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Abstract. Thermodynamic and hydrodynamic models have been applied to model the behavior of thermoacoustic waves
inside a one-dimensional cavity containing compressible gas or supercritical fluid in zero gravity. These thermoacoustic
waves entrapped within cavity walls propagate and reflect several times inducing a rapid heating of the entire fluid,
resulting in a homogeneous increase of its bulk temperature. The fast temperature relaxation phenomenon is known
today as piston effect and it has been extensively studied. The original thermodynamic model developed for supercritical
heat transfer under microgravity conditions is essentially the heat conduction equation with a source term proportional
to the bulk temperature time derivative. This source term models the adiabatic compression mechanism responsible
for the piston effect. A fully analytical solution of this thermodynamic model is obtained through a combination of the
Generalized Integral Transform Technique and the Matrix Exponential Method. The hydrodynamic model utilized consists
of the compressible unsteady Navier-Stokes equations solved by utilizing a flux-splitting algorithm for convection and a
second order Explicit Runge-Kutta time discretization. Time scales present in this model range from acoustic (micro
to miliseconds) to thermal diffusion (minutes to days), but steps are restricted to the acoustic scales. As consequence,
this model has a high computational cost for long times permitting only one-dimensional modeling. In our previous
works, we have modeled the pressure losses that occur when the thermoacoustic waves hit the walls by means of wall
impedance. These losses were modeled through specific pressure boundary conditions in both models, where it was
possible to obtain the same qualitative behavior of the experimental results. The motivation of this work is to improve
the actual models to better describe the real behavior of the thermoacoustic heat transfer. For this, this study intends to
improve our thermodynamic model to take in account the actual wall heating period, previously assumed instantaneous.
We present also the results obtained through the hydrodynamic model compared with the experimental data available
in the literature. Finally, we perform a quantitative evaluation of the thermoacoustic heat transfer including acoustic
impedance using both models. This analyses indicates that without the wall impedance, the models do not describe the
real behavior of the pressure along the time inside the cavity.
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1. INTRODUCTION

When a compressible fluid within a closed enclosure is subjected to rapid temperature increase at a solid surface, the
fluid in the immediate vicinity of the boundary is heated by conduction and tends to expand (Trilling, 1954). However, the
sudden expansion of the fluid due to the energy input is constrained by the inertia of the unperturbed media and creates
a local pressure disturbance, which then leads to the production of a pressure wave. The pressure wave that is generated
from the hot wall travels at approximately the speed of sound within the enclosure and impinges on the opposite wall and
then is reflected back. The wave repeatedly traverses between the walls, and its amplitude eventually damps out due to
the viscous and thermal losses within the fluid and wall boundary (Aktas, 2004). Although the heat-transfer effects of
such waves are usually not appreciable under standard conditions, they may be significant when the fluid is near to the
thermodynamic critical point or when other ways of convection are not strong (Lin e Farouk, 2008).

All fluids are subject to an universal divergence of their thermodynamic properties as their critical points are ap-
proached. Even though the thermal diffusion relaxation time diverges near the critical point, a very fast temperature equi-
libration is still observed in cavity samples on both ground-based (Dahl and Moldover, 1972) and microgravity (Nitsche
and Straub, 1987) experiments. Such a critical speeding-up has been explained using simulations of a thermodynamic
model (Boukari et al., 1990) as well as a hydrodynamic model (Zappoli et al., 1990). It is caused by the ability of small
temperature perturbations to create severe compression in near-critical fluids, which generates thermoacoustic waves. As
above cited, when entrapped within cavity walls, their propagation and reflection induces a rapid heating of the entire
fluid, resulting in a homogeneous increase of its bulk temperature. This fast temperature relaxation phenomenon is known
today as piston effect and it has been the subject of reviews in the literature (Carlès, 2010).

In the present work, the piston effect is modeled using a thermodynamic model developed for supercritical heat trans-
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fer under microgravity conditions and a hydrodynamic model that consists of the unsteady compressible Navier-Stokes
equations.

The original thermodynamic model developed for supercritical heat transfer under microgravity conditions (Onuki
and Ferrel, 1990) is essentially the heat conduction equation with a source term proportional to the bulk temperature time
derivative. This source term models the adiabatic compression mechanism responsible for the piston effect. It becomes
dominant whenever γ � 1, i.e. closer to the critical point. On the other hand, it vanishes in the incompressible limit,
where γ = 1. Recently, the Generalized Integral Transform Technique was applied to a variation of this thermodynamic
model where all fluid properties have a linear dependence on both temperature and pressure (Alves, 2013), confirming
that variable properties have little impact on the bulk temperature evolution (Masuda et al., 2002). This hybrid technique
analytically transforms the thermodynamic model into an unsteady system of ordinary differential equations, which is
then numerically marched forward in time.

