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Abstract. This paper proposes a robust nonlinear control design strategy for a class of systems with parametric uncer-
tainties subject to unknown exogenous inputs. Linear Matrix Inequality (LMI) conditions are derived in order to obtain a
nonlinear controller that ensures stability and performance of the closed loop system. The design problem has been for-
mulated using a consistent framework for robust Sliding Mode Control (SMC) via Amplified Linear Quadratic Regulator
(ALQR). Typically, systems with standard ALQR controllers present enhanced stability margins. However, the standard
ALQR does not ensure robust stability when model uncertainties are incorporated. In order to solve this problem, the
ALQR is formulated via LMIs to cope with the parametric uncertainties. Exogenous inputs, on the other hand, are not
dealt with by the ALQR. As a means to address this issue, a novel method using the SMC via ALQR is provided. The
effectiveness of the design method was evaluated considering a mass-spring system with two carts connected to each
other through a linear spring, with only one actuator. The control objective is to track a position reference and ensure
performance and stability in spite of disturbances, noise and unmodeled dynamics (dry friction). The experiments showed
that nonlinear controllers using SMC via ALQR based on LMIs may lead to advantageous results over classical design
methods.
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1. Introduction

In recent years, nonlinear control systems have received considerable attention in the literature, as can be seen by a
significant number of papers (Mohanty, 2008), (Joshi and Thakar, 2012), (Barzamini and Shafiee, 2012). This interest
in the analysis and design of nonlinear control systems is due to unsatisfactory performance of linear controllers when
applied to plants with accentuated nonlinearity or nonlinear plants operating over a wide operating range (Khalil, 2002).
Therefore, nonlinear techniques that overcome this complexity have been developed. One potential approach, termed
Sliding Mode Control (SMC) has been applied to a wide class of situations, for example, motor control, robotic control
and flight control (Shyu et al., 2000), (Qian et al., 2007).

The sliding mode control technique is a variable structure control method that alters the dynamics of a nonlinear
system by application of a discontinuous control signal that forces the system to "slide" along a cross-section of its
normal behavior (Utkin, 1978). However, this methodology proposed by Utkin (1978) showed some problems related to
high gains and especially the existence of oscillations in high frequencies making its application infeasible in practice.
To avoid such oscillations Slotine and Sastry (1983) proposed the smoothing of the switched term of control. With this
modification, the sliding mode controller demonstrated to be robust and eliminated the problems related to some model
uncertainty.

Several structure variants of sliding mode controllers have been investigated in order to increase the stability and
consequently the robustness of the nonlinear controller (Slotine and Li, 1991), (Shyu and Shieh, 1996), (Utkin, 1977),
(Hai Yu and Ozguner, 2006). In this context, the merit of this paper consists in extending the procedure of sliding mode
controller design proposed by (Yu and Liu, 2005) using Amplified Linear Quadratic Regulator (ALQR) for uncertain
systems. It is known that the standard ALQR using Riccati does not ensure robust stability when model uncertainties are
incorporated (Prakash, 1990). Thus, sufficient conditions based on Linear Matrix Inequalities (LMIs) for the existence of a
sliding mode control via ALQR controller to which parametric uncertainties are incorporated are provided. This numerical
technique has several advantages. While the algebraic solution can only be applied to one system, the numerical procedure
can take into account multiple systems, i.e., uncertain systems at different operation points (Feron et al., 1992), (Boyd
et al., 1994), (Olalla et al., 2009). This feature allows the practicing engineer to combine the properties of ALQR control
with uncertainties. As a result, the controller is not optimal as in the nominal case, but provides a guaranteed cost. The
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envisioned application scenario presents a system with two carts connected to each other through a linear spring, with
only one actuator. The control objective is to track a position reference and ensure performance and stability in spite of
disturbances, noise and unmodeled dynamics (dry friction).

This paper is organized as follows. In Section 2 a solvability condition is established for existence of solution of the
sliding mode control via ALQR controller to which parametric uncertainties are incorporated. In Section 3, the case study
used to evaluate the effectiveness of the proposed method is presented. Section 4 contains the experimental results and
discussions. Finally, Section 5 presents the conclusion.

