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Abstract. A linear stability analysis is employed to study convectively unstable incompressible coaxial jets with a momen-
tum thickness that is much smaller than the jet diameter. In other words, curvature effects are neglected and the coaxial
Jjet is modeled as multiple planar mixing-layers. The main goal is to investigate the formation of new modes of instability
through the interaction between these mixing-layers. In order to do so, an accurate base flow must be employed. It is cre-
ated in the present paper by combining individual mixing-layers using matched asymptotic expansions, which generates
a solution with the same accuracy order of the standard boundary-layer approximation. Two cases are considered, where
the inner nozzle wall separating both streams has negligible as well as non-negligible thickness. Furthermore, two dif-
ferent techniques are used to solve the linear stability problem. First, a matrix forming approach built with second-order
finite-differences on non-uniform meshes generates low accuracy estimates for all eigenvalues. Second, these values are
used as initial guesses for a shooting method to generate high accuracy solutions for the unstable eigenvalues. Prelimi-
nary results obtained so far indicate the appearance of more modes than inflection points for certain parameter choices
for both cases considered.
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1. INTRODUCTION

Generally, aerospace propulsion is achieved by converting internal energy in kinetic energy inside a combustion cham-
ber, generating the necessary impulse. The chemical reactions responsible for this energy are strongly dependent of the
mixing process. Therefore, it is very important to understand how the injection system introduces and mixes the fuel with
the oxidant inside the combustion chamber. Usually, kerosene, hydrogen and hydrazine are chosen as fuels and oxygen,
hydrogen peroxide and di-tetroxide nitrogen as oxidants. The present paper focuses on injection systems used in liquid
rocket engines, or LREs. One of the most common and largely utilized is the coaxial shear injector. In this injector, the
inner jet contains oxidant and the outer annular jet contains fuel. They can be found in the J-2 engine used in the Saturn V
rocket, in the RS-24 engine, also know as the main engine present in the Spatial Station, and the Vulcan engine present in
the Ariane 5 rocket. Free jets, individual or coaxial, are highly unstable shear flows, making their mixing capability highly
susceptible to flow excitation. They can be produced from several sources, such as structural vibration, wall roughness
and so on. One of the main goals of the injection system designers is to avoid resonance between the jet generated noise
and the combustion chamber acoustics, which can drastically modify the mixing characteristics of the jet. As a direct
consequence, combustion can happen far away from its designed conditions, causing severe damage to the engine and
even destruction of the entire vehicle.

2. LINEAR STABILITY ANALYSIS

Instability is the inability of a given pattern in a physical system to be maintained once subject to small disturbances
(Chandrasekhar, 1961). Such disturbances can appear due to various factors such as structure vibrations, noise, turbulence,
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roughness, among others. The analysis attempts to determine the response of a steady state to small disturbances. If the
disturbance amplitude decreases, the system is stable to that particular disturbance. If its amplitude increases so that the
perturbed system diverts from its original state, the system is said to be unstable. According Salemi (2006), the theory of
hydrodynamic stability investigates how disturbances in a flow are amplified or damped and how the evolution of these
disturbances is related to the transition to turbulent flow phenomenon.

Traditionally, the instability of flows to small amplitude perturbations has been analysed using the modal approach
(Juniper et al., 2013). Given an operator that describes the evolution of small perturbations, this approach considers the
temporal or spatial development of individual eigenmodes of that operator. The resulting linear stability theory (LST)
relies on the decomposition of any flow quantity q into a steady part g, which is usually called the base flow, and an
unsteady part ¢

als,t) = 4(s) +eq(s, 1) (1)

where s is the space coordinate vector, given by (X,y,z), t is time e € < 1 is a small amplitude.
Explicitly, the perturbation vector q present in the Eq.1 takes the form of:

q=qe® 2)

where g and O are the amplitude and phase functions of the linear perturbations, respectively. According to the literature
(Lin, 1955; Drazin, 1969; Mack, 1984)), the base flow is considered homogeneous over two spatial directions, which is
known as the parallel flow assumption. In this case, the derivative of the flow in these directions is negligible. Furthermore,
the velocity component normal to the wall is assumed negligible for incompressible flows. Hence, for the two dimensional
case:

a(z,y,t) = q(y)e' e 3)

which is used in this paper. More details about this derivation are given elsewhere (Juniper et al., 2013).
2.1 Spatial Stability Analysis

