree of freedom for the inclination anglé trerefore significant gyroscopic effects Sieghl. (2013)

also showed the occurrence of multiple backward-whirl ori Semi-analytical approaches have been developed by
Norrick et al. (2013) for rotors with distinctive gyroscopic effects andAlber et al. (2013) for rotor-stator systems with
many degrees of freedom.

2. MODELING ASSUMPTIONS

For the following investigations multiple degrees of freadof the rotor are accomplished by using the two rotor
models shown in Figure 1. THest rotor model (Figure 1, left) consists of a massless flexibbdtystiffness matrix<z)
carrying a rigid disk (mass matrid{ z, radial mass eccentricity;;, angular eccentricity) which is externally damped
(damping matrixBg). The gyroscopic effect is included in the gyroscopic nxafrz and requires an additional degree
of freedom for the tilting of the disk (Gasddt al, 2006). Thesecondrotor model (Figure 1, right) had™ disks with
negligible gyroscopic effects. Every disk can have a compteentricity=,,,,, noted in the eccentricity vecten,. Both
rotor models can be described by the general equation

MR’I":R—&-(BR—FGR)%R—FKRT‘R:MR€A4Q2€iQt—lRFC (2)

with the contact forces- I F-.

s

Mp :diag{mR, @a}
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Figure 1. Rotor models with gyroscopics (Siegilal., 2013) and multi-mode rotor-stator systems (Alber, 2012).
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The rotor contacts the stator at position C with cylindrioahtact surfaces at an average distancehe stator system
may consist of\/ flexibly mounted rigid bodies with an isotropic stiffnesstmaKs:

Mgsis+ Bsrs + Ksrg =lg Fe. (©)

The contacting coordinates for the rotor and the stator @seribed by the contact position vectdgsandl s, which con-
tain the value one for the contacting coordinates and otisergero. If the rotor and the stator are moving indepengentl
from each other or if contact is established is determinethbyinstantaneous minimal gapbetween rotor and stator.
The kinematic equation for this instantaneous minimal gaplte set up with Figure 2:

Trp—1Erg+eaett = (58l (4)
stator

9s_g¢ \ contact ring

rotor
2 Yy
rs \
\S
TR % R f:jf_é
€A A
EM \ 90/‘
M \
A P
\
in contact:
> 0=0

Figure 2. Kinematics in the contact plane (Eheleakl, 2004).

Contact is established if the instantaneous minimal @&psmaller or equal to zero. Then, a nonlinear contact force
F¢ appears, which is composed of a normal compotient and a tangential componeht . Assuming @ULOMB'S
friction law with the friction coefficienj, the contact force is given by

Fo=(1+ip)Fen (5)
as long as the relative circumferential velocity betweerand stator at the contact point C is positive. The contact
angle

;p:arg{lgrR—l:grs—i-sAeZQt} (6)
and the minimal gap function

5:5—(lgrR—lgrersAeiQt)e_iw (7)
can be obtained from the kinematic relation in Equation (#)case of no contacp defines the direction of smallest
distancej; and in case of contagt defines the direction of the normal componentpf:

i _ lhre—lirstead™  Foy _ 1-ip Fe (®)

\l%rR—lgrs—&—sAeZQ” |Fon 1+ p2? |Fol

Several contact models are discussed in Markert and We@@8@8). It is shown that as long as appropriate contact
parameters are chosen, the type of contact model has nficagiieffect on the calculated global behavior of rotorstat
systems. In this paper two contact descriptions are useglkiflematic conditiod =0 for continuous contact is resulting

in

; 1—ip F
lgTR—l,ZSﬂT'S—Q—{;‘AeZQt:SJiC (9)

V1+p? |Fel|
This relation is based upon rigid contact surfaces. Foragirthe degrees of freedom are reduced by one. This equation
is primarily used for analytical investigations. For nuinat simulations the pseudolinear contact model by Ehetiait.
(2004)

Fo=(4ip)Fony=(1+ iu)<kc (—8) — (be 5>> (—§)0et ¥, (10)
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is more suitable, where

n_JO 0<0
(0) _{5n when 550 (11)

is an extended switching function (also calledFLsymbol). This model avoids tensile forces as well as disonaities
in the contact force. For sufficient contact stiffnégsthe model delivers similar results as the kinematic contamdel
from Equation (9).