2. Sliding mode control via ALQR for uncertain systems

Herein the SMC via ALQR method for uncertain systems is considered. The design consists of two sequential steps,
the first step is characterized by calculating the constant ALQR-gain matrix, Kr, that specifies stability and robustness
performance. In the second step, the sliding mode control is added to cope with unmodeled effects.

2.1 Amplified Linear Quadratic Regulator for Uncertain Systems - LMI Approach

Consider an uncertain linear time invariant system, described by the state equation

ẋ (t) = A (α)x (t) +B (α)u (t) , (1)

where x ∈ Rn is the state vector, u ∈ Rm is the control vector and A (α), B (α) are not precisely known matrices, which
belong to a convex bounded (polytope type) uncertain domain Θ given by,

Θ =

{
A (α) : A (α) =

N∑
i=1

αiAi; B (α) : B (α) =

N∑
i=1

αiBi, α ∈ Φ

}
(2)

with

Φ =

{
α ∈ RN ,

N∑
i=1

αi = 1; αi ≥ 0

}
. (3)

Any uncertain pair of matrices (A (α), B (α)) in Θ can be described as a convex combination of the vertices (Ai, Bi),
i = 1, ..., N of the polytope (Boyd et al., 1994). The optimal ALQR is obtained using the state-feedback gain Kr

(u = −Krx) that minimizes the performance index

J =

∫ ∞
0

(
xTQx+ uTRu

)
dt (4)

where Q ∈ Rn×n is a symmetric and positive semidefinite (Q ≥ 0) matrix and R ∈ Rm×m is a symmetric and positive
definite (R > 0) matrix (Prakash, 1990). Considering the state feedback with gain Kr, the performance index can be
rewritten as

J =

∞∫
0

xT
(
Q+KT

r RKr

)
xdt. (5)

Since the Tr (·) possesses the property aTMb = Tr
(
MbaT

)
(Olalla et al., 2009), (5) can be recast as

J =

∞∫
0

Tr
((
Q+KT

r RKr

)
xxT

)
dt = Tr

((
Q+KT

r RKr

)
P
)
, (6)

where P =
∫∞

0
xxT is a positive definite symmetric (P > 0) matrix that satisfies

(Ai +BiKr)P + P (Ai +BiKr)
T

+ x0x
T
0 < 0, (7)

in which x0 is the initial state condition. Moreover, using the cyclic property of the trace operator:

Tr
(
KT
r RKrP

)
= Tr

(
PKT

r RKr

)
= Tr

(
KrPK

T
r R
)
. (8)

Now, since the trace is invariant to a similarity transform, one may multiply the argument in (8) to the left by R1/2 as
and to the right by R−1/2, and the following equality holds

Tr
(
KrPK

T
r R
)

= Tr
(
R1/2KrPK

T
r RR

−1/2
)
. (9)
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Therefore, in view of (8) and (9), the minimization of J given as in (6) can be restated as

min
P,Kr

Tr (QP ) + Tr
(
R1/2KrPK

T
r R

1/2
)

s.t

(Ai +BiKr)P + P (Ai +BiKr)
T

+ x0x
T
0 < 0.

(10)

The objective function in (10) involves the product of the variables P and Kr, thus complicating the minimization. In
order to circumvent this hardship and obtain the amplification of the nominal LQR, a new variable Y is introduced, which
satisfies Kr = 1

βY P
−1 for a fixed β ∈ ]0, 1[. From this consideration the ALQR problem can be written as,

min
P,Y

Tr (QP ) + Tr
(
R1/2 Y

β P
−1 Y T

β R1/2
)

s.t

AiP + PATi + Bi

β Y + Y T
BT

i

β + x0x
T
0 < 0.

