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Abstract. A model is described for the solidification of an undercooled binary alloy in a one-dimensional semi-infinite 
medium. The model implemented in this work can be used for cases where the alloy is constituted of nanoparticles 
dissolved in a base phase change material. The equations of heat and mass transfer are coupled through the interface 
conditions at the moving phase change boundary. The equations are rewritten in conservative form to implement a 
numerical technique based on the enthalpy method, which does not require the explicit tracking of the phase change 
boundary. The obtained results are verified with known analytical solutions and explicit numerical solutions, for a test 
case available in the literature. The numerical technique used in this work can accurately predict the temperature and 
the solute concentration for several conditions of practical interest. The effects of the Lewis number on the 
solidification behavior are examined in the paper as well.  
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1. INTRODUCTION 
 

The limited supply of energy is one of the difficulties encountered by today's modern society, especially when it 
comes to the high energy demand from the rapidly growing emerging economies. In response to this challenge, the 
search for renewable alternative energy has been intensified. However, due to the unpredictable supply of renewable 
energy sources, storage of all forms of energy is a major obstacle that hinders greater adoption of renewable energy 
sources. As for the thermal energy storage, considerable amount of energy can be stored at a practically constant 
temperature, when a material undergoes phase change. Paraffin, water, salt hydrates and sugar alcohols are examples of 
phase change materials (PCM) with high latent heat storage capacity, with melting temperatures that can be suitable for 
several practical applications (El Hasadi, et al., 2013). 

In this context, as a way of adjusting the time delays associated with power supply and demand, PCM's are 
considered promising thermal storage materials. The main criterion for selecting a PCM for a given application is its 
phase change temperature. However, other important parameters should also be taken into account in an appropriate 
decision (El Hasadi, et al., 2013; Dhaidan, et al., 2013). 

Many research groups have contributed to this area by studying analytically (Fan and Khodadadi, 2011; El Hasadi, 
2013), numerically (Khodadadi and Hosseinizadeh, 2007; Hosseinizadeh et al, 2012; Ranjbar et al., 2011; Kashani et 
al., 2012) and experimentally (Cui et al., 2011; Sanusi et al., 2011) phase change problems in binary alloys. 
Experimental methods play important roles in investigating the solidification process. Mathematical numerical 
modeling has been and continues to be a powerful tool in improving the understanding of the solidification process. 

Numerical problems involving solidification, which exhibit a moving and sharp interface between the solid and 
liquid phases, are computationally challenging. The requirement to accurately track the solid-liquid interface as it 
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moves over the discretized domain is the main difficulty in this case. Many popular numerical solutions used to 
overcome this difficulty are based on enthalpy formulation (Crank, 1984; Voller, 2006). Based on a governing equation 
that conserves the energy (enthalpy), this method has been used since the middle of last century (Eyres, et al, 1946;. 
Price and Slack, 1954). This equation is valid throughout the problem domain and can be numerically solved, at each 
step, on a fixed space grid. From the calculated nodal enthalpy field an auxiliary variable –the liquid fraction ($f=1$ in 
liquid, 0f = in solid) - can be extracted and used to track the movement of the solid-liquid interface (Price and Slack, 
1954; Voller and Cross, 1981; Date, 1992). Enthalpy methods have been widely verified against alternative approaches 
to track solidification fronts. 

The objective of this work is to explore enthalpy methods to solve binary-alloy one-dimensional phase-change 
problems, in the presence of an undercooled liquid by using an implicit scheme, for fast and accurate solutions. During 
solidification, colloidal suspensions behave similarly to a binary alloy when the particle sizes are small. Furthermore, 
another aspect of the process is the undercooling resulting in rejection of the nanoparticles ahead of the solid-liquid 
interface (Peppin, et al.,2006). In fact, a full analysis of solidification nanostructure-enhanced phase change materials 
(NePCM) colloidal suspensions must account for mass transfer of the particles (El Hasadi, et al., 2013). 

