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Abstract. It is a challenge for researchers to uncover the value of parameters they wish to use in their mathematical
models. In this work we made use of the Markov Chain Monte Carlo Method (MCMC) to estimate parameters in a
mathematical model of a neuron. Our main goal was to quantify the calcium concentration in a particular neuron and
ultimately describe a complex mechanism in which the intracellular concentration of calcium fluctuates in response to
various stimuli. This mechanism is known as calcium induced calcium release (CICR). The reduced sensitivity
coefficients were calculated in order to examine which parameters in the model could be estimated. The estimation of
parameters was performed with simulated measurements, by using a Gaussian prior distribution with the mean equal
to the parameters of reference and standard deviation equal to 75% of the parameters of reference.
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1. INTRODUCTION

Some biologic processes are based on ionic transfer, such as the ones happening in the excitable cells of Purkinje
fibers and Purkinje neurons (Guyton and Hall, 2006). The estimation of electrophysiological properties in the human
body is of fundamental importance to predict the onset of some diseases, such as epilepsy and Parkinson’s disease
(Cepeda et al., 2005, Surmeier et al., 2012). Many ions, such as sodium, potassium and calcium, are vital in maintaining
biological homeostasis, which keeps physiological systems working well.

In this study, although several ionic systems are present in the neuron, we considered only the ion of calcium in a
calcium induced calcium release (CICR) mechanism. This mechanism is controlled by two factors. The calcium
transport from the endoplasmatic reticulum to cytosol is controlled by the presence of a specific protein, called inositol
1,45 — triphosphate (IP3). On the other hand, the flux of calcium from cytosol to the endoplasmatic reticulum is
governed by an ionic pump (Dupont and Erneux, 1997).

Dupont and Erneux (1997) proposed a mathematical formulation intended to represent how the calcium oscillation
in neurons occurs. This formulation has several parameters, which are difficult to be directly measured. Because of this
difficulty to evaluate such parameters, in this work we used a Markov Chain Monte Carlo Method via the Metropolis-
Hastings algorithm for their estimation (Gamerman, 1997, Orlande et al, 2011, Kaipio and Somersalo 2004). Parameter
estimation within the Bayesian paradigm of statistics is accomplished through two basic key factors: the model for the
prior distributions of the parameters and the model for the measurement error of observed state variables (in this case,
the calcium concentration). A Gaussian distribution was assumed to represent the prior, with a mean value taken from
the literature, and a standard deviation equal to 75% of such a value. For the measurements, synthetic data was used for
the calcium concentration, where a Gaussian noise was included, with zero mean and standard deviation equals to 0.1
uM.
The major aim of this study is to verify if the Markov Chain Monte Carlo (MCMC) Method is able to estimate the
parameters of interest, making use of calcium concentration measurements taken from the cytosol of neurons. The main
benefit of this study is to demonstrate that it is possible to estimate some unknown parameters, which are difficult to be
measured, using only feasible calcium concentration measurements.

2. CALCIUM DYNAMIC MODEL
The model used in this study was early proposed by Dupont and Erneux, 1997. This model focuses on proposing a

mechanism to explain the calcium oscillation in the cytosol of neurons. It is composed by four ordinary differential
equations. Each equation describes the time evolution of some state variables. Such variables are: fraction of receptors
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desensitized (Raes); calcium concentration in the cytosol (Ceyo); concentration of inositol 1,4,5 — triphosphate
concentration (IP3); and concentration of inositol 1,3,4,5 — thetraphosphate (1Ps).
The time evolution of Rges is given by:

des (1)

where k_is a constant of dissociation of receptor , kisn and, ket are constants of activating and inhibiting sites , nj and n,
are the so-called Hill coefficients.

The time evolution of calcium concentration (Ceyto) is modeled by Eq. (2.a). The calcium concentration is mainly
influenced by two processes: the concentration of IPs, which is responsible for leading calcium from endoplasmic
reticulum to the cytosol; and the ionic pump, which is responsible for leading calcium from the cytosol to endoplasmic
reticulum. The influence of IP; is represented by the first term in Eq. (2.a), while the second term represents the ionic
pump.
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In Egs. (2.a,b), ki is a kinetic constant, b is a basal efflux, Ca: is total calcium concentration, « is the ratio between the
volumes of the intracellular store and cytosol, Ve is a maximum velocity of pump, k;, is a constant for half-maximal
activity, np is a Hill coefficient, ki is the equilibrium dissociation constant of IP3 and kac: is a constant of inhibiting
sites.