(11)

In addition, the nonlinear term Tr
(
R1/2 Y

β P
−1 Y T

β R1/2
)

can be replaced by a second auxiliary variable X , such that

X > R1/2 Y
β P
−1 Y T

β R1/2. This inequality can successively be decomposed by Schur’s complement, resulting in

X > R1/2Y

β
P−1Y

T

β
R1/2 ⇔

[
X R1/2 Y

β
Y T

β R1/2 P

]
> 0. (12)

Therefore, the complete LMI formulation for ALQR problem is given by:

min
P,Y,X

Tr (QP ) + Tr (X)

s.t

AiP + PATi + Bi

β Y + Y T
BT

i

β + x0x
T
0 < 0[

X R1/2 Y
β

Y T

β R1/2 P

]
> 0, P > 0.

(13)

The ALQR controller can then be recovered makingKr = 1
βY P

−1. The main advantage of this strategy consists in the
inclusion of uncertainties while the classical ALQR controller is only valid for systems without uncertainties. Moreover,
the guaranteed multivariable margins of ALQR can be established, which correspond to the gain/phase perturbations
that can be considered in all the outputs simultaneously or in an independent manner (Prakash, 1990) and (Cavalca and
Kienitz, 2009). For the particular case withQ > 0, Prakash (1990) demonstrates that the ALQR loop will be stable within
certain margins, even if the system has poles at the imaginary axis. For this case, the guaranteed multivariable margins
are given by:

GM = β/2→∞ (14)

PM = ± cos−1(β/2) (15)

in which, GM is the guaranteed gain margin and PM is the guaranteed phase margin.

2.2 Sliding mode control via ALQR

The exposition in this section closely follows (Yu and Liu, 2005). Suppose that the model of (1) in the nominal
condition (A(α) = A, B(α) = B) is subject to additive disturbances w(x, t):

ẋ(t) = Ax(t) +Bu(t) + w(x, t), (16)

with B being a full column rank matrix. Thus, m sliding functions are defined as follows:

Ωi(x) = ξix = ξi1x1 + ξi2x2 + . . .+ ξinxn, i = 1, 2, . . . ,m, (17)

where ξi =
[
ξi1 ξi2 . . . ξin

]
is a row vector. The sliding vector is defined by:

Ω (x) = Ξx, (18)

with Ω =
[

Ω1 . . . Ωm
]T

, Ξ ∈ Rm×n, and satisfying the requirement det(ΞB) 6= 0.
From equations (16) and (18), the sliding vector dynamics is obtained as

Ω̇ = Ξẋ = ΞAx+ ΞBu+ Ξw(x, t). (19)
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Ensuring det(ΞB) 6= 0, the following control law is chosen

u = −(ΞB)−1ΞAx− (ΞB)−1 (γ + σ)
Ω

‖Ω‖
, (20)

where γ = ‖Ξ‖ δ(x, t). Replacing u into (19) one obtains the following expression

Ω̇ = − (γ + σ)
Ω

‖Ω‖
+ Ξw(x, t). (21)

Multiplying ΩT on both sides,

ΩT Ω̇ = −σ ‖Ω‖ − γ ‖Ω‖+ ΩTΞw(x, t),

ΩT Ω̇ = −σ ‖Ω‖ − γ ‖Ω‖
(

1− ΩT Ξw(x,t)
γ‖Ω‖

)
,

ΩT Ω̇ < −σ ‖Ω‖ .
(22)

which will hold if γ = ‖Ξ‖ δ(x, t) > ‖Ξw(x, t)‖.
The sliding condition

ΩT Ω̇ < 0 (23)

is satisfied for σ > 0, in which case the system enters into the sliding mode Ω = 0 in limited time.
To design the sliding mode controller via ALQR, consider the sliding function

ΩT (x) = Ξ(x− x(0))− Ξ(A−BKr)

t∫
0

xdτ (24)

ΩT (x) is set to zero, to have a sliding surface in the feedback system. It is not necessary to consider whether the
system can satisfy the approaching condition (22) or not (Yu and Liu, 2005). The Ξ matrix is chosen to satisfy ΞB 6= 0.
For the states to remain on the sliding surface, an extra control signal −q sign(ΩT ) should be added. This is necessary
because it will lead to the sliding condition (23) (Yu and Liu, 2005). Thus, the total control value uT of the SMC via
ALQR is designed as

uT = −Krx− q sign(ΩT ). (25)