The hydrodynamic model consists of the unsteady compressible Navier-Stokes equations solved to describe the ve-
locity, pressure and temperature fields in the enclosure. These equations are solved numerically using a highly accurate,
explicit time-integration technique that has minimal numerical diffusion. For the convective terms, it was utilized the Flux
Splitting algorithm.

The main purpose of this study is to model the pressure losses that occurs when the wave hits the wall by means
of a wall impedance. In several reviews (Huang e Bau, 1995; Farouk et al., 2000; Aktas, 2004), the wall is considered
rigid and the pressure wave reflection is perfect, even though the existence of a wall damping was quickly cited (Lin and
Farouk, 2008). Finally, the wall impedance was simulated in the two models where it was possible to perform the pressure
evolution along the time and a comparative study between the numerical results and the experimental measurements.

2. MATHEMATICAL MODEL

Appropriate pressure boundary conditions were implemented to simulate the thermoacoustic wave reflection at the
walls. Since millions of reflections occurs during brief intervals of physical time, a minimal loss during the wave reflection
phenomena can provide different numerical results for the pressure behavior. Typically, the specific acoustic impedance
is used to describe the acoustic properties of materials and considering a wall reflection impedance Z and the three first
reflections, a equation can be deduced in the form

P1 = Z P0

P2 = Z P1

P2 = Z2 P0

P3 = Z3 P0

...
Pn = Zn P0

where P0 stands for first termoacoustic wave, P1 for first reflected wave, P2 for second one, and so on. The discrete
number of reflections can be approximated by a continuous by n = t/ta and the acoustic time

ta = L/c (1)

where L stands for characteristic length and c for the speed of sound.
The pressure boundary condition assumes different forms for the hydrodynamic and thermodynamic models detailed

in next subsections.

2.1 Hydrodynamic Model

The hydrodynamic model consists in unidimensional Navier-Stokes equations that are written in conservative form as
∂Q

∂t
=

∂Ev

∂x
− ∂Ei

∂x
(2)

where independent variables t and x represent the physical time and spatial coordinate, respectively. The conservative
dependent variable vector is defined as Q = {ρ, ρu, ρE} and the inviscid and viscous flux vectors are defined as

Ei =
{
ρu, ρu2 + P,

(
ρE + P

)
u
}

(3)

Ev =
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4µ

3

∂u

∂x
,

4µ

3
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+ k

∂T
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}
(4)

respectively . In above definitions, ρ stands for density, u for velocity, E = e+ u2/2 for total energy per unit mass, P for
pressure, µ for dynamic viscosity, k for thermal conductivity ant T for temperature. In the present study, the equation of
state utilized, the isothermal compressibility and isobaric thermal expansion coefficient are, respectively, defined as

δρ = ρ κT δP − ραP δT , κT =
1

ρ

∂ρ

∂P
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T

and αP = −1

ρ

∂ρ

∂T
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P

. (5)
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The appropriate boundary condition on the complex amplitude p̂ that satisfies the Helmholtz equation is given by Eq.
(6):

iωρP̂ = −ZS∆P̂ · n (6)

where i stands for the complex number
√
−1, ω represents the the angular velocity of thermoacoustic wave, ∆P̂ is the

difference between the incident wave on the surface and the consequent reflected wave, and n is the normal vector pointing
out of the material into the fluid. For a unidimensional cavity, we can write:

∆P̂ · n = ±∂P
∂x

(7)

where the signal ± is positive or negative according to the sense of the unitary normal vector n of the wall under analyses
(+ to right wall and - to left wall). Using the pressure as a difference by unit of length, we have:

P̂ =
P − P0

L
(8)

From the Eq. (6) and replacing the above results yields:

iωρ
P − P0

L
= ±ZS

∂P

∂x
(9)

Doing Z∗ = ZS

iωρ , we obtain the wall pressure boundary condition:

Z∗ ∂P

∂x
± P − P0

L
= 0 (10)

A surface that is perfectly rigid has |ZS | =∞. The other extreme, where |ZS | = 0, corresponds to the ideal case of a
pressure release surface.

