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Abstract. Concerning incompressible flows of newtonian fluids the Reynolds Average is applied to the balance equations
in order to obtain governing equations for the mean variables. The result is a set of equations which need further closure
since a new term rises from the averaging procedure, namely the so called Reynolds stress tensor. Although many different
models can be found in the literature for non linear eddy viscosity models, mainly linear models are still applied, specially
in engineering, for the closure of the problem. The main objective of the work here presented is improving the linear model
mostly adopted using tensor decomposition and analysis by orthogonal projection from LES results for a better modelling
of the deviatoric part of the Reynolds stress tensor.
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1. INTRODUCTION

Turbulent fluid flow still remains as a major unsolved problem in classical physics and for this reason one the most
active areas of research in fluid mechanics concerns turbulence modelling. As for newtonian fluids and, more specifically,
incompressible flows, the balance of mass and momentum yields the set of equations known as the Navier-Stokes equation.
As stated by Kolmogorov (1941a,b) the fine structure of turbulence in such flows is better known to be captured by what
is called Direct Numerical Simulation (DNS) method. However since such scales are extremely difficult to represent
numerically, DNS is still too prohibitive from the computational point of view. Most results concern simple geometries at
low Reynolds number flows.

On the opposite side stands the method known as Reynolds Average Navier-Stokes equations. Not aiming in capturing
all the scales within a turbulent flow, time averaging is applied to the governing equations in other to obtain transport
equations for the mean variables. Such average is defined as a Reynolds operator (see Frisch (1995); Pope (2000)) and
when applied to the momentum equation a new term results, namely the Reynolds stress tensor R = —ou’ ® u’ ' . Such
entity represents how the fluctuation of the velocity field interacts with the mean flow and RANS models main concern
deals with properly representing such tensor field. Eddy viscosity models, linear and nonlinear, (LEVM NLEVM), and
Reynolds Stress Transport Models (RSTM) are the main branches within RANS modelling and they simply differ on
modelling the explicit relation or the transport equation for the Reynolds stresses with objective kinematic tensors of the
mean flow. The present analysis focus on eddy viscosity models concerning the Boussinesq hypothesis.

Lying in between RANS and DNS stands what is called Large Eddy Simulation (LES). In such method only the large
structures of the turbulent flow, which contain most of its energy, are numerically solved, while the fine ones are left to
be modelled. Although more costly than RANS, large eddy simulation is definitely more versatile than DNS since it does
not aim in represent all the fine structures within the flow. Therefore LES stands as an alternative to RANS simulations
when accuracy is mostly desired.

Nevertheless as for industrial applications RANS is still mainly adopted when comes to simulating turbulent flows.
Certainly large eddy simulation predict better results, but is way more costly and it does not fulfill the need for rapid
decision making in such scenarios. This is why RANS modelling probably will still be an useful tool for many years to
come and therefore the need to better describe turbulence in such approach. Most of the inaccuracy of RANS models
comes from not properly capturing the structure of the Reynolds stresses and its transport for complex flows.

In the present paper LES results are used in order to capture the Reynolds stress tensor for the flow over a backward
facing step. The disadvantage of bridging LES-RANS models is that there are two stages of modeling, which means

IThe over line stands for the time average, the prime represents the fluctuation with respect to the mean of velocity field and p is the (constant) mass
density of the fluid.
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that it is a model of a model. The advantage, however, is the possibility of simulating flows in complex geometries with
high Reynolds numbers with a high level of accuracy. Therefore, the corresponding RANS model can be generated from
complex flows. This advantage cannot be overemphasized, since, in general the results used to feed RANS models come
from very simple geometries where the Reynolds stress has a simple structure.

As noted by Thompson et al. (2010) the methodology of building RANS models from LES results is basically divided
in two parts. The first one would be, specifically concerning EVM, to investigate how the Reynolds stresses relate to other
mean objective kinematical tensors according to the theory of tensor decomposition present in Thompson et al. (2010).
The second one would be investigating how such coefficients describing the linear combination which better describes the
Reynolds stresses relates to the mean flow. However in this paper only the Boussinesq hypothesis is studied and therefore
its only coefficient is investigated.