Taking the time derivative of (24), replacing ẋ from (16) with w = 0, and making u = uT from (25) it follows that

Ω̇T (x) = −q sign(ΩT ). (26)

Multiplying ΩT , on both sides, results in

ΩT Ω̇T (x) = −q |ΩT | . (27)

The constant q must be positive to satisfy the sliding condition (23).
In the presence of an external disturbance w, (27) becomes

ΩT Ω̇T (x) = −q |ΩT |+ wΩT . (28)

Therefore, the choice of q must satisfy q > |w| to ensure the sliding condition.
In order to avoid high gain and the chattering phenomenon (Slotine, 1984), the concept of the sliding layer is introduced

in the control law (Yu and Liu, 2005), (Shyu and Shieh, 1996), (Utkin, 1977). Thus the saturation function sat(ΩT , υ) as
defined below will be used instead of sign(ΩT )

sat(ΩT , υ) =

 1, ΩT > υ
ΩT /υ, |ΩT | ≤ υ
−1, ΩT < −υ

. (29)

3. Case study and design

To illustrate the application of the control method, a case study was performed using a laboratory plant (Figure 1).
The case study included the design steps as well as verification experiments with the actual plant. The system consists
of two carts connected to each other through a linear spring, with only one actuator: the electrical motor. The cart with
the electrical motor is deemed “active” cart and the other one, “passive” cart. The external force f driving the carts is
composed by the motor force and the sum of the friction acting on both carts.



23rd ABCM International Congress of Mechanical Engineering (COBEM 2015)
December 6-11, 2015, Rio de Janeiro, RJ, Brazil

Active 
cart

Passive
cart
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Figure 1. Mass-spring system used for the experiment (adapted from Colombo Jr. et al. (2014)).

The nonlinear control formulation adopted herein requires a linear model representing the system dynamics of the
form:

ẋ (t) = Ax (t) +BuT (t)
y (t) = Cx (t) +DuT (t) .

(30)

where x = [xac xpc vac vpc]
T is the state vector composed of xac: active cart position, xpc: passive cart position, vac:

active cart velocity, vpc: passive cart velocity. The control signal uT is the voltage applied to the terminals of the motor.
In particular, for the mass-spring system in Fig. 1:

A =


0 0 1 0
0 0 0 1

− Ks

mac

Ks

mac
−
bc+

K2
gKmKt

Rmr2mp

mac
0

Ks

mpc
− Ks

mpc
0 − br

mpc

 ;B =


0
0

KgKt

Rmrmp

0

 ;C =

[
1 0 0 0
0 1 0 0

]
;D = 02×1 (31)

with the parameter values expressed in Table 1 obtained from the manual of the manufacturer of the equipment, as in
Colombo Jr. et al. (2014). It is important to remark that the value shown for the spring stiffness constant Ks is the
nominal one.

Table 1. Constants used to describe the laboratory plant (adapted from Colombo Jr. et al. (2014)).

Symbol Physical meaning Value
Ks Spring stiffness coefficient 142N/m
mac Active cart mass 1.15 kg
mpc Passive cart mass 0.54 kg
bc Viscous friction coefficient (active cart) 5.4Ns/m
br Viscous friction coefficient (passive cart) 2.2Ns/m
Kg Gearbox ratio 3.71
Km Counter-electromotive force constant 7.67× 10−3 V s/rad
Kt Motor torque constant 7.67× 10−3Nm/A
Rm Motor armature resistance 2.6 Ω
rmp Motor pinion radius 6.35mm

3.1 Control task

The control task is to move the carts from their starting position (which is considered to be zero) to 10 cm. It is
desirable that the control signal stays within the interval [−6, 6]V , so that the motors are not damaged. This is ensured
by a saturation of the control input. However, it is expected that the controller is tuned so that signal remains within the
specified bounds.

From Colombo Jr. et al. (2014), it can be deducted that reasonable performance indices would be a rise time of less
than 1.5 s and a band of ±5% of error after settling around the reference, given the control constraints.
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3.2 Controller design parameters

The design parameters adopted in the controller used in the experimental results are summarized in Table 2. It is
important to remark that the assumed interval for variation of the spring stiffness constant Ks contains the nominal value
shown in Table 1.