With the objective of normalize the acoustic impedance ZS , the below transformation equation was used to allow work
on a range 0− 1.

ZS = log
1

1− Z
=⇒ Z = 1− e−ZS (11)

The temperature at the walls are prescribed as the excitation temperature T1 at the left and the initial temperature T0
at the right wall. For the velocity obviously we have zero velocity u = 0 in both walls.

2.2 Thermodynamic Model

The thermodynamic model implemented neglects the fluid flow, assumes all the properties are constant and considers
an energy balance in the form of

ρCP
∂T

∂t
− ρ

(
CP − CV

) κT
αP

∂Pn
∂t

= k
∂

∂x

(
∂T

∂x

)
(12)

where the thermodynamic pressure, assumed spatially uniform, is obtained by deriving the equation of state with respect
to time and simplifying to

dPT
dt

=
αP
κT

∫ L
0

∂T
∂t dx∫ L

0
dx

⇒ PT (t) =
αP
κT

Tb (13)

which represents a mass balance inside the cavity and Tb stands for the bulk temperature. The real pressure over time Pn
inside the cavity can be evaluated taking into account the wall impedance Z:

Pn − P0 = Zn(PT − P0) (14)

where P0 stands for the initial pressure inside the cavity. Deriving the above equation with respect to time, leading to:

dPn
dt

=
1

ta
log[Z]Zt/ta(PT − P0) + Zt/ta

dPT
dt

(15)

Then, we have a system formed by the Eqs. (12), (13) and (15). The three equations have to be solved as a system
of Partial Differential Equation (PDE), because there is a interdependence between the terms that must be evaluated at
the same time step. The Eq. (12) is solved using the Generalized Integral Transform Technique (GITT) and from this
temporary result, the other equations are evaluated, solving the complete system.
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In the thermodynamic model, the acoustic impedance Z assumes the value Z = 1 for a perfect wall where the pressure
release surface and values Z > 1 for the real wall, where Z = 0 means that the pressure wave is totally absorbed.

All fluids properties are assumed constant and evaluated at the initial state, the thermal diffusivity is defined as α0 =
k0/
(
ρ0 CP0

)
and the bulk temperature of the fluid is calculated using definition

Tb(t) =
1

L

∫ L

0

T (x, t) dx (16)

and the initial boundary conditions for temperature are

T (x, t = 0) = T0 , T (x = 0, t) = T1 and T (x = L, t) = T0 , (17)

respectively. Density can now be obtained from equation of state:

ρ

ρ0
= 1 + κT0

(P − P0)− αP0
(T − T0) (18)

where P0 and ρ0 are the initial pressure and density.

3. GAS PROPERTIES

In all previous work reported in the literature, the gas properties were assumed constant. This hypothesis is valid only
when the disturbed wall temperature is a little bit greater the gas initial temperature (Tw−T0 = 0.01). All the experimental
data about thermoacoustic wave available for compressible gases were obtained using a wall temperature between 100 and
500 degrees Kelvin. Then, in order to simulate some cases comparable with the experimental data available it is necessary
to describe correctly the gas behavior, once the gas properties are strongly dependent on the temperature.

The gas properties assumed dependent on the temperature are: specific heat at constant volume (Cv), specific heat at
constant pressure (Cp), viscosity and thermal conductivity. The figures below trace the behavior of the properties studied
over temperature.

Figure 1. Evolution of the specific heats over temperature.

From the data showed on the pictures, it was possible to evaluate the properties dependence over temperature and fit
equations for each property. The equations were used in the hydrodynamic code for correctly describe the fluid behavior
as explained.

4. RESULTS AND DISCUSSIONS

A initial comparative analysis using wall impedance Z = 1 between the numerical results obtained from the hydro-
dynamic model and the thermodynamic model was done. This was performed in Fig. 4, which shows the dimensionless
time for γ = 2, 5, 10 and 15. Lines represent the thermodynamic model analytic solution whereas all points represent the
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Figure 2. Evolution of the viscosity over temperature.

Figure 3. Evolution of the viscosity over temperature.
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Figure 4. Spatial distribution of the dimensionless bulk temperature at three different dimensionless times for γ = 2, 5, 10
and 15 using wall impedance Z = 1.

hydrodynamic model numerical solution. Circular points, and their respective lines, are solutions that include the piston
effect. On the other hand, square points, and their respective lines, are solutions that include thermal diffusion only.