Voller (2006; 2008), Alexiades and Solomon (1984) and Wilson et al. (1984) highlighted an important shortcoming 
of  Crowley and Ockendon (1979) enthalpy solution. In fact, the solute rejected into the liquid as the solid is formed is 
not easily removed from the region ahead of the solid–liquid interface when the Lewis number is large. According to 
Kurs, et al. (1986) this situation can lead to the so-called constitutional under-cooling, in which there is a region ahead 
of the interface where the equilibrium temperature, calculated by substituting the solute concentration into the liquidus 
line of the phase diagram, is above the real temperature, see Fig. 1. In a physical context, any small solid imperfection 
forming on the interface will find itself in a local environment favorable for further growth, resulting in a break down of 
the solid–liquid interface into a mushy region, where, at the scale of the problem, distinct solid and liquid regions 
cannot be identified (Voller, 2008). 

In this work, we apply the implicit enthalpy method, as an extension of the explicit enthalpy method proposed by 
Voller (2008), in order to solve the  growth of equiaxed dendritic crystals in initially under-cooled melts reported by 
Crowley and Ockendon (1979). 

The proposed solution method is verified with Stefan's problem for the solidification of a binary alloy in a semi-
infinite geometry cooled from one side, which is the well-known Rubinstein problem (Rubinstein, 1971). We also 
verify the present solution for Rubinstein problem with undercooling by using the work of Voller (2008). The present 
numerical solution will be used in the future for the solution of inverse problems related to the thermal energy storage in 
phase change materials.  

 
2. MATHEMATICAL MODEL 
 
2.1 Parameters and variables 
 

The non-dimensional parameters used in the current study are as follows: 
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The superscript * represents dimensional quantities. Subscripts n , S  and L  identify colloidal mixture, solid and 

liquid phases, respectively. *H  is enthalpy 3[J/m ] , H  is the dimensionless  enthalpy , *T  is the temperature [K], T  is 
the dimensionless temperature, *

mT  is the melting temperature of the pure PCM or solvent [K], l  is an appropriate 

length scale [m], *
nL  is the volumetric latent heat 3[J/m ] , *

pc  is the volumetric specific heat 3[J/m K] , pc  is the 

normalized specific heat, C +  is solute concentration [wt %] , 0C  is the initial volume concentration [wt %] , C  is the 
concentration normalized by 0C , s  is the location of the solid–liquid interface, t is time, *α  is the thermal diffusivity 

2[m / s] , *D  is mass diffusivity 2[m / s] , D  is the normalized  mass diffusivity of the nanoparticles, k  is the 
segregation coefficient. The temperature at 0x =  (i.e., surT ) was lowered below the initial liquidus temperature to 
initiate the solidification process and for the solid–liquid interface to move away from the cold surface. Other variables 
of interest are m  [K], which is the slope of the assumed straight liquidus ( )L  or solidus lines ( )S  in the phase diagram 
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(see Fig.2), Le  is the Lewis number, St  is the solutal Stefan number, and equT  is the dimensionless equilibrium 
temperature of the liquidus line in the phase diagram. 
 

 
 

Figure 1. Region of constitutional under-cooling (Voller, 
2008). 

 
 

Figure 2. Schematic of binary phase diagram 

 
2.2 Governing equations 
 

The problem under analysis involves a binary alloy melt at a uniform solute concentration LC  and uniform 
temperature 0T  held in a one-dimensional semi-infinite domain, 0x > . At time 0t =  the temperature of the surface of 
this domain is fixed to a temperature surT   sufficient to initiate solidification, so that, as time increases, a solid layer 

( )x s t=  grows from the 0x =  surface into the liquid alloy. Following Alexiades and Solomon (1984), the governing 
equations are given below. 