Generally, w and « from equation 3 can be complex numbers. However, in order to do a spatial analysis, we can assume
a constant real monochromatic frequency w. The wave-number « in equation 3 remains complex and is an eigenvalue of
the problem. From this point of view, the linear perturbations can be written as:

R e— )

where —q; is the spatial amplification rate of the wave and «,. its wave-number. From a theoretical/numerical point of
view, the eigenvalue problem to be solved is non-linear for viscous flows (Juniper et al., 2013).

It is also necessary to distinguish three types of instability, according to their response to an impulse disturbance. The
flow is said to be stable if the impulse response decays in every direction. A flow is convectively unstable if the impulse
response grows along some rays that move away from the point of impulse but decays at the point of impulse itself. A
flow is absolutely unstable if the impulse response grows at the point of impulse. For an elaboration on that idea, a reading
of Huerre and Monkewitz (1990) becomes essential. More details can be found in the works of Huerre and Rossi (1998)
and Huerre et al. (2000).

In the case of a mixing layer, a spatial stability analysis can be performed because the flow becomes convectively
unstable for positive Reynolds numbers. As mentioned by Monkewitz and Huerre (1982), the results of spatial analysis
agree very well with experimental data.

3. BASE FLOW
3.1 Similarity

Several approaches can be used for the construction of the base flow. Boundary layer theory is used here to build the
base flow, but some conditions must be satisfied. In general, flow variables in a two-dimensional boundary layer depend
on both spatial coordinates. Thus, different velocity profiles are found at different downstream locations. However, a
similarity transformation can be used to reduce the number of independent variables to 7, i.e., all downstream velocity
profiles collapse into a single curve. The region of the mixing layer that behaves this way is known as similar region and
its solutions are known as similar solutions (Salemi, 2006).

It is important to say that the downstream location chosen is of great importance for a valid similar solution. A location
too close to the splitter plate includes wake effects not present in a boundary-layer model whereas a location too far from
this point goes into the transition / turbulent region. Therefore, the point chosen for the calculation should be far enough
so the profiles become similar, but not so far in order to leave the laminar flow region.
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4. MIXING-LAYER: LINEAR STABILITY ANALYSIS

The mixing layer is the region of interaction between fluids, initially separated by a splitter plate that keeps them
parallel until its end, where the fluids meet forming an interface. This interface is defined by the maximum gradient
region between these layers. Small perturbations grow and lead to the emergence of transverse vortexes, the beginning
of a process that eventually leads to a turbulent regime. A mixing layer may be classified according to the number of
inflection points within it.

4.1 Double Mixing Layer

Beyond the classical single mixing layer, multiple mixing layers will be considered next. Since the thickness of
the jet mixing layer is much smaller than the jet diameter, the curvature effects can be neglected and the coaxial jet
can be modelled as multiple planar mixing-layers. Therefore, a double mixing layer contains two interfaces separating
three flows. In the double layer, there is no separation region between the flows, so that they interact with each other
immediately after the nozzle outlet. In other words, the nozzle wall has a negligible thickness.

4.2 Triple Mixing Layer

For the stability analysis of a triple mixing layer, a separation region due to a nozzle wall of finite thickness is con-
sidered. The application of this thickness causes a viscous wake region to emerge from the mixing layer. This feature
possibly induces a transition from convective to absolute instability as well as creates new unstable modes. In this case,
tree interfaces separate four flows.

5. OBJECTIVES

The purpose of this paper is to investigate the hydrodynamic instability in coaxial incompressible jets through the
linear stability analysis technique. In order to do so, three key things are pursued:

1) The construction of the steady base profile using similarity solutions for double and triple mixing layers;
2) The modes of instability found due to interaction between double and triple layers;
3) The pursuit of transitional instability due to interaction between the layers.