There is an excellent agreement between both methods in the analyzed cases. However, a small deviation can be
observed at the later time including the piston effect when γ = 5. The strong early temporal gradients lead to bigger
errors, which cumulate over time discernible at τ = 0.2. This effect increases with γ. In order to avoid it, the numerical
data shown for γ = 10 and 15 was generated using NT = 20 000 and 30 000, respectively. The results for γ = 2 and 5 were
utilized NT = 10 000. Nevertheless, no discernible differences can be observed between both model solutions for these
latter three cases, where γ = 10 and 15.

For the hydrodynamic model, numerical simulations of thermoacoustic wave generation and transmission were per-
formed using different values for the acoustic impedance for a unidimensional cavity filled with air, initially quiescent
at standard pressure and temperature (P0 = 101.325Pa and T0 = 300K). It was studied the effects of the pressure
boundary condition implemented at the behavior of the pressure over time. This analysis was performed for values of Z
between 0.9 and 1.0. The evolution of the pressure over time at the midpoint of the cavity is showed in the Fig. 5.

The results obtained and showed in Fig. 5 are consistent with the expected behavior. The acoustic impedance effect
was the reduction of the pressure amplitude over time and the pressure returned to the original one P0 for the steady state
solution. Similar behavior is observed in experimental studies reported in the several reviews (Brown, 1992; Lin e Farouk,
2008)

The thermodynamic model has low computational coast specially when compared with the hydrodynamic model.
Then, the thermodynamic model was used to perform long times simulations. The hybrid method of solution become
feasible interesting analyses. The Fig. 6 shows the result for the same problem studied experimentally by Brown (1992).
The result obtained for the maximal pressure amplitude (179Pa) was corrected predicted using a acoustic impedance
Z = 0.14 as can be seen in Fig. 6.

The analyses showed in Fig. 6 was done trying to approximate a value for the acoustic impedance with the objective
of obtain the same pressure inside the cavity observed at the experiment. For the experiment, the gas nitrogen was used at
standard temperature and pressure. We considered in our simulation, sudden change in right wall temperature, which is
impossible in practice. But once the circuit resistor-capacitor used at the experiment has an good efficiency and minimal
lost, this approximation is acceptable (Brown, 1992).
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Figure 5. Evolution of the pressure over time at the midpoint (x = 0.5) in a cavity filled with air under a excitation
temperature T1 = 400K.
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Figure 6. Evolution of the pressure over time at the midpoint in a cavity filled with nitrogen under a excitation temperature
T1 = 550K, same problem experimentally studied by Brown (1992).

5. CONCLUSIONS

In this work, it was performed simulations for supercritical fluid under zero gravity in order to capture the piston effect
induced by heated walls and it was studied the effects of pressure boundary conditions on the behavior of the pressure
over time inside a cavity filled with compressible fluids. The main conclusions are outlined below:

• The thermoacoustic heat transfer involves different scales of characteristic times, once the piston effect occurs
in milliseconds, the diffusion phenomena occurs in 103 seconds. Then, to capture both effects it is necessary a
thermoacoustic step time marching in time until long over times. As consequence, we have a considerable com-
putational time using the hydrodynamic model. Months are the order of magnitude of this computational time
for simple analyses as the performed for thermodynamic model showed in Fig.6. Our code was developed using
parallel computation, even so, it was only possible for short times analysis using the hydrodynamic code.

• The value of the acoustic impedance Z in the present work, was approximated such that the result for the pressure
amplitude was reached. It is necessary a deeper study of the real value of the physical property using information
about the wall material.

• A natural improvement of the present work is to analyze the nonlinear effects in the fluid properties caused by the
excitation temperature at the right wall. This study is being done by other member of the research group.
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• When all fluid properties are considered constant, it is possible to derive an arbitrary precision analytical solution of
the thermodynamic model. This is done by combing the Generalized Integral Transform Technique with the Matrix
Exponential Method. Accuracy is controlled by a single parameter, which represents the number of terms employed
in the convergent summation series solution.

• The selection of an equation of state is dependent on the imposed fluid properties. They must satisfy both Mayer’s
generalized relation and the sound speed definition. It is only in this scenario that thermodynamic and hydrodynamic
models yield the same results. Otherwise, the entropy balance as well as the adiabatic compression mechanism are
not equally accounted for by both models, leading to discrepancies between their respective results.
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