Energy equation and solute diffusion in the solid region: 
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Energy equation and solute diffusion in the liquid melt region: 
 

2

2
,L LT T

t x
∂ ∂

=
∂ ∂

 

2

2

1 , (t)L LC C x s
t Le x

∂ ∂
= >

∂ ∂
 

(3) 

 
The initial non-dimensional conditions and the boundary conditions of the PCM are the following: 
 

0 , 1 at 0 in 0C t xT T = = >=    (4) 

 

0, at 0, 0S
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01, as , 0LC T T x t= = →∞ >  (6) 

 
On the moving solid–liquid interface (t)x s=  there is, due to the partitioning of the solute, a jump in solute 

concentration, such as shown in Fig. 2 in the binary phase diagram, so that:  
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( , ) ( , ) ( ) at ( ), 0i
S LC s t kC s t kC t x s t t= = = >  (7) 

 
where ( )iC t  is the liquid concentration on the interface. In addition, the temperature of the interface is given by the 
liquidus line, i.e. 

 

( ) ( , ) (1 ( )) at ( ), 0i i
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Further, by neglecting flow due to density changes, the heat balance (Stefan condition) and mass balance on the 

moving solid–liquid interface at (t)x s=  are written as 
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2.3 Similarity solution 
 

The location of the moving interface can be calculated from the following relation (Rubinstein, 1971): 
 

2 ( )s tλ=  (11) 

 
and the temperature and concentration profiles are given by (Rubinstein, 1971) 
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satisfy the heat and mass transport governing Eqs. (2)-(3) along with the initial and boundary conditions. The three 
unknowns in these equations, iC , iT and λ , leading to a closed solution, are obtained by satisfying the condition set by 
the liquidus slope 
 

(1 ) 0i iT St C+ − =  (16) 

 
and the heat (9) and mass (10) balance conditions on the moving interface (t)x s=  given respectively by 
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3. ENTHALPY MODEL FOR THE BINARY-ALLOY SOLIDIFICATION 
 

For the binary-alloy problems the enthalpy model is developed from the model presented by Crowley and Okendon 
(1979). Enthalpy, H, is defined as the sum of sensible and latent heats. The chemical activity and the concentration play 
the same roles in the mass transfer problem as the temperature and enthalpy in the heat-transfer problem. Eqs. (2)-(3) 
may now be written as 
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where the additional mixture definitions are f (1 ) pf f cα α= + −  and f 1 [ (1 ) ]D f k f DLe= + −  (Crowley and 

Ockendon, 1979). Note that when 0f = the solid phase transport Eqs. (2) are recovered from (19) and when 1f =  the 
liquid phase equations (3) and (19) are recovered. Crowley and Ockendon (1979) observed that  Eq. (19) is the solute 
equivalent of the enthalpy equation ; fC , taking the role of enthalpy, jumps across the solid–liquid interface and, V, 
taking the role of temperature, is piecewise continuous across the interface. 

According to Voller (2008) in a treatment which allows for problems that involve different specific heat values in 
the solid and liquid phases we have 
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Where 0 1f≤ ≤  is the liquid fraction so that the mixture solute concentration is defined by 
 

(1 )f
L SC fC k C= + −  (21) 

 
and – following the initial idea of Crowley and Ockendon (1979) – a concentration potential is defined as 
 

(1 )
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4. NUMERICAL SOLUTION OF ENTHALPY FORMULATION 
 

In the following, a numerical solution is developed for Eqs. (19) - (22), by using an implicit scheme.  
 

4.1 The finite volume equations 
 

A numerical solution is developed below for Eqs. (19) in a one-dimensional solidification of a block of molten alloy, 
with uniform initial temperature and concentration, 0T  and 0

fC , respectively. At the initial time, the temperature at the 
surface 0x =  is lowered to surT , where it is assumed   a zero mass flux boundary condition. The Eq. (19) is solved to 
update the nodal enthalpy and mixture concentration fields.  

The implicit schemes of (19) is 
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where t∆  is the time step, x∆  is the space step, and the  lower case subscripts w(est) and e(ast) indicate the face values 
for the control volume with center node i. The values of the interface conductivities and diffusivities are calculated as 
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The resulting fields are then used in a point by point iteration to extract the nodal values ofV , T  and f  that are 
needed in the next time step. The spatial domain is discretized with  1000 control volumes of length 0.05x∆ = , and a 
time step of 525 10t −∆ = × . The choice of space step is sufficient to satisfy grid independence and the choice of time 
steps is sufficient to avoid stability problems.  
 
