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Abstract. The purpose of this work is to propose a simple combined model for the thermal analysis of Pitot probes that 

includes conjugated heat transfer and a modified Messinger ice formation formulation, in order to describe ice 

accretion in electrically heated aeronautical Pitot tubes. The proposed lumped-differential model is solved by making 

use of the Method of Lines as implemented in the routine NDSolve, from the numerical-symbolic computational system 

Mathematica v.9.0. It is then illustrated the importance of considering the heat transfer within the probe structure, that 

accounts for heat conduction along the probe and the thermal capacitance of its internal elements, in adequately 

predicting the ice formation on the stagnation and tip regions. Solutions are provided for actual adverse atmospheric 

conditions, extracted from a recently proposed certification envelope for Pitot probes.  

 

Keywords: Ice accretion; Aeronautical Pitot tube; Anti-icing system; Conjugated problem; Lumped analysis; Hybrid 

methods  

 

 

1. INTRODUCTION  

  

Aircraft icing has been found to be a considerably negative effect on the aircraft flight performance and can 

threaten the safety of the flight. Ice may occur on wings, control surfaces, horizontal and vertical stabilizers, fuselage 

nose, landing gear doors, engine intakes, Pitot tubes, and other sensors and drain system outputs (Caliskan et al., 2008; 

Özgen et al., 2009). Among these, the case of the Pitot tube is emphasized in this work since it is still an essential sensor 

for guidance and navigation of modern aeronautical systems. The catastrophic effects of this kind of failure can be 

observed when analyzing a few accidents that occurred in recent years, such as flights X-31A (1995) in USA, Birgen 

Air Flight 301 (1996), Aero Perú 603 (1996), Northwest Orient Airlines Flight 6231 (1997) and the more recent tragedy 

with the Air France AF447 flight, in which ice clogged Pitot probes, in a high altitude flight with loss of lift, triggered 

the  sequence of events that led to the disaster, according to the investigations conducted by the  Bureau d'Enquêtes et 

d'Analyses pour la Sécurité de l'Aviation Civile (BEA), France. 

 

 The first efforts to understand the effects of icing on performance and flight mechanics began in the 1940´s 

(Langmuir et al., 1946), mainly based on experiences in test flights. Among the pioneering works, the modeling 

research of Messinger (1953) is still today a fundamental and applicable model. While the literature is quite rich in 

terms of icing and de-icing of  wings and engine intakes, reporting a few well-known computer codes, such as 

LEWICE, ONERA2D and TRAJICE2 for icing of airfoils (Stefanini et al., 2008), it is still fairly poor on Pitot probes 

ice accretion studies. Some of the most relevant contributions to the simulation of ice formation on aircraft components 

were provided by the NASA Lewis Research Center (USA). A NASA report (Abbott et al., 1945) summarizes the 

results of a survey along ten years of collaboration in the simulation of ice formation, involving the National 

Aeronautics and Space Administration (NASA), The Defense Research Agency (DRA) and the Office National 

d'Études et de Recherches Aérospatiales (ONERA, France), in a large number of theoretical and experimental studies of 

ice formation processes, especially in wings. Aircraft icing is a very complex phenomenon that occurs during flights 

through certain clouds at temperatures below freezing, when supercooled water droplets impinge and freeze on the 

unprotected areas on which they impact (Sheriff et al., 1997). The rate and amount of ice accretion on an unheated 
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surface depends on several parameters such as the shape of the component, including surface finishing, the size, the 

speed at which the body is travelling, the temperature, liquid water content (LWC), the size of the droplets in the cloud 

and local collection efficiency (β) (Gent et al., 2000; Myers et al., 2002; Fortin et al., 2006 ). 

 

 Thus, the present paper focuses on the thermal analysis of anti-ice systems for Pitot tubes, based on electric 

heating of the sensor body, in view of the serious consequences that can result from freezing tolerance of these probes. 