6. MATHEMATICAL FORMULATION
6.1 Linearized Navier Stokes Equation

Substituting equation 1 into the Navier-Stokes equations, subtracting the equations for the base flow, and dropping
the terms of order €2 yields the linearized perturbation equations, referred to as the linearized Navier-Stokes equations -
LNSE and continuity equation. In an incompressible flow, they are

ou

1
— 4+aVU+UVia=-Vp+—Vi Via=0 Re
ot Re

_ Uk
o 14

®)

where U is the base flow and « is the perturbation.
By introducing the basic state defined by normal modes from the equation 2, LNSE turns into an eigenvalue problem.
Defining the spatial coordinates as (x,y) for the two dimensional case we have the following equations:

A 2A
iaﬁ+%:0 ioz(Ufc)ﬁJr%fZﬁJriaﬁ:é(g—ny

0

ﬁ — i(@ — o%
Oy  Re 0y?

o*a)  ia(U —c)o + a®d)  (6)

where c is the phase speed defined as w/ .
6.2 The Orr-Sommerfeld Equation

Equation 6 can be rearranged and written in the form of a single ordinary differential equation of fourth order
Ri[*‘*) — 202" + o8] + a(U — o)[p" — a0 —alU 6 =0 )
e

for the transverse velocity perturbation known as the Orr-Sommerfeld equation.
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6.3 The Rayleigh Equation

In the limit Re — oo, the viscous terms of the Orr-Sommerfeld equation 7 can be dropped, giving rise to:

aU —c)v” — a0 —alU 5 =0 (8)
which is the equation used in this paper.
6.4 Boundary Layer Equation

A similar conservation equation for the incompressible laminar boundary layer problem is given by:

2" + 11" =0 ©
with the following boundary conditions:

f(0)=0 fi(=o0) =1 fi(o0) = VR (10)
where VR is the velocity ratio between layers. Thus we have the dimensional velocity and vorticity given by:

du* U
* — ! — (o] 1 11
U Usxf &y 7506 f (11)

7. NUMERICAL METHOD

To study the hydrodynamic stability of the mixing layer we need to solve the laminar base flow through similar
equations and then solve the stability equations. From the stability equations arises an eigenvalue problem where we
search for the eigenvalue o, which provides the growth ratio of the perturbations. In order to achieve this, it was developed
a notebook in the software MATHEMATICA and codes in FORTRAN 90 language.

7.1 Base Flow: Shooting Method

In order to simulate the base flow, the shooting method was chosen. It turns a boundary value problem into an initial
value problem. Before using this approach, equation 9, which is a differential equation of order three, is rewritten as a
system of three first order equations, as follows:

f=df df’ = ddf 2ddf" + fdf' =0 (12)
which requires three initial conditions
f(0)=0 df (0) = ctel ddf (0) = cte2 (13)

where the constants will be estimated together with the eigenvalues. This system is integrated towards the already known
boundary conditions at +oo. In order to do so, the command NDSolve present in the Software Mathematica was chosen
to perform this integration, which has an automatic error control and switchs between more efficient methods according
to the problem stiffness. The command FindRoot was used to search for the constants and eigenvalues that lead to a
solution that satisfies the original boundary conditions +oco. After that, the NDSolve command is used again in order to
solve the differential equation with the correctly calculated constants and eigenvalues.

7.2 Base Flow: Matched Asymptotic Expansions

After calculating the similarity solution for each boundary layer, we need to construct the multiple boundary layer
solution in order to form the necessary base flow for the coaxial jet stability analysis. Matched asymptotic expansions are
employed for this purpose because the resulting solution maintains the accuracy order of the individual solutions.

7.2.1 Double Mixing Layer

For the double mixing layer, two boundary layer solutions are required. The first one refers to layers 1 and 2. For the
first layer U; and U, represent the velocity of inner and outer jets, respectively, d; 2 the momentum thickness between
them and = y/d1 2, then:

fla(=00) =1 fla(00) =VRy o= — (14)
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where dimensional velocity and vorticity profiles are defined as:

du* U
el = 5l (1)
1,2

wt oy, =U fl
1,2 1f12 Ay

)

For the second solution, Us is the flow velocity outside the coaxial jet, which is assumed zero, 02 3 is the momentum
thickness between layers 2 and 3 and 1 = y/d> 3, leading to

