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Abstract. The centrifugal instability mechanism for boundary layers over concave surfaces is responsible for the for-
mation of streamwise vortices known as Goertler vortices. These vortices distort both the hydrodynamic and thermal
boundary layer profiles by creating two characteristic regions: the upwash region where low velocity fluid is pushed away
from the wall and the downwash region, where the opposite occurs. High-order, pseudo-spectral numerical simulations
are carried out to analyze the influence of the curvature variations on the hydrodynamic and thermal boundary layers.
Fully concave, concave-flat and concave-convex configurations are considered. Results provide evidence that one may
effectively increase heat transfer rates by changing the curvature.
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1. INTRODUCTION

The laminar-turbulent transition phenomenon has been investigated in the scientific community for over a century.
Particularly, the origin of streamwise vortices in boundary layer flows and its influence in heat transfer enchancement is
discussed in researches related to this area.

Different approaches related to this subject have been presented both in theorical studies (Saffmann, 1992) as well
as in computational studies (Liu and Lee, 1995). According to Liu and Lee (1995), Goertler vortices generate strong
distortions in the velocity profiles, modifying the main flow by pumping low momentum fluid away from the wall in what
is called the upwash region, and pumping high momentum fluid close to the wall in a downwash region. The increase
in the amplitude of the vortices in a non-linear development region gives rise to a mushroom-type structure, with the
streamwise velocity distribution in a crosscut plane. This new velocity distribution differs from the Blasius boundary
layer. Therefore a spanwise average increase in the heat transfer is observed. Moreover, there are experimental studies
that compares the enhancement in heat transfer in Goertler flow with turbulent values, proving that the enhancement in
heat transfer in Goertler flow can be higher than the one in turbulent flows, e.g. Peerhossaini (1987).

The search for more efficient systems to reduce energy consumption has been a challenge to heat transfer rates with
minimal penalty. Fiebig (1996) to analyse the influence of longitudinal vortices on the heat transfer in boundary layer flow,
concludes that these vortices are more efficient if compared with the transverse vortices for heat transfer enhancement.

More recent studies conducted by Liu (2008) show the gain in heat transfer in a flow over a slightly concave surface.
Furthermore, his investigations prove that it is possible to enhance the heat transfer and that the increase in drag is not
as large as the generated by winglets. Studies conducted by Momayez et al. (2009) show that the enhancement of heat
transfer relates to the growth of Goertler vortices under the effect of centrifugal instability and secondary instabilities.

Hall (1988) and Benmalek and Saric (1994) conducted investigations related to nonlinear spatial stability computations
for walls with variable concave curvature. In (Hall, 1988), disturbance quantities were expanded in Fourier series truncated
in the spanwise variable z, solving the problem with a finite-difference scheme. Benmalek and Saric (1994) studied
numerically the influence of variations in the curvature using the parabolized disturbance equations.

In the present paper it is studied numerically the influence of curvature variation in heat transfer enhancement, con-
sidering a boundary layer flow over wall concave followed by two different distributions of curvature. The problem is
modeled through a governing system written in vorticity-velocity formulation. A simulation code was developed and im-
plemented using a high-order, pseudo-spectral numerical simulation method. Results show that it is possible to effectively
increase the heat transfer rates using a variable curvature. Furthermore, according to the results, the Prandtl number is a
factor that may influence the increase of heat transfer. It is observed that independently of temperature distribution, taking
Pr = 7.07, the heat transfer in the Goertler flow is lower than the heat transfer obtained in turbulent flow.
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2. GOVERNING EQUATIONS

We consider a two-dimensional boundary layer flow over a concave surface with curvature variation. For stability
analysis, we assume that vorticity and velocity components are composed of a baseflow and a disturbance

�p = pb + p,

where �p =
�
�u, �v, �w, �ωx, �ωy, �ωz, �θ

�
corresponds to the total amounts of velocity, vorticity and temperature components,

pb denotes the baseflow and the disturbance is represented by p. In this formulation the linear and nonlinear terms can be
isolated. This facilitates stability analysis of any baseflow.

Defining the vorticity as the negative curl of the velocity vector, and using the fact that both, the velocity and the
vorticity fields are solenoidal, we obtain the following dimensionless vorticity transport equations in the streamwise (x),
wall-normal (y) and spanwise (z) directions (Souza et al., 2004) :
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The heat transfer transport equation adopted in the present study is:
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where ∇2 =
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∂x2 + ∂2

∂y2 + ∂2
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�
denotes the Laplace operator, θ = (T − T0)/(T∞ − T0) is the nondimensional

temperature, being T the dimensional temperature, T∞ and T0 the temperature values outside from the thermal boundary
layer and at the wall, respectively.