2. DEFINITIONS AND GOVERNING EQUATIONS
2.1 Time average and fluctuations

Within the context of this paper the Reynolds operator adopted is

T
()= lim L (-)dt (1)

T—o0 0

and the fluctuations of any field are given by

()'=0(-0) 2)
2.2 RANS equations

After applying the Reynolds operator defined in (1) to the Navier-Stokes equations one gets

V. (@)=0 3)
V-(@®ua)=-Vp+vVa+ V- (R) (4)
where the Reynolds stress tensor is defined as the dyadic product of the fluctuations of the velocity field R = —u’ ® u’.

As treated in Pope (2000) and Wilcox (2006) in incompressible turbulent flows, equation (4) may be expressed in terms
of a modified pressure p noticing that only the deviatoric part of the Reynolds stresses

2
B=Rsw =R+ gnl 5)
contribute to the momentum equation (4), where Kk = — %tr (R) = %u’ -’ is the turbulent kinetic energy (per unit mass)

and 1 is the identity tensor in tridimensional euclidean vector space. The modified turbulent pressure is therefore defined
asp=p+ %/{ and for incompressible turbulent flows the momentum equation (4) may be written as

V-(W®u) =-Vp+vVu+V-(B). (6)
In incompressible turbulent flows RANS is only concerned with modelling the deviatoric part of the Reynolds stress

tensor. In this matter EVM’s deal generally with representing B in terms of linear combinations of objective kinematical
tensors of the mean flow.
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3. THE BOUSSINESQ HYPOTHESIS AND THE EDDY VISCOSITY

Boussinesq (1877, 1897) suggested that the Reynolds stress should be linearly proportional to the mean rate of defor-
mation tensor. The analogy with the constitutive equation for the viscous stresses in newtonian fluids is clear and since
the flow is said to be incompressible

B =aD @)

is also deviatoric. It should be noted that in general that such hypothesis does not always hold (Pope (2000); Frisch (1995);
Wilcox (2006)). As a matter of fact Thompson ez al. (2010) have shown that B can be decomposed in two orthogonal
parts, one which is proportional and another which is orthogonal to D. So actually

B=aD+B,5. (®)

Simply taking the double dot product of the above equation with D gives

B:D

_B:D ©)
‘DR

since orthogonality between the parts must hold in such a decomposition. Linear eddy viscosity simply relates to the
proportionality coefficient by

vrp = 9 . (10)

Eddy viscosity modelling mostly deals with the Boussinesq hypothesis and how to relate such proportionality coeffi-

cient a, or the eddy viscosity, to objective kinematical tensors of the mean flow. Equation (9) expresses how « relates the

mean rate of deformation D however implicitly with the (deviatoric) Reynolds stress itself. Since « is believed to be an

isotropic function of its explaining tensors, according to Korsgaard (1990); Smith (1971); Itskov (2013) this coefficient
should be only a function of the algebraic invariants of such tensors.

3.1 Scaling «

Since «, or vr, has dimensions of kinematical viscosity, or diffusivity, usual scaling involving characteristic lengths
and velocity of the flow, or the turbulent kinetic x and some other turbulent field, e.g. the rate of dissipation € or the
frequency w, are usually applied (see Wilcox (2006)). For the present paper the scaling adopted is

a:&”—ﬁu (11)

where the new field & is dimensionless. The proposed model is therefore stated as

B=da—D. (12)

3.2 Motivation for the proposed scaling

The present paper investigates how the dimensionless coefficient & field may relate with invariants of objective kine-
matical tensors of the mean flow. As defined in (9) and (11) the proportionality coefficient, and therefore its dimensionless
version, is still an unknown variable concerning the closure of turbulence. For bidimensional incompressible flow the first

s . = . = =2 .
and third invariants of D are not as relevant as its second one I/ = % ((tr(D))? — tr(D") ) and therefore not taken in