U.
fo3(—00) =1 fo,3(00) =V Ry 3 = Fz (16)
where the dimensional velocity and vorticity profiles are:
du* U,
* e U !/ - _ = //, 17
Ug 3 2f2,3 dy* |2,3 323 2,3 (17)
Both profiles can be combined to generate
i y* ;Y
U= {flz[r]} + {VR1,2f2,3[57]} — VR (18)
1,2 1Ay 23 _Ay
where dp can be introduced as a characteristic thickness to write y = y*/d R, leading to velocity profile
_ [ R ;1 OR
u = {f1,2[57y]} + {VRl,2f2,3[673/]} — VR 19)
L2 y—sytAy 23 yoy—Ay
and vorticity profile
du Or y* OR y*
— ={—flal=—1} +{VR12—f33[=—]} -0 (20)
dy 51,2 51,2 +Ay 52,3 52,3 —Ay
Introducing A 3 as the distance between infection points, one can write the double mixing layer profiles as
(53 A1,3 6R A1,3
u=fials (v + =2+ VRi2fos[5—(y = —57) = VR 2n
1,2 2,3
and
du  dr ., OR Aqs OR .1 (OR Aqs
_— = — _ - VR _— Q| — — 2 22
dy 5172 1,2[5172 (y + 2 )] + 1,2 52,3 2,3[62’3 (y 9 )} ( )

for velocity and vorticity. The triple mixing layer is constructed in a similar way.
7.3 Stability Analysis: Shooting Method

As noted earlier for a spatial stability analysis, the eigenvalue sought is «, which is complex, and the frequency w,
which is real. When using the shooting method to solve the Rayleigh equation, a real frequency is fixed and an initial
guess is assumed for the wave-number. This equation is numerically integrated from both sides of the far field towards the
centre of the domain, where velocity continuity is verified using a Wronskian. If it is not satisfied, a new value is assigned
to the wave-number in a process that is repeated until continuity is satisfied.

7.3.1 Dispersion Relation

The problem then comes down to finding an initial estimate for the wave-number that approximately satisfies the
dispersion relation f(«,w) = 0. In order to do so, a mesh is created for the real and imaginary parts of c. A contour
plot of the interpolated zero real and imaginary parts of the dispersion relation is made, for a fixed frequency. The point
of intersection between these two curves is the graphical estimate for the complex wave-number. As the frequency is
increased, extrapolation is employed to generate new estimates for the wave-number.
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7.4 Stability Analysis: Matrix Forming

When using the matrix forming method, equations 6 are discretized using second order finite differences, leading to
an algebraic system of equations in the form of

AG = aBg + o*Cq (23)

which is nonlinear for the wave number «. However, by creating the new variable ser ag = ¢, it is possible to write a
lienar version of the same problem in the form of

Ag = oBg 4)

where the well known QZ algorithm is here used. Although the system in 24 is larger than its counterpart 23, it is now
possible to generate the full spectrum of wave numbers.

8. RESULTS
8.1 Double Mixing Layer
8.1.1 Base Flow

Figure 1 illustrates the double mixing layer parameters used in the present analysis. They are defined as the velocity
ratio between the layers, V Ry 2, the momentum thickness between the layers, 6; 2 and ds 3, and the distance between
coaxial jet inflection points, A 3. The values studied here are given in Table 1.

¥/or

Figure 1. Base Flow for Double Mixing Layer

Table 1. Variation of different parameters analysed in a double mixing layer.

VR Ay/(SR 5172 5273
32 8 1/60, 1/40, 1/20 and 1/10 1/40
32 8 1740 1/60, 1/40, 1/20 and 1/10
3/2 | 8,6,4,3,2and 1 1/40 1/40

8.1.2 Linear Stability Analysis

In the first analysis, the thickness of the inner layer 4, 7 is varied to yield the results in Fig. 2. It was possible to notice
that for each case, two modes were presents, as expected for the double mixing layer. It is also relevant to consider that
varying the inner layer thickness affects only the second mode. When the thickness decreases, the second mode growth
rate increases in magnitude and the range of unstable frequencies also increases.