Recently, in (Souza et al., 2011; Souza et al., 2012; Lisboa et al., 2013; Souza et al., 2015), a mixed differential-lumped 

transient thermal analysis of aeronautical Pitot probes was proposed, and the model was properly validated through 

experimental results in wind tunnel and flight tests. This paper is aimed at incorporating into these recent studies a 

simplified but robust model of ice formation, for prediction of the transient thermal behavior of heating systems for 

aeronautical speed sensors under severe icing conditions. The main objective of this work is thus to theoretically study 

the conjugated heat transfer problem associated with the transient thermal behavior of an aeronautical Pitot tube 

undergoing icing, through the implementation of a modified Messinger-type ice formation formulation. The purpose is 

to demonstrate the importance of considering conjugated heat transfer in the implementation of more complex models 

for predicting ice formation on aircraft structures. Due to the lack of specific experimental results for the icing on Pitot 

probes, the model was first applied to wing sections, allowing for the model validation from results for airfoils in icing 

wind tunnels and then it is applied to the Pitot tube situation. Finally, the proposed theoretical model is applied in 

critical flight situations.  

 

2. PROBLEM FORMULATION 

 

The proposed conduction model consists of a partially lumped formulation, with lumping in the radial direction and 

local differential formulation along the probe length. The curvature at the handle of the tube is neglected, due to the lack 

of interest on an accurate thermal analysis of the Pitot probe support. In the actual probe configuration here considered, 

the tip of the Pitot tube has a conical section, which together with most of the cylindrical portion is made of copper, 

until mechanical forming joint switches the material to brass, then followed by the wing shaped base. In addition, the 

heater and the porcelain insulator can be found only at the central portion of the cylindrical copper tube.  The external 

convection problem is simplified using empirical correlations to describe the heat transfer coefficient in each region of 

the probe. Thus, appropriate correlations were obtained from the literature to estimate the heat transfer coefficients at 

the stagnation region, cone and cylindrical bodies, and wing shaped base, (Souza et al. (2011), Sparrow et al. (2004) and 

Tong & Hu (2009)). 

 

The detailed knowledge of the flow and heat transfer processes over and within the probe itself are essential for its 

thermal management, especially near the stagnation region due to its functional importance, while the supporting base 

region holds little importance to the thermal behavior of the sensor as a whole (Souza et al., 2011). The probe more 

closely considered in the development of this study belongs to the A4 Skyhawk aircraft of the Brazilian Navy, the Pitot 

sensor PH-510, from Aero Instruments Co., USA (Figures 1.a, b). 

 

 

 
 

Figure 1.a. Pitot probe PH-510 used for illustration of the 

proposed thermal model 

 

 
 

Figure 1.b. Technical drawing of the Pitot tube 

(source: Aero Instruments Co., USA) 

 

 

The mathematical formulation of the present problem starts with the heat conduction equation for transient heat 

transfer along the structure of the Pitot tube, coupled with correlations for the convection heat transfer coefficients 
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along its surface. The model of ice formation is employed in the sensing region of the Pitot, both as a boundary 

condition in the stagnation region and modifying the energy equation at the sensor tip. The problem formulation for the 

radially averaged temperature distribution, Tav(x,t), with ice accretion, is given by: 

 

 

 

(1) 

 

with initial and boundary conditions given by: 

 

  (2) 

 

 

(3,4) 

 

 

(5) 

 

 

where the variables shown above correspond to ρ, density [kg/m
3
], cp, specific heat  [J/(kg ºC)], ef stands for effective 

property, Tav, radially averaged temperature [ºC], x, longitudinal coordinate [m], kef, thermal conductivity [W/(m ºC)], 

A, cross-sectional area [m
2
], p, cross-section perimeter [m], h, heat transfer coefficient [W/(m

2
 ºC)], t, time [s], T∞, air 

temperature outside boundary layer [ºC], gav(x,t), transversally averaged energy generation density [W/m
3
], T0(x), initial 

temperature distribution [ºC], he
*
 is the effective heat transfer coefficient at stagnation region [W/(m

2
 °C)], h0 is the 

coefficient of heat transfer due to the flow in the stagnation region [W/(m
2
 °C)], qG is the gained heat flux  [W/m

2
], qL is 

lost heat flux, K's are the thermal conductivities of each layer [W/(m °C)], and L's are the thicknesses of each layer [m]. 