account when trying to describe &.. Other fields of interest are the turbulent kinetic energy ~ and also the second invariant
of the mean non-persistence-of-strainning tensor P = D W' — W' D, where W' is the relative vorticity tensor, defined
as the vorticity measured with respect to the rate of rotation of the eigenvectors of D. Numerical issues in computing P
and how to circumvent them are extensively discussed in Thompson et al. (2010). The motivation behind choosing the
tensor P as an important entity to explain the Reynolds stresses lies in Thompson et al. (2010) previous results in extend-
ing the basis of tensors used to describe B, which yield better results when considering the non-persistence-of-strainning
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tensor. For this reason here it was also adopted its second invariant as an important field that might could explain the
coefficient & even though the basis consisted only of the rate of deformation tensor D, namely the Boussinesq hypothesis.

The proposed model as stated in (12) is similar to others such as the k — € and K — w models when trying to scale the
eddy viscosity with the turbulent kinetic energy «. In such models the scalings proposed are % and Z, respectively. The
model here proposed would still lie in the class of two-equation-models since the rate of dissipation play its role in the
transport of turbulent kinetic energy. However when only utilising x as part of the scaling factor it is believed to smooth
better the dimensionless coefficient than rather also using €, which transport equation has so been modelled that it has
very little to do with its true physics.

Alves (2014) has shown for turbulent plane Poiseuille flows that such a scaling as proposed in (11) translates better the
dimensionless coefficient behaviour than the ones in k — € and K — w models. Familiar results in y4 units involving steep
slopes and uniformity only far away from the wall were shown to be diminished when dealing with the proposed scaling
present in Alves (2014). As a matter of fact Alves (2014) shows that for such flows the new proposed scaling returns an
almost uniform dimensionless coefficient for a wide range of Reynolds number in opposition to the usual C,, field found
in standard k — € model (see Launder and Spalding (1974)).

Sampaio (2012); Nave et al. (2010); Yabe et al. (1991) proposed that in order to increase accuracy in numerically
describing || D|| a transport equation for the velocity gradient should be derived and solved along with the remaining
equations of the problem. Although increasing the computational cost the accuracy of the discrete field would also be
augmented. Therefore for the proposed model one way of increasing accuracy would be solving the transport equation
for the mean velocity gradient or for the norm of the mean rate of deformation tensor ||D||.

4. METHODOLOGY
4.1 Normalization

Before carrying on with the analysis a normalization is proposed in order to describe the field of interest. Since ¢ is
dimensionless it would be interesting to try to explain it as function of other dimensionless fields. However the turbulent
kinetic energy and the invariants all have dimensions which differs from one another.

The normalization adopted is defined as

-) — min(-
max(-) — min(-)
which not only returns a dimensionless field but also limits its image in [0, 1] C R.
4.2 Orthogonal Projection of &*
Orthogonal projection is used for describing the behaviour of the dimensionless field & on the spanned linear sub
spaced given by the non-orthogonal basis of functions B = {x*, I I%, I I%, ...}, where the basis may be extended by

taking into account higher powers of the turbulent kinetic energy and the invariants in question. Therefore the coefficient
may be expressed as

N
& =Y el +aly (14)

where I'; € B and N is the dimension of the linear subspace spanned by the linearly independent functions in 8. The
further coefficients c; may be obtained considering that the functions above belong to an infinite dimension Hilbert space
with the following defined inner product

(f.9) = /Q fgdV . (15)

Since for all 7 from 1 to N the following orthogonality must hold

<Fi’6‘j_‘3> =0, (16)

the coefficients for the orthogonally projection of & are given as the solution of the following linear system of equations
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N

(@*,Tk) = (i, Tw), (17)

?

where k ranges from 1 to IV, simply yielding N linearly independent equations.

The orthogonal counterpart & 3 = &@* —> ;" ¢;I'; remains as the part of & not explainable by the chosen fields which
constitute the basis 8. As closer & gets to the space spanned by the functions in 28 the smaller such orthogonal part & o
becomes and therefore the better the behaviour of & is captured by the basis functions.

For the present paper three basis were chosen: B; = {k*, 115, II%}, B = {K*, 15, 1T, /1*2, Ilg, Il%z} and
B = {k*, II%, 15, /{*2, II%?, II%2 , K , Ilg, II%S}. Further basis may be chosen by only taking higher powers of
K, II% and II%.