The contact models from Equations (9) and (10) are only vétlte rotor and the stator are sliding on each other, so
the constraint for ©uLoMB'’s friction law is not violated — the relative tangential welty between rotor and stator is
greater than zero. If the shaft center of the rotor is propagéackwards with a constant frequengythe condition for
sliding

i< —dn (12)
2s
results (Bartha, 2000). According to Ehehalt (2008), in hsystems the average nominal gais small compared to the
rotor diameter at the contact poidit, so the condition in Equation (12) is violated only for vergall rotation speedQ.
Nevertheless, a widely used definition fesickward-whirlmotion is a rotor rolling in the stator which can only occur if
the kinematic boundary condition for rolling is valid. Thabuld lead to a backward roll frequendy.;; proportional to
the rotating speef? (Bartha, 2000)

d
\I]roll = -0 ?R (13)

Lingener (1990) and Wilkest al. (2010) experimentally observed sliding of the rotor in thegar. The case of rolling is
not studied in this work.

3. ANALYTICAL APPROXIMATE APPROACH FOR BACKWARD-WHIRL

The equations of motion for the rotor (2) and the stator (Ipwiultiple degrees of freedom as well as the kinematic
contact condition in Equation (9) can be analyzed with resfmepossible backward-whirl motions patterns. As shown
in many publications, e.g. (Ehehait al,, 2004) and (Wilke®t al, 2010), the frequency spectrum of a backward-whirl
motion pattern with continuous contact between rotor aatbsgenerally exhibits a synchronous frequency component
) as well as a negative asynchronous frequency compohertherefore a multifrequent approach similar to Ehehalt
et al.(2004)

’I"R(t) :;‘\RgeiQt—f—?R\pei\Pt (14)
’I‘S(t) = ?SQ ei Qt + ?S\IJ 6i i (15)
Fo(t) = Foqé' O} Fryel vt (16)

for the rotor deflections i, the stator deflectionss and the contact forcés is used. Separation of the frequency
components results in a set of equations for the synchrdinegsency?

[Kr—Q*Mp + i (Bg + Gg)|7ro = 0 Mpes — lp Foa (17)

[Ks—0% Mg + iQBs|Ts0 = Ls Foo (18)
as well as a set of equations for the asynchronous frequ&ncy

[Kr—U%Mp +i0 (Bg + Gg)|Try = —lr Fou (19)

[Ks—VU>Ms + iV Bs| gy = ls Fou (20)

According to Ehehalt (2008) during backward-whirl the adyonous frequency components are much bigger than the
synchronous onesFoy| > |Foq|. With this postulationFe + Fow| can be replaced byFog| in the kinematic
relation (9). Furthermore, the eccentricity of the contawj < 4 is neglected. This yields

1—ip  Feq

S—F —=<
\/1—1—,112 |FC\1/|

(IE7Ra — 1L 7sq) = (21)
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for the synchronous frequen€yand
1—ip  Fey
S—F/— —=<
v1+ ,u2 |FC\1;|

for the asynchronous frequendy Solving for the dominant asynchronous frequency comppiesertingr .y andz gy
from Equations (19) and (20) into Equation (22) for the confarce the expression

(Ih7ry —157sy) = (22)

~ 1—ip 1
|FC‘P| =S 5 1T B . 1 T B . 1 (23)
V14w lR[KR—\I/ Mp + iV (Br+GR)] Ilp +1g [Ks — U2 Mg + iV Bg| g
can be obtained. With the side condition that the ampliﬂlﬁjﬁ,| has to be real,
3{| Fowl} =0, (24)

the unknown asynchronous frequengycan be calculated using Equation (23). From now on it is éckals a known
parameter. The right hand side of Equation (23) containsdingplex transfer functions at the contact point of the rotor
and the stator

Hpoo(V) =15 [Kr — U2 My + 90 (Br+Gg)] "z (25)
Hsco(V) =1L [Ks — W2 Mg +i¥ Bg] g (26)
which can be used to transform Equation (23) to

1—ip

[Hroo(¥) + Hsco(W)]|Fo| = —s :
14+p2

(27)

The amplitudes of the asynchronous rotor and stator deftesitizy and7 sy can be calculated using Equations (19) and

(20). Combining (17), (18) and (21) the synchronous corftacte component can be expressed by
IL[Kp — Q2 Mg +iQ(Bg + Gr)| "' Q> Mpes

+ lg [KR —Q? Mg + Q) (BR+GR)]_1lR + lg (KS —-Q? Mg + iQBs)_l lg

Feo = —ip 1 (28)

S =
\/ 1+,u2 |FC\1/‘

For valid solutions the calculated asynchronous frequsnand the resulting paramet¢fi‘g\y|, Trv and7 gy have to
fulfill the following side conditions:

1. 3{v} 20: Whirl-frequencies have to be real.