The governing equations for determining the ice accretion rates were implemented using the extended Messinger 

model. At lower temperatures and low liquid water contents, rime ice occurs, for which the ice shape is determined by a 

simple mass balance. At higher temperatures and high liquid water contents, glaze ice forms, for which the energy and 

mass conservation equations are combined to yield a single first order ordinary differential equation, to be solved 

numerically. Once the ice thickness is obtained, the water height and the temperatures in the different layers may be 

calculated (Myers et al., 2002; Özgen et al., 2009). The mass and energy balances employed in the analysis of ice 

accretion over wings can be directly applied to the study of ice formation on Pitot probes. However, the heat fluxes by 

convection (qc) and the latent heat (qL) are the most important terms in the energy balance. The terms here considered, 

are listed below (Mingione et al., 1998; Özgen et al., 2009): 

 

Convective heat flux at the water surface (qc): 

 

(6) 

where 
ch is local heat transfer coefficient [W/(m

2
 °C)],

surT is the temperature at the ice surface [ºC], 
aT is the ambient 

temperature [ºC]. 

 

Cooling heat flux by incoming droplets (qdrop): 

 

 

 (7) 

where LWC is liquid water content [kg/m
3
],  , the local collection efficiency, V 

, freestream velocity [m/s], 
pwc is 

specific heat of water [J/kg K]. 

 

Evaporative heat flux loss (qe): 

 (8) 

  

where e  is the evaporation coefficient, 0e = 27.03, saturation vapor pressure constant [Pa/K]. 

 

The evaporation coefficient is expressed as: 
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where 
ch is local heat transfer coefficient [W/(m

2
 °C)],

EL is latent heat of evaporation [J/kg], Pt is the total pressure of 

the airflow [Pa], 
pc is the specific heat of air [J/kg K], and Le is Lewis number. 

 

Sublimation heat flux loss (qs): 

 

0 ( )s s sur aq e T T    (10)  

            

where the sublimation coefficient s is expressed as: 

 

 

                   (11)      

            

where Le is Lewis number and
sL is the latent heat of sublimation [J/kg]. 

 

Aerodynamic heating term (qaero): 

 
2

2

c

aero

p

r h V
q

c

                      (12) 

where r is the adiabatic recovery factor ( r=Pr
1/2

 for laminar flow, r=Pr
1/3

 for turbulent flow). 

 

Heat flux due to kinetic energy of incoming droplets (qk): 
2

2
k

V
q LWC V 

              (13) 

 

Heat flux due to incoming runback water (qin): 

 

( )
in in pw f sur

q m T Tc                    (14) 

where 
in

m is the mass flux of the incoming runback water [kg/m
2
.s], fT  is the freezing temperature [ºC] and  

sur
T  is the 

temperature at the ice surface (for rime ice) or the water surface (glaze ice) [ºC]. 

 

Heat flux due to solidification (Ql): 

l r F

B
q L

t





              (15) 

where
r  is the density of rime ice [kg/m

3
] and 

FL is latent heat of solidification [J/kg]. 

 

The rime ice thickness and the expression for the water height (B) can be obtained directly from the mass conservation, 

as water droplets freeze immediately on impact: 

 

 

                     (16) 
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where 
sm is the evaporating (or sublimating) water mass flux [kg/m

2
.s], 

w is the density of water [kg/m
3
],  t is time [s], 

e
m is the evaporation mass fllux [kg/m

2
.s], and g is density of glaze ice [kg/m

3
]. Also, Bg and tg are the ice thickness 

[m] and the corresponding time [s] at which glaze ice first appears, respectively: 
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where 
i

k is thermal conductivity of ice [W/(m °C)], Ts is the temperature at the Pitot tube surface [ºC], 
sub

m  is the ice 

sublimation mass flux [kg/m
2
.s]. 

 

In the present paper, the equations of ice growth and ice shape for airfoil, as presented by Anderson & Tsao (2005), 

Tsao & Lee (2012) and Sherif et al. (1997), are employed for the Pitot PH-510 in atmospheric conditions of ice 

accretion. The dimensionless ice thickness, ∆, is given by: 

 

0cnA
d



                (20) 

 

Here d is the cylinder diameter, n is freezing fraction, Ac is the accumulation parameter and 
0  is the collection 

efficiency of water droplets at the stagnation line. 