5. NUMERICAL SIMULATION
5.1 Geometry: Backward facing step

The backward facing step is a classical benchmark test case and has been extensively used in the literature to validate
turbulence models. Here we use the same geometry as Moin et al. (1997), with a 1.2 expansion ratio (ER = LyL*h, with
Y
L, = 6h), shown in Fig. 1. The other dimensions are L, = 23h, L, = 4h, and L; = 3h, where h is the step height, L; is

the inlet length, before the step, and L, , L, , L, are the total length, height and span, respectively.

Figure 1: Backward facing step geometry.

The inlet boundary conditions are: imposed velocity, according to a profile obtained with DNS (Moin et al. (1997))
at x = 3h from the step. The step height based Reynolds number was Re = Uph/v = 5100, where Uy is the maximum
velocity, and v is the kinematic viscosity. Zero gradient in normal direction is also imposed on the pressure field. For
simplicity, turbulence is not set there, in a hope that at least some part of the spectrum would have developed before
reaching the step, and that the abrupt geometry will provide most of the turbulence downstream. The outlet is set as an
outflow, with fixed pressure (zero) and null normal gradient for the velocity and turbulence variables. The bottom surfaces
are set as walls, while the top, as an impenetrable, no-stress plane. The lateral planes are set as periodic.

5.2 Discretization

To solve the governing equations in a computer, a discretization process is needed to project the complete and contin-
uous function space and operators into a vectorial space, resulting in a linear system to be solved.

The mass, momentum, and turbulence equations were discretized using the Finite Volume Method (FVM) imple-
mented in OpenFOAM CFD (2014b,a). The field values are stored at the control volume centroids. Whenever fluxes
or other face quantities are needed, the centroid values are interpolated to the faces centroids, using the most appropriate
scheme. Here, a linear interpolation is used for the velocity field, corresponding to the classical central differences scheme
of Finite Difference Method (FDM). This avoids extra dissipation which would otherwise affect the turbulence spectrum,
and it is the recommended scheme when a physical modelling approach is chosen over an implicit LES. On the other
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hand, for variables like the subgrid turbulent kinetic energy, which cannot assume negative values and should be bounded,
a Total Variation Diminishing (TVD) scheme based on Minmod limiter is employed. This guarantees a bounded behavior
when high frequency oscillations are eminent, yet an accurate discretization for smoother modes.

The discretization of these equations generates three sets of linear systems, corresponding to the mass, momentum, and
subgrid turbulence equations, which are solved separately, in a segregated approach. During a time step of the transient
evolution, the momentum is solved first, then the pressure is found to correct the mass conservation and lastly an inner
loop coupling is performed only for the velocity and pressure fields, using the PISO methodology Issa (1986).

An hexahedral mesh consisting of 300 x 160 x 32 subdivisions in the streamwise (x), vertical (y) and spanwise (2)
directions respectively was employed. In the z-direction, 40 subdivisions out of the total (300) were placed before the
step, with a small concentration towards the step. Also, in the y-direction a non-uniform distribution of subdivisions was
employed, concentrating control volumes close to the wall and in the step level. After simulation was ran and the mean
wall shear stress was obtained, it was possible to evaluate the near wall normal spacing in wall units Ay, = Ay/§. The
wall characteristic length is given by § = v/u, = v/\/7Tw/0 is the local mean wall shear stress. The resulting near
wall mesh spacing in wall units were y; = 0.56 in average, and y4 = 7.57 in the worst case, indicating that a suitable
resolution was obtained to tackle turbulence with LES.

5.3 LES model

The Navier-Stokes equation and continuity are implicitly filtered in space, taking advantage of the Finite Volume
Methods integral over each control volume. The resulting equation presents an additional term representing the subgrid
(filtered) scales and its interaction with the resolved scales, and needs modeling as it cannot be closed. This term is
modeled according to the Boussinesq hypothesis, in the framework of a functional model, where the dissipative role it
plays in the energy cascade is more important than the exact capturing of the subgrid stress tensor structure.