The kinetics of IP; is represented by Eq. (3.a). In this model, we consider three mechanisms that directly influence
the concentration of IPs. The first mechanism, shown by Eq. (3.b), represents how IP; is produced as a result of the
phospholipase (PLC) activation. The second and third ones show how IP; is degraded via 3-kinase, Eqg. (3.c), and 5-
phosphalipase, Eq. (3.d). This latter mechanism has as major consequence, as will be shown by Egs. (4), which is the
production of inositol 1,3,4,5 — thetraphosphate (IPa).
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In the above equations, y represents the level of external stimulation, Vi is the maximal velocity of IP; synthesis by
PLC, Vi is the maximum velocity of IP; degradation by 3-kinase, ng is a Hill coefficient, Ky is a Michaelis constant, kg is
a threshold constant, V1 is the maximum velocity of degradation of IP; by 5-phosphatase, while ky; and kp are
Michaelis constants.

The Kinetics of IP4 is modeled by Eq. (4.a). It is influenced by three mechanisms. The first one, which is
represented by Eq. (3.c), is the production of 1P, due to the degradation of IPs. The second one, the degradation of IP4
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via 5-phosphatase is represented by Eq. (4.b), and the last one, represented by the last term of Eq. (4.), is a small linear
degradation of IPs.

dIP, |
d—t4 = Uy, — Uy, — KIP, (4.9)
: 1P,
v, =V, 4 (4.b)
e IP,
kjp|l+ 2|+ IP,
k’pl

In equations (4.a,b), V2 is the maximal velocity of degradation of IP4 by 5-phosphalipase. Table 1 shows
typical values for all parameters appearing in Egs. (1)-(4), found in the literature, and Table 2 shows the initial
conditions used in this work for Egs. (1)-(4).

Table 1. Parameters of the calcium oscillation model (Dupont and Erneux, 1997).

Parameter Unit Value Parameter Unit Value
V, uMs1 0.5000 kpl uM 10.0000
K, uM 1.0000 kp2 uM 2.0000
Ky uM 0.3000 Vi uMst 0.2000
k. st 0.5000 b st 0.0001
Kinn uM 0.1500 « dimensionless 0.1000
K,ct uM 0.5600 Ca,, uM 80.0000
kip uM 1.0000 k st 0.0100

v dimensionless 0.2000 n, dimensionless 3
Vore puMst 1.3000 Ny dimensionless 2
Vyp uMst 4.0000 n; dimensionless 4

Ky uM 0.3500 n, dimensionless 2

Table 2. Initial conditions used in Egs. (1)-(4)
State Variable Initial Condition
Rdes 0.8
Ccyto HM 0.1
IP; pM 0.55
P, pM 0.415

3. INVERSE PROBLEM

Inverse problems can be broadly defined as those dealing with the estimation of unknown quantities appearing in
the mathematical formulation of any kind of process, by using measurements of some dependent variable of the
problem (observable response of the system) (Beck,1997, Ozisik and Orlande, 2000, Orlande, 2011, Kaipio and
Somersalo 2004).

In the direct problem associated with the calcium oscillation model given by equations (1) to (4), all the parameters
and initial conditions are known; the objective of the direct problem is then to determine the time evolution of the
calcium concentration, Cy1(t), the fraction of receptors desensitized, Rqes, and the concentrations of IP; and IPa.

On the other hand, the inverse problem analyzed in this work involves the use of simulated calcium concentration
measurements to recover some parameters appearing in the calcium oscillation model, given by Egs. (1)-(4). The vector
of parameters appears in the inverse problem formulation can be represented as:
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P’ =[P, Py| ()

where N is the number of parameters P.

The vector containing the transient calcium concentration measurements is denoted as:
Y =Y.y, (6)
where V. = Y(ti ),z’ =1,....,I, and I is the total number of measurements.

By assuming that the measurement errors as Gaussian random variables, with zero means, known covariance matrix
W, and the measurement errors are additive and independent of the parameters P, the likelihood function can be
expressed as (Beck,1997, Orlande et al, 2011, Kaipio and Somersalo 2004):

-1/2
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where C.,(P)is the vector with the solution of the direct (forward) problem at each time t;, i = 1, ...,I, obtained with

the vector of parameters P.