 

The accumulation parameter is expressed as: 

 

         

                    (21) 

 

where  is the accretion time and i is the ice density, and the freezing fraction is given by 
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( )
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f

c
n
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              (22) 

 

The terms in this expression are ,p wsc , specific heat of water at the surface temperature, , the water energy transfer 

parameter, b , the relative heat factor,  , the air energy transfer parameter, and f latent heat of solidification for 

water, where: 

 

0 ,   p ws

c

LWC V c
b

h


              (23) 

 

 

3. SOLUTION METHODOLOGY 

 

The proposed combined model, together with the parameters and properties described herein, have been 

implemented in the symbolic-numerical platform Mathematica 9.0 (Wolfram, 2013) and solved numerically by the 

method of lines available in its subroutine for solving differential equations, NDSolve. The NDSolve function handles 

both partial and ordinary nonlinear differential equations, with automatic absolute and relative errors control. This 

function provides the solution as an object code that approximates the behavior of the dependent variables as a 

continuous function in terms of the independent variables. The numerical results were also verified against the error 

controlled solution through the UNIT code (Unified Integral Transforms) (Sphaier et al., 2009; Cotta et al., 2010), 

which implements an automatic hybrid numerical-analytical solution based on the Generalized Integral Transform 

Technique (GITT) (Cotta, 1993; Cotta & Mikhailov, 1997; Cotta & Mikhailov, 2006) . 

 

 

4. RESULTS AND DISCUSSION 

 

The Pitot tube fitted to the aircraft A-4 Skyhawk of the Brazilian Navy, PH-510, from Aero Instruments Co., 

Figs.1.a,b, was used as a basis for evaluation of the model. The heater is located within the central portion of the 

cylindrical body of the probe and has a nominal value of 41 Ohms of electrical resistance, coiled over a porcelain 

electrical insulation. 
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4.1  A-4 Skyhawk Flight Conditions 

 

Theoretical predictions for the transient thermal behavior of the heated Pitot tube were first obtained for typical 

flight conditions of the A4 Skyhawk  (Lisboa et al., 2013; Souza et al., 2015). Figure 2.a presents the temperature 

distribution at steady state along the surface of the Pitot tube, once only the external temperature T∞ is abruptly changed 

to -40 °C while going through a cloud formation, with Mach 0.51 and 15000ft of altitude.  In this situation, for which 

the transient evolution of surface temperatures is shown in Fig.2.b, the anti-icing system still manages to keep the 

temperature at the tip of the probe above the freezing temperature, while the area of the wing-shaped support, less 

important in the thermal control, is already at temperatures below the freezing point. 

 

 

 

Figure 2.a. Prediction of steady-state temperatures along the 

probe PH510 with ice formation  

(T∞=-40 °C, Ma=0.51, 15000 ft altitude) 

 

 
 

Figure 2.b. Transient distribution of the surface 

temperature of the Pitot tube along its length  

(T∞=-40 °C, Ma=0.51, 15000 ft altitude) 

 

          

Figures 3.a, b show the transient behavior of the temperature distribution along the probe surface under much more 

favorable conditions to ice formation, again with T∞ = -40 °C  and with particularly high values of LWC (1.115 g/m
3
). 

Also, the MVD (water droplet median volume diameter), which has effects on the rime ice shape, is taken as 45 µm. 

Here, it is clearly shown the reduction in temperatures at the probe tip below 0 °C, with ice formation.  

 

 
 

Figure 3.a. Comparison of the temperature prediction 

along the PH510 probe before (green line) and after 

starting the icing conditions (red and blue line)  

(T∞=-40 °C, LWC=1.115 g/m
3
, MVD=45 µm, V∞=800 

km/h)  

 

 

 
Figure 3.b. Transient distribution of the surface 

temperature along the A4 Pitot with icing at-flight  

(T∞=-40 °C, LWC=1.115 g/m
3
, MVD=45 µm, V∞=800 

km/h) 

 

           

This specific behavior of the stagnation point temperature is best observed in Figure 3.c, which shows the transient 

behavior of the temperature at the probe tip, where ice formation in the stagnation region is triggered at about 840 s 

after starting the transient process.  
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Figure 3.c. Transient behavior of the temperature at the stagnation region of the Pitot probe.  

A4 Skyhawk (T∞=-40 °C, LWC=1.115 g/m
3
, MVD=45 µm, V∞=800 km/h) 

 

 

4.2 AF 447 Flight Conditions 

 

The Airbus A330 has three Pitot probes (Fig.4) and six static pressure sensors. These probes are fitted with 

drains enabling removal of water, and an electric heating system in principle for preventing ice formation. 