5. RESULTS 

At the start of the calculation all node values are set to 1if = , 1f
iC = ; 0iT T= ; 1iV =  and 1i iH T= + . In order to 

initiate solidification at volume 1i =  we set 1 0.999f =  at this control volume. Calculations are carried out until the 
solid-liquid interface reaches 9.75s = . Calculations are made for the binary-alloy problem defined by the properties 
(Voller, 2008) 

 

01, 0.1, 1.5, 2, 0.1, 4.0, , 0.1sur pT T c k Le D Le Stα= − = = = = = = = −  (24) 

 
In this paper since the solute concentration in the solid phase will take a fixed constant value, the choice of solid 

mass diffusivity has no influence. As such, the setting of D Le=  was made to ensure that stability of the discrete solute 
transport equation is met as the Lewis number is increased. 

Figure 3 compares predictions from the analytical Rubinstein solution with the implicit and explicit enthalpy 
solution for the case where constitutional under-cooling occurs. This figure shows results for (a) the interface, (b) the 
concentration history for the 90th node point, at 4.475x = , and (c) the temperature history at 4.475x = . In all plots the 
numerical results are shown as symbols and the analytical results as continuous lines. In all cases the agreement 
between the numerical and analytical results is excellent at the graphic scale.  

The use of an implicit solution was devoted to remove the inherent instability of explicit solutions. It is clear in 
figures 3 that the fidelity between the analytical and numerical solutions is retained in all predicted fields. The 
prediction of the equilibrium temperature in the solid indicates that, for the choice of boundary condition at 0x = , the 
predicted concentration at which the phase change occur remains fixed throughout the solidification. It is stressed that 
this condition occurs naturally in both the analytical and numerical solutions, i.e., it is not imposed or assumed a priori.  

(a) 
 

(b) 
 



23rd ABCM International Congress of Mechanical Engineering 
December 6-11, 2015, Rio de Janeiro, RJ, Brazil 

 
(c) 

Figure 3. Results for compositional under-cooling case, symbols are numeric results lines are analytical. (a) Interface 
movement, (b) concentration history at x=4.475, (d) temperature history at x=4.475. 

The Lewis number characterizes the relative roles of the thermal and solute diffusion in controlling the solid–liquid 
interface movement. An increase in the Lewis number leads to a relative decrease in the width of the solute boundary 
layer ahead of the solidification front. Figures 4 show the solute and temperature profiles at dimensionless time 40t =  
for case where 1Le = , 0.1 and 1 (figures from left to right). As expected, the thermal and solutal boundary layers have 
approximately the same thicknesses for 1Le = . With the increase of the Lewis number the rate of solute diffusion is 
reduced, the interface solute pile up increases and the solutal boundary layer is thinner than the thermal boundary layer. 
On the other hand, if the Lewis number is decreased, the rate of the solute diffusion away from the interface increases, 
the pile up of solute at the solid–liquid interface is reduced, and the solutal boundary layer becomes thicker than the 
thermal boundary layer. 

 

    
 

Figure 4. Concentration and temperature profiles at time t = 40 for Lewis numbers of 1, 0.1 and 10, respectively 

 
6. CONCLUSIONS 
 

This paper presents a numerical solution for the solidification of an under-cooled binary alloy melt. Solidification 
was initiated by introducing, at the cool surface, a solid fraction at the equilibrium temperature. The similarity solution 
proposed by Rubinstei (1971) provides important quantitative insights into the relative roles of thermal and solute 
diffusive transport during solidification, and identifies physical limits that will allow for growth from a solid seed. 

 An implicit enthalpy numerical solution was developed, based previously on the enthalpy binary-alloy model 
proposed by Crowley and Okendon (1979). The performance of the implicit enthalpy method is verified with the 
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available analytical and explicit solutions of Voller (2008). The agreement between the implicit solution developed in 
this work and such benchmark solutions is excellent.  
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