2. |13c\p(\11)| >0: The contact force is always positive (no tensile forces).

3. |Few (V)| > |Foq|: Check backwards the postulation made to obtain Equat@iysand (22).
4. |rpy| > s: The rotor deflection must be bigger than the gap size.

4. PREDICTION OF BACKWARD-WHIRL FREQUENCIES

The analytical solution of Equation (24) is impossible farge systems because the left-hand side of Equations (19)
and (20) have to be inverted. This easily leads to polynaiial of the order much bigger than 4. Such polynomials
have no analytical solution (Bronste#hal., 2000). So Equation (24) is solved numerically with MATLAR

The four above mentioned side conditions exclude most optiential backward-whirl frequencies resulting from
Equation (24). For the rotor with distinctive gyroscopiteets (primarily called "first rotor”, Figure 1 left) in Figes 3
(left) and 3 (right) the remaining frequencies are printedree solid black lines. They are close to the backward cauple
natural frequencies of the rotor-stator system. Additiignahey match the backward-whirl frequencies obtained by
numerical simulations in the time domain of the rotor in emtt(blue). Furthermore, the existence of two different
backward-whirl frequencies and the fact that there is asttimm from one backward-whirl motion pattern to anothan ca
be predicted (Figure 3, right). In both Plots in Fig. 3 (left)d 3 (right) are dash-dotted lines. The dash-dotted green
lines show the speed-dependent natural frequengjeg, of the rotor whitout contact. The dash-dotted lines represe
the natural frequenciesgs ., /;, Of the coupled rotor-stator system as if it had no initial gag'he solid grey lines are
the synchronou® and the asymptoti®, /©, 2 for the second forward natural frequenay; of a single-disk rotor with
distinctive gyroscopics.

Figure 3 (left) is a @MPBELL diagram for a slow run-up with a certain rotor-stator configion which is defined
by Ehehaltet al. (2005) and Ehehalt (2008) as a "light stator". This meantsthi®afirst natural frequency of the coupled
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rotor-stator system in contact reaches resonance in the fsaquency band as the stator without contact. For thisfspec
parameter set, synchronous resonance occurs at 8edt.6 Hz due to unbalance excitation. Below the synchronous
resonance speed, the rotor-stator system moves in a batkvién motion as shown by Siegt al. (2013). The negative
frequency corresponding to the backward-whirl obtainedhgynumerical simulation is displayed in Figure 3 (left) as a
blue line. The darker the blue line, the higher the amplisudiethe rotor. Obviously, this frequency component is very
close to the first negative natural frequency of the coupysteswrs 15, but in the frequency band between the coupled
and the uncoupled natural frequency (marked yellow). Thaekkolid line represents the backward-whirl frequency
component predicted by the analytical method shown in taggep One can see that it is very close to the results of the
numerical simulation. In the numerical study, backwardréxists for higher rotor speeds than the analytical rssul

predict.
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Figure 3. G\mPBELL diagrams for the rotor with distinctice gyroscopic effedé$t: narrow gap, right: wide gap.

Even more impressive is the result for the "very light" stgfagure 3, right) created by changing the width of the gap
to s/ep = 20 and otherwise using the same parameters. This configuriaticmaracterized by a natural frequency of
the stator that is higher than the natural frequency of thpleal system. Here, according to the numerical simulation,
synchronous resonance occurs at albstd2.5 Hz, again for the system in contact showing a distinctivekiaacd whirl.

At a rotor speed of abou? = 70 Hz the motion pattern jumps to another backward-whirl mopattern with a different
negative frequency component. As in the first example, betative frequency components are close to the respective
backward natural frequencies of the coupled system anceiaitsa between those and the respective uncoupled natural
frequencies of the rotor. The whirl frequencies predictgdhe method shown in this paper are apparent as black solid
lines. They are very close to the results of the numericalikition and coexist in the rotor speed range from 42.5 Hz to
above 70 Hz. In this rotor speed range, the transition fromlwackward-whirl motion pattern to another is possible. A
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sharp criterion for the point of transition is not evident.
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T 0,/0,=1.63
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O J 1

50 100 150
Rotor speed? in Hz
Figure 4. Rotor amplitudes for the rotor-stator configunativith wide gaps/e s =20.

The valid solutions for are used to calculate the rotor amplitudigsy | expected during backward-whirl. Figure 4
shows a comparison of the numerical and analytical resoitthe second parameter set in the first rotor configuration.
The blue curves are the results of the numerically simulaigelp of the rotor. The resonance peak is visible at 42.5 Hz
as well as the large amplitudes due to backward-whirl in thele/rotor speed range from about 20 Hz to 150 Hz. The
thick black lines are the amplitude predictions obtainednfthe analytical approximation. The predicted amplituates
smaller than the amplitudes obtained numerically. Thishmattributed to the neglecting of the synchronous motian du
to unbalance excitation throughout the whole rotor speadea The general shape of the rotor amplitudes during the
run-up is predicted nicely.