Table 2. Parameters in the controller design.

Parameter Value
Ks [135, 450]N/m
β 0.2
Q diag(1000, 1000, 0.01, 0.01) 1

R 5
Ξ [20 20 100 − 0.1]
υ 1× 10−6

q 3

The gain and phase margins associated with the choice of β for the ALQR are

GM = 0.1→∞, (32)

PM = ±84.3◦. (33)

The SeDuMi package (Sturm, 1999) was used to solve the semidefinite programming problem under Matlab R© envi-
ronment and the ensuing gain matrix of the ALQR was

Kr = [−78.1 91.3 − 1.09 − 0.353]. (34)

4. Experimental results and discussion

Experimental results of the positions of the carts are depicted in Fig. 2. It can be noted that the carts approach the
reference and after approximately 4 s enter a band of ±3mm around the reference, which is inside the 5% requirement.
This small error was achieved without the use of integrators. The overshoot was of about 30% for the active cart and 26%
for the passive one. As for the rise times from 0% to 100%, they were apporximately 1 s for both carts. The imprecision
on the spring constant value was dealt with by the ALQR via LMI with the assumption of possible variations on the value
of the spring constant.
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Figure 2. Position of the carts.

As for the control signal shown in Fig. 3, it can be seen that the ±6V limits were respected throughout the maneuver.
The instants when the SMC commutes its output can be clearly identified and are related to the oscillations of the positions

1diag : Rz 7→ Rz×z , such that M = diag(a) means that mii = ai, 1 ≤ i ≤ z and mij = 0, i 6= j.
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around the reference. In particular, it can be noticed that during the initial phase of the maneuver, when both carts present
positive velocity, the control signal from the SMC remains positive, and therefore compensates for the negative dry friction
force. After that, the carts remain for some time above the reference, and the control signal from the linear state feedback
alone would not be enough to steer them closer to the reference because of the dry friction. However, the SMC changes
the sign of its output and conduces both carts closer to the reference despite the dry friction, demonstrating its robustness
characteristic.
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Figure 3. Control signal.

5. Conclusions

A methodology to design robust controllers combining the ALQR technique via LMI and SMC was proposed in this
paper. Allying these techniques seems to be profitable as parameter uncertainty and unmodelled effects can be dealt by
each of them accordingly.

As means to illustrate the application of the proposed technique, it was used to control the position of a mass-spring
system with one active and one passive cart. The spring constant is assumed to be within certain known bounds, which
should be considered for robustness of the controller. This is dealt with by the ALQR via LMIs. However, dry friction
between the carts and the track over which they run cannot be directly accounted for in the design of the ALQR, therefore
the need of a SMC controller. The experimental results showed that the proposed technique resulted in good performance
regarding both the control objective, i. e., reaching a reference position, as well as the limits on the voltage applied to the
motor, which must remain within certain bounds to avoid damaging the equipment.

It could be noticed that the voltage applied to the motor kept switching after the positions were in the ±5% band
around the reference. Thus, a topic of interest for future evaluation would be a policy to switch off the SMC after the
outputs reach an admissible band around the reference, to avoid persisting changes in the control signal.

6. Acknowledgments

The authors acknowledge support provided by CAPES (88887.092490/2015-00), FAPESP (grant 2011/17610-0),
CNPq (research fellowship) and FINEP (Captaer and Captaer II Grants).

7. References

Barzamini, R. and Shafiee, M., 2012. “Combination of standard sliding mode control and second order sliding mode
control for congestion control of differentiated services networks”. In Proc. 6th International Symposium on Telecom-
munications, Tehran, Iran. pp. 632 – 638.

Boyd, S., Ghaoui, L.E., Feron, E. and Balakrishnan, V., 1994. Linear matrix inequalities in system and control theory.
SIAM Studies in Applied Mathematics. Society for Industrial and Applied Mathematics.