The subgrid stress tensor, or more precisely, its deviatoric part, is thus assumed tied to the symmetric part of the
resolved velocity gradient, by means of a "subgrid" viscosity, which is the very essence of all the modeling involved.

To provide the local value of this viscosity, two characteristics quantities are generally needed. Among the various
modeling options, we choose the one equation subgrid model of Yoshizawa and Horiuti (1985), in which the two charac-
teristic values are the subgrid kinetic energy (ksags), given by its own additional transport equation, and a length scale,
given by the cubic root of the control volume volume. The constant parameters of the model were dynamically adjusted,
locally and for each time step, following the Germano methodology (Germano et al. (1991)).

6. RESULTS

In this section we must emphasise that all images are plotted using the same range, namely the dimensionless interval
[0,1] C R, and with the same colour pallet, in which black stands for 0 and white for 1.

The first field shown in Figure 2 is the normalised dimensionless coefficient a*. The ones that follow in pictures 3, 4
and 5 are the normalised fields of the turbulent kinetic energy «*, and the second invariants /5 and I I%, respectively.

As seen in Figure 2 the structure of de scaled (normalised) coefficient is quite complex, specially when compared to
simple shear flows such as in Alves (2014). High spatial gradients are observed right after the step and in the middle of
the geometry, particularly closer to the outlet. As mentioned before the explaining chosen fields are the ones pictured in
Figures 3, 4 and 5 and their respective powers to the expanded basis of functions.

The following Figures from 6 to 11 show how the orthogonal projection explained in 4.2with the basis B, B and
811 looks like for the backward facing step flow in question. Figures 7, 9 and 11 shows the orthogonal counterpart & o
regarding each one of projections. As it can be seen by the pictures the extended basis which contain higher powers of
the chosen fields give better approximations to the target field &*, as expected. The analysis could be carried further with
even wider basis of functions than B, 8 and B;;, however it would yield qualitatively the same result. The authors
believe that the orthogonal projection method is well depicted here as confirmed by the results.

Figure 2: a*. Figure 3: x*.
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Figure 4: II%. Figure 5: I1%.

Figure 6: Orthogonal projection of &* onto the basis of Figure 7: Orthogonal counterpart G o, relative
functions B, = {x*, I155, I I5}. to B.

Figure 8: Orthogonal projection of &* onto the basis of Figure 9: Orthogonal counterpart &7 o relative
2
functions By = {x*, [I5, I L5, k¥ T[S IT5 }. to By;.

Figure 10: Orthogonal projection of &* onto the basis of  Figure 11: Orthogonal counterpart &] o relative
functions , , . . , . to Byrr.
B ={x* 15, 15, v*  IIS 15 k% TS TS}
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7. FINAL REMARKS AND FURTHER DEVELOPMENT

The presented work dealt with scaling the proportionality field, or the eddy viscosity, in the Boussinesq hypothesis and
aimed in describing it by orthogonal projection onto chosen basis of functions consisting of meaningful fields of the mean
flow. The major problem associated with it lies first in the eddy viscosity approximation that for the backward facing step
case performs poorly. The second one is related with describing such a viscosity as a finite linear combination of fields
and therefore approximating a not quite so good approximation. The results agreed with what was expected from the
orthogonal projection method, however as for a model perhaps does not deserve time to implement it having in mind that
the exact description of o would still be a not so good approximation for the (deviatoric) Reynolds stresses B.

On the other hand, as shown by Thompson et al. (2010), regarding EVM the further extension of the basis of tensor
used in describing B yields significant better results. The further developments would deal with linear combinations of

mean objective kinematical tensor of the mean flow such as D, ﬁz, P, ?2 and even combinations as P D + D P to
better capture the complex structure of B. The resulting coefficients would be projected onto a even wider linear subspace
spanned by new invariants of the new basis tensors, as well as the turbulent kinetic energy . Analysis tend to continue
in studying also implicit relations involving also the second invariant I /g regarding the scaling and also the projections
always aiming in describing B more accurately.
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