 

As we have no data on the Thales Pitot tube, which was installed on the AF447 at the time of the accident, in 

the present simulation we have used data relative to the PH510 but with the conditions of the AF 447 reported in the 

final report of the BEA, French agency responsible for the accident investigation. The conditions adopted were altitude 

of 11 km and Mach number between 0.82-0.86 (871-913 km/h). 

 

 

 

Figure 4. Position of the Pitot tubes of the Airbus A330  

(source: BEA Final Report-Air France-flight AF 447 Rio de Janeiro - Paris, 2012) 

 

 

 

Figure 5.a illustrates the transient behavior of the temperature distribution along the surface of the Pitot probe, 

where it is clearly observed that the temperature at the stagnation region achieves values below freezing temperature 

during the time interval investigated. Figure 5.b shows the time evolution of the temperature at the stagnation region, 

which allows one to evaluate that after about 3080 sec (about 50 minutes), ice formation starts. The estimated time for 

icing of the Pitot tubes in the actual accident was about 30 minutes, as discussed in the BEA report (BEA Final Report, 

2012) essentially the time elapsed along the flight within the cloud formation until the beginning of the probes freezing. 

The results here obtained considered only the liquid water content (LWC), and ice crystals were not accounted for. 
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4.3 Ice Formation on the Pitot Probe 

 

 Figure 6.a shows a prediction of ice formation on the Pitot tube PH-510, for the conditions used by (Silva, 

2010). From the ice shape it can be observed that the accretion occurs mainly at the stagnation region, with a distinct 

reduction along the conical region and no occurrence in the cylindrical region. The simplified ice formation model is 

obtained from airfoil equations and then geometry factors and collection efficiency relations are adopted for Pitot tube 

in stagnation line and conical region of Pitot tube. The ice accretion on the conical region and beyond is negligible due 

to the very small value of the collection efficiency (  <0.2).  

 

  

Figure 6.a. Ice shape in the Pitot probe PH-510 under  

conditions of  (Silva, 2010). (V∞= 56 m/s, LWC=0.59 

g/m
3
, Tsur= -10 

0
C, MVD=26.2µm) 

Figure 6.b. Ice shape over Pitot probe as obtained in the 

TsAIG Climatic Icing Wind Tunnel, Russia (Prof. Ivan 

Egorov, Head of TsAGI research department, private 

communication) 

  

 Although experimental and theoretical analysis of ice formation on Pitot tubes were not yet available in the 

open literature, we have obtained from the TsAIG Climatic Icing Wind Tunnel, Russia, some sample images from their 

Pitot tube icing experiments, as displayed in Figure 6.b. TsAGI has a climatic wind tunnel for investigations of aircraft 

parts and aviation materials at icing conditions. From a qualitative point of view, one can conclude that the ice shape in 

these images indicate that the present simulation is consistent with the expected physical behavior on ice accretion.  

 

This work proposed a simplified model for ice formation in the framework of a conjugated heat transfer 

problem formulation, towards the thermal analysis of a Pitot tube under atmospheric conditions favorable to icing. The 

thermal analysis is based on the heat conduction equation for the structure of the probe, employing a lumped 

formulation in the radial direction and a local differential formulation along the longitudinal coordinate starting from 

the probe tip. The geometric and material variations along the length of the Pitot then become effective coefficients and 

variable properties as a function of the longitudinal coordinate. Appropriate coefficients were used for heat transfer in 

the stagnation, conical, cylindrical and elliptical wing shaped support regions, which form the structure of the Pitot. 

 

Figure 5.a. Comparison of the predicted temperatures 

along the probe PH510 before and after icing formation 

onset  for the flight conditions of the AF447 (T∞ = -54 °C, 

LWC = 1.115 g/m
3
, MVD = 45 µm, V∞ = 800 km/h) 

 

 

Figure 5.b. Transient behavior of the temperature in the 

stagnation region of the Pitot probe for the flight 

conditions of the AF447, with ice formation (T∞ = -54 °C, 

LWC = 1.115 g/m
3
, MVD = 45 µm, V∞ = 800 km/h) 
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This model was validated in previous studies using experimental results in transient conditions for incompressible flow 

obtained in wind tunnel, and for compressible flow on flight tests with the A4 Skyhawk aircraft of the Brazilian Navy. 

The coupling between the heat conduction problem and the icing accretion model is accomplished through modified 

effective heat transfer coefficients at both the tip and along the conical region of the Pitot probe. 
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