Cavalca, M.S.M. and Kienitz, K.H., 2009. “Application of TFL/LTR robust control techniques to failure accommodation”.
ABCM Symposium Series in Mechatronics, Vol. 4, pp. 189–197.

Colombo Jr., J.R., Afonso, R.J.M., Galvão, R.K.H. and Assunção, E., 2014. “Avaliação experimental de controlador
preditivo robusto usando LMIs para sistema de dinâmica rápida”. In Proc. XX Congresso Brasileiro de Automática,
Belo Horizonte, MG, Brazil (in portuguese). pp. 3244–3251.



Pereira, R. L., Afonso, R. J. M. and Kienitz, K. H.
Sliding Mode Control Via ALQR For Uncertain Systems: An LMI Approach

Feron, E., Balakrishnan, V., Boyd, S. and Ghaoui, L.E., 1992. “Numerical methods for H2 related problems”. In Proc.
Amrican Control Conference, Chicago, IL, USA. pp. 2921 – 2922.

Hai Yu and Ozguner, U., 2006. “Adaptive seeking sliding mode control”. In Proc. American Control Conference, Min-
neapolis, MN, USA. pp. 4694–4699.

Joshi, R. and Thakar, V., 2012. “Congestion control in communication networks using discrete sliding mode control”. In
Proc. 31st Chinese Control Conference, Hefei, China. pp. 5553–5557.

Khalil, H.K., 2002. Nonlinear Systems. Prentice Hall, 3rd edition.
Mohanty, K., 2008. “Sensorless sliding mode control of induction motor drives”. In Proc. IEEE Region 10 Conference,

Hyderabad, India. pp. 1 – 6.
Olalla, C., Leyva, R., Aroudi, A.E. and Queinnec, I., 2009. “Robust LQR control for PWM converters: An LMI approach”.

IEEE Trans. Industrial Eletronics, Vol. 56, No. 7, pp. 2548–2558.
Prakash, R., 1990. “Target feedback loop/loop transfer recovery (TFL/LTR) robust control design procedures”. In Proc.

29th Conference on Decision and Control, Honolulu, HI, USA. pp. 1203–1209.
Qian, D., Yi, J. and Zhao, D., 2007. “Robust control using sliding mode for a class of under-actuated systems with

mismatched uncertainties”. In Proc IEEE International Conference on Robotics and Automation, Roma, Italy. pp.
1449–1454.

Shyu, K., Lai, C. and Tsal, Y., 2000. “Optimal position control of synchronous reluctance motor via totally invariant
variable structure control”. IEE Proc. Control Theory and Applications, Vol. 147, No. 1, pp. 28 – 36.

Shyu, K. and Shieh, H., 1996. “A new switching surface sliding-mode speed control for induction motor drive systems”.
IEEE Trans. Power Electionics, Vol. 11, No. 4, pp. 660–667.

Slotine, J., 1984. “Sliding controller design for non-linear systems”. International Journal of Control, Vol. 40, No. 2, pp.
421–434.

Slotine, J. and Li, W., 1991. Applied Nonlinear Control. Prentice Hall.
Slotine, J. and Sastry, S., 1983. “Tracking control of non-linear systems using sliding surfaces, with application to robot

manipulators”. International Journal of Control, Vol. 38, No. 2, pp. 465–492.
Sturm, J.F., 1999. “Using SeDuMi 1.02, A Matlab toolbox for optimization over symmetric cones”. Optimization Methods

and Software, Vol. 11, No. 1-4, pp. 625–653.
Utkin, V., 1977. “Variable structure systems with sliding mode”. IEEE Trans. on Automatic Control, Vol. 22, No. 2, pp.

212–222.
Utkin, V., 1978. Sliding Modes and Their Application in Variable Structure Systems. Ph.D. thesis, MIR publishers,.
Yu, G.R. and Liu, H.T., 2005. “Sliding mode control of a two-degree-of-freedom helicopter via linear quadratic regulator”.

In Proc. International Conference on Systems, Man and Cybernetics, Waikoloa, HI, USA. Vol. 4, pp. 3299 – 3304.

8. Responsibility notice

The authors are the only responsible for the printed material included in this paper.