The CampBELL diagrams in Figure 5 show simulations for a rotor-statotesyswith two degrees of freedom each
and identical system parameters. On the right side diffénéial conditions are used for the simulation than on téfé |
side and this leads to the occurrence of a different bacluwsduid motion.

Again, the existence of two backward-whirl motion pattecas be shown, but in this case it is observed that both
backward-whirl motions exist in the same rotor speed ramgecan be triggered by using appropriate initial conditions
As the system parameters are not speed-dependent, alssytieheonous frequenciek; do not change with the rotor
speed. Furthermore, no transition between these backwiairtimotions can be observed. The analytical predictidns o
the whirl frequencies (solid black lines) again show a vergdjagreement with the simulated backward-whirl frequesci
The backward-whirl motion with; = —9.47 Hz is unstable, as it is not possible to obtain this backwaindt motion
when using the corresponding initial conditions. The otheckward-whirl frequencie®, and V3 are located next to
backward coupled natural frequencies. Neverthelessjsrcise the asynchronous frequergydiffers clearly from the
corresponding natural frequeneywpg s.

In Figure 6 the amplitudes of the contacting rotor disk aspldiyed, containing the two backward-whirl motions with
the frequencies shown in Figure 5. The envelopes of thesétades (solid, black) can be calculated with the presented
method. They approximately fit to the simulated amplituddag) and again are estimated a little bit lower than the
amplitudes resulting from the numerical simulation. Rdgay the maximum amplitudes, the backward-whirl motion
with &5 = —12.9 Hz is the most critical motion. The maximum amplitude of treckward-whirl motion with¥; is
significantly lower. Again it has to be mentioned that the iomotvith ¥, is not obtained in the simulation and therefore
not stable.



B. Siegl, O. Alber and R. Markert
Frequency Estimation of Backward-Whirl

50 50
WR,2,WRS,2 0 WR,2,WRS,2 o
0o 3o
(\)(\ WRS,1 ‘\)(\ WRS,1
#‘
WR,1 WR,1
0 U, =-947THz —wg 0 U, =-947THz —Wwg,
Vo=—12.9 Hz —WRS,1 Po=—12.9 Hz —WRS,1
—WR,2, “WRS,2 —WR,2, “WRS,2
N N
I I
= 5ol =02 = 5ol =02
= Dpi=0.6%, Dg;=1,1% = Dpi=0.6%, Dg;=1,1%
q—% s=1.3mm q—% s=1.3mm
E en=[0.1 —i0.1]" mm E en=[0.1 —i0.1]" mm
] My, = diag{1.54,1.06} kg ] My, = diag{1.54,1.06} kg
5;) M = diag{0.15,0.3} kg g;) M = diag{0.15,0.3} kg
L —100F |29 —24 L —100F |29 —24
s = 21y 5] o s = 21y 7] oo
ol Uy=—151 Hz ol Uy=—151 Hz
—WRS,3 —WRS,3
-200 . -200 .
25 50 25 50

Rotor speed? in Hz

Rotor speed? in Hz

Figure 5. &\mpPBELL diagrams for the same MDOF rotor-stator system;
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5. CONCLUSIONS

The method explained in this paper allows the predictionaaikiwvard-whirl motion patterns, frequencies and ampli-
tudes for rotor-stator contact of rotor-stator system$ witltiple degrees of freedom. The determination or at ldaest
estimation of the dominant asynchronous frequency is ditgadvantage, as it is the dominant excitation frequency for
both rotor and stator system during backward whirl. The Kedge allows for the design of rotor-stator systems which
are able to outwear load cases of a backward whirl duringatioer of the machine.

The method has been demonstrated with the examples of &<«ligld rotor with distinctive gyroscopic effects and a
multi-disk rotor contacting a multi-body stator. The rasubr the negative frequency components match the results o
numerical simulations made in previous papers (S&gall, 2013; Alberet al, 2013; Norricket al,, 2013). Frequency
areas for the appearance of transitions between motioarpattan be derived. A comparison between the results of a
numerical simulation and the developed semi-analytic @ggr was drawn. Looking at the rotor amplitudes expected
during backward-whirl it is obvious that a reliable amplieuprognosis can only be obtained by numerical simulation of
the rotor-stator system.
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