The likelihood function gives the probability density of different measurement outcomes Y with a fixed P
(Gamerman, 1997, Orlande et al, 2011, Kaipio and Somersalo 2004). A very common solution of inverse problems,
dealing with the estimation of the parameters P with the measurements Y, is to maximize the likelihood probability
density, Eq. (7). This can be accomplished through the minimization of its exponent, resulting in the popular maximum
likelihood objective function. One important remark is that such classical approach for the solution of parameter
estimation problems is not based on the modeling of prior information and related uncertainty about the unknown
parameters. On the other hand, in approaches based on Bayesian statistics, the probability distribution models for the
measurements and for the unknowns are constructed separately and explicitly (Kaipio and Somersalo, 2004).

The solution of the inverse problem within the Bayesian framework is recast in the form of statistical inference from
the posterior probability density, which is the model for the conditional probability distribution of the unknown
parameters given the measurements. The measurement model incorporating the related uncertainties is called the
likelihood, given in this work by Eq. (7). The model for the unknowns that reflects all the uncertainty of the parameters
without the information conveyed by the measurements is called the prior model (Gamerman, 1997, Orlande et al, 2011,
Kaipio and Somersalo 2004). The formal mechanism to combine the new information (measurements) with the
previously available information (prior) is known as the Bayes’ theorem (Gamerman, 1997, Orlande et al, 2011, Kaipio
and Somersalo 2004). Therefore, the term Bayesian is often used to describe the statistical inversion approach, which is
based on the following principles (Kaipio and Somersalo 2004): 1. All variables appearing in the model are random; 2.
The randomness describes the degree of information concerning their realizations, which is coded in probability
distributions; and 3. The solution of the inverse problem is the posterior probability distribution, from which
distribution point estimates and other statistics are computed.

Bayes’ theorem is stated as (Gamerman, 1997, Orlande et al, 2011, Kaipio and Somersalo 2004):

#(P)z(Y|P)

P)=r(P|Y)= V)

(8)

ﬁposlerior (

where 7,qerior(P) is the posterior probability density, 7(P) is the prior density, #(Y|P) is the likelihood function and
7(Y) is the marginal probability density of the measurements, which plays the role of a normalizing constant.

Sampling of the posterior distribution by using Markov Chain Monte Carlo (MCMC) methods is the most general
technique for the computation of estimates within the Bayesian framework. The most common MCMC technique is the
Metropolis-Hastings algorithm (Gamerman, 1997, Orlande et al, 2011, Kaipio and Somersalo 2004). The

implementation of the Metropolis-Hastings algorithm starts with the selection of a proposal distribution p(P*,P(H))
which is used to draw a new candidate state P, given the current state P“" of the Markov chain. Once the proposal
distribution has been selected, the Metropolis-Hastings sampling algorithm can be implemented by repeating the
following steps:

1. Sample a Candidate Point P* from the proposal distribution p(P*,P(H)).
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2. Calculate the acceptance factor:

z(P 1Y) p(P"™,P7)

AF =min| 1, -
z(P“Y 1Y) p(P",P*™)

©)

3. Generate a random value U which is uniformly distributed on (0,1).

4. 1f U <AF, set PV = P*. Otherwise, set PV = P“".
5. Return to step 1 while some convergence criteria is not satisfied.

In this way, a sequence is generated to represent the posterior distribution and inference on this distribution is

obtained from inference on the samples {P(l) , = e P(”)}. However, we note that values of PO must be ignored
while the chain has not converged to equilibrium (the burn-in period). In this work, the proposal was taken as a random-
walk in the form:;

P" = POY 4 wp(Vg (10)
where ¢ is random vector with a standard normal distribution, i.e., € ~ N(0,1).