A similar behaviour is observed when varying the thickness of the outer layer d 5 in Fig. 3. The first mode growth
rate increases, as does its range of unstable frequencies, as this thickness decreases. Therefore, the first mode is associated
with the outer jet and the second mode is associated with the inner jet. This is expected due to the vorticity difference
between both jets, since this is the most important parameter controlling growth rate magnitude.

Finally, the range of unstable frequencies does not change when the distance between inflection points is decreased,
as shown in Fig. 4. However, the second mode growth rate decreases continually to zero. At the same time, the first mode
asymptotes towards the single mixing layer mode.
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Figure 2. Growth rate vs frequency Figure 3. Growth rate vs frequency Figure 4. Growth rate vs frequency
with VR = 3/2, A13/6R = 8 and 6273 with VR = 3/2, Alg/(;R = 8 and 5172 with VR = 3/2, A13/§R = 8 and 51,2

=1/40 = 1/40 =1/40
8.2 Triple Mixing Layer

8.2.1 Base Flow

Figure 5 illustrates the triple mixing layer parameters used in the present analysis. The additional parameters are
defined as the velocity ratio between the second and third layers, V' R5 3, and the distances between coaxial jet inflection
points, A; 5 and As 5. It is important to note that the momentum thickness on both sides of the outer jet, 2 3, is assumed
equal. The values studied here are given in Table 2.

-

¥/or

Figure 5. Base Flow for Triple Mixing Layer

Table 2. Variation of different parameters analysed in a triple mixing layer.

VR1 | VR2 | Ay15/6R As3/dR 010 0o 3 R
3/2 | 0.1 8 8,6,4,2and 1 | 1/40 | 1/40 | 1/40
5 0.1 20 30 1/40 | 1/40 | 1/40
5 0.1 25 30 1/40 | 1/40 | 1/40
5 0.1 30 30 1/40 | 1/40 | 1/40
5 0.1 35 30 1/40 | 1/40 | 1/40

8.2.2 Linear Stability Analysis

Triple mixing layers results present three different unstable modes, which are shown separately in Figs. 6 and 7 to
avoid the curve overlapping that would occur if presenting all results in the same figure. Furthermore, the first mode,
shown in Fig. 6, is three to four times higher than the other two modes, shown in Fig. 7.

AyLjbe = 8.642,1

: s L Relw] == . . -
05 10 15 20 0.1 02 03 04

Figure 6. Growth rate vs Wave number Figure 7. Growth rate vs Wave number

! Refw]
05

Here, tree modes where found, normally expected by the triple layer. It is also important to say that only the first and
third modes were effect by decreasing the outer jet size. Following the example of the double mixing layer, decreasing
the outer jet size, decreases also the modes.
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In the next cases, the influence of the size of the wall between the jets will be analysed. In this cases the outer jet
velocity is much faster as the inner jet and the size of the outer jet is maintained constant as showed in table 2.

However, when the size of the wall increases, a "pinching point" is suppose to appear, as seeing in the literature (Koch,
1985). That point indicate a transition of convectively to absolute instability, where the perturbation start to grow not only
downstream but also upstream. This "pinching point" can best be seen in a Growth rate x Wave number graphic. As far
as the wall size changes, the probability to a interaction between the stable and the unstable modes increases.

For the cases set in table 2, the results are:

008 008
0061 S 006

o4t |/ 0041

002
I

Rela]

L L L L L L L Rela] L L L L L L L
005 010 015 020 025 030 03s 005 010 01s 020 025 030 035

Figure 8. Growth rate vs Wave number with A; 5/dR =20 Figure 9. Growth rate vs Wave number with A; 5 /0 R = 25
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Figure 10. Growth rate vs Wave number with ALQ /OR = Figure 11. Growth rate vs Wave number with A172 /OR =
30 35

Refa]

In the cases above, it is possible to see that, by increasing the wall size, nothing much happens with the first mode,
but the others are changing. In the last case Fig. 11, where a mode that is stable is showed, it can see that he is beginning
to interact with the unstable mode, making the unstable mode change his appearance. When these curves join with each
other is when and where the "pinching point" is found and hence, a transition of instability.
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