For the solution of the inverse problem, an analysis of the sensitivity coefficients reveals which parameters are
possible to estimate. For stable and accurate solutions of parameter estimation problems, the sensitivity coefficients are
required to be linearly-independent and with large absolute values (Beck, 1997, Ozisik and Orlande, 2000, Orlande et
al, 2011, Kaipio and Somersalo 2004). The reduced sensitivity coefficients, Jpj, with respect to parameter Pj, j=1,...,N,
are defined as

aC
J, =p — 11
PJ J an ( )

4. RESULTS

The analysis of the reduced sensitivity coefficients revealed that the absolute values of such quantities with respect

to the parameters sz , kand aare very small. Therefore, their estimation might be very difficult; hence, in this work

typical values found in the literature were used for such parameters (Dupont and Erneux, 1997). The other parameters,
except kinn and Caot, were found to be linearly dependent and, therefore, cannot be estimated simultaneously. For these
linearly dependent parameters, typical values were also taken from the literature (Dupont and Erneux, 1997). Figure 1
shows the reduced sensitivity coefficients of kinn and Cayet, as well as the direct problem solution, for the case examined
in this work. Notice in figure 1 that the sensitivity coefficients with respect to kisn and Cay are of large magnitudes and
are linearly independent.
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Figure 1: Relative coefficient sensitivity of parameters Ca,, and k;,
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Based on the foregoing analysis of the reduced sensitivity coefficients, this study will consider the estimation of
two parameters, kisn and Caor. The input data used for the Markov Chain Monte Carlo Method are shown in Table 3.

Table 3. Input data for the Markov Chain Monte Carlo Method

N Number of states in the Markov Chains 15000
w Step of proposal distribution 0.002
Ca,, Initial Estimation 104.00
kyon Initial Estimation 0.195
Fe,, Mean from prior distribution (Gaussian) 80.00

9¢a,, Standard-deviation from prior distribution (Gaussian) 60.00

My, | Mean from prior distribution (Gaussian) 0.1500
o Standard-deviation from prior distribution (Gaussian) 0.1125
0,... | Standard-deviation from likelihood function (Gaussian) 0.1

Results are shown in Figures 2-5 and Table 4. First, we performed an analysis of the Markov Chains evolutions,
which are shown in Figure 2. This figure shows that the Markov Chains reached equilibrium after approximately 5000
states, for both kinn and Caot.
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Figure 2: Evolution of Markov Chain.
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Figure 3 shows the evolution of accepted states. From 15000 states, 6536 states were accepted, which results in
an acceptance ratio of 43.57 %. The large acceptance ratio results from the small step use for the proposal distribution,
and is also evidenced from figures 2.b and 2.d.
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Figure 3: Acceptance of states from Markov Chain

The histograms of the marginal posterior distributions for Ca,,

marginal posteriors resemble Gaussian distributions, since the likelihood is Gaussian and the priors are Gaussian with
large standard-deviations (thus approaching uniform distributions). The means of the marginal posteriors are clearly in
in excellent agreement with the exact parameters, despite the fact that the Markov chains are started quite far from the
exact values. Such is the case because the exact parameters are used as the means in the Gaussian priors. Table 4 shows
the comparison between the exact and estimated values, which is excellent in the case examined in this paper.

and kK, are presented in figures 4. The

1800 T T T T 1600

1600+ 1400 -

1400+ 1200 -

1200+

=

o

8
T

=

o

S

=}
T

@
o
o
T
Frequency
o)
8

Frequency

600 - B
600
400 B
400
200 200 1
0 0 g
79.6 . A 79.9 R 80.2 0.1485 0.149 0.1495 0.15 0.1505 0.151
Calol uM klnh uM

Figure 4: Histogram of posterior distribution to parameters Ca,,, and ki, -

Table 4. Output analysis of parameters estimated.

Parameter | Unit | Exact Value | Initial Estimation | Mean 99% Conf. Int.
Cay,, #M 80.0000 104.00 79.9496 | (79.7550;80.1442)

Kin uM 0.1500 0.1950 0.14990 | (0.1490; 0.1580

Finally, Figure 5 shows a comparison between the measured and estimated calcium concentration. These quantities
are in excellent agreement.
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Figure 5: Comparison between the measured and estimated calcium concentration.

5. CONCLUSIONS

The results obtained, by using the Markov Chain Monte Carlo Method via Metropolis-Hastings algorithm, are very
accurate and promising for the estimation of parameters in the Calcium Induced Calcium Release model used in this
work. These results were obtained using Gaussian prior distributions with the means equal to the exact values of the
parameters, but a large standard deviation corresponding to 75% of these values.

The Markov Chains reached equilibrium with means very close to the exact values and with 43.57% of accepted
states.
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