The Eqs. (1) – (3) and (4) were dimensionless using the nondimensional parameters Re, Go and Pr, known as
Reynolds, Goertler and Prandtl numbers, defined respectively by

Re =
U∗
∞L∗

ν∗
, Go = Re

1
4

�
L∗

R∗ , P r =
ν∗

α∗ ,

where ν∗ denotes the kinematic viscosity, L∗ is a plate characteristic length and the free stream velocity is denoted by
U∗
∞. The curvature radius of the concave surface is represented by R∗ and α∗ is the thermal diffusivity of the fluid.

The nonlinear components a, b, c, d, e, f and g shown in Eqs. (1) – (3) and (4) are defined by

a = ωx(vb + v)− ωy(ub + u),

b = ωzbu+ ωz(ub + u)− ωxw,

c = (wb + w)ωy − (vb + v)ωz − ωzbv,

d = 2ubu+ u2,

e = θ(ub + u) + θbu,

f = θ(vb + v) + vθb,

g = wb(θb + θ).

The continuity equation is given by
∂u

∂x
+
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+

∂w

∂z
= 0. (5)

From the definition of vorticity and the mass conservation equation, we obtain Poisson equations for each velocity
component:
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Therefore, Eqs. (1) – (3), (4) and (5), (6) – (8) close the system of equations for disturbances. Mean-flow values are
calculated considering the Blasius boundary layer approximation (Schlichting, 1979).
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3. NUMERICAL METHOD

The numerical method used to solve the system of equations for mean-flow presented in the Section 2. is based in high
order compact finite difference approximations for the discretization of the streamwise and wall normal spatial derivatives
(Petri et al., 2015). In the spanwise direction a spectral method based on Fast Fourier transformation was adopted.
The time integration was carried out by a classical fourth order Runge-Kutta scheme. A buffer-domain technique was
considered to avoid reflection of disturbances at the boundaries. The computational domain is illustrated in Fig. 1.

Figure 1. Computational domain.

Assuming that there is periodicity in the spanwise direction of the flow we adopted a spectral method. Each total
amounts of velocity and vorticity components denoted by �p, can be written as a linear combination of the k + 1 spanwise
Fourier modes

p(x, y, z, t) =

K�

k=0

pk(x, y, t)e
−ιkβz, (9)

where ι is the imaginary unit, β denotes the spanwise wavenumber and it is given by

β =
2π

λz
,

and λz is the dimensionless wavelength in the spanwise direction.
Substituting the Fourier transforms given by Eq. (9) in the Eqs. (1) – ( 3), (4) and (6) – (8), one obtains the governing

equations in the Fourier space:
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The nonlinear coupled system of equations given by Eqs. (10) – (16) is solved numerically in the domain shown
schematically in Fig. 1. The inflow boundary is represented by x = x0 and the outflow boundary, x = xmax. Disturbances
are introduced into the flow field using spanwise suction and blowing of mass at the wall in a disturbance strip at the wall
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located in the region between points x1 and x2. In order to avoid wave reflections at the outflow boundary we implemented
in the region located between x3 and x4 a buffer domain technique (Kloker et al., 1993). In these simulations we assume
the mean flow state as a Blasius boundary layer solution and for the thermal boundary layer, the standard similarity
solution obtained by Pohlhausen formula was used.

For the discretization of the time derivatives in the vorticity transport equations it was used a classical 4th order Runge-
Kutta integration scheme (Ferziger and Peric, 1997). The calculation of spatial derivatives were done using a high order
compact finite difference-schemes (Souza et al., 2005). The v-Poisson equation, defined in Eq. (14), was solved using
a multigrid Full Approximation Scheme (FAS) (Stüben and Trottenberg, 1981). For the implementation we adopted a
V-cycle working with four levels. The solution will converge, ie, the steady state is reached when the maximum difference
between the k = 1 spanwise vorticity component is smaller than a given considerably small parameter in two consecutive
time steps.

3.1 The boundary conditions

The following boundary conditions were adopted to complete the governing equations:

• In y = 0, ie., at the wall, we impose a no-slip condition for the streamwise uk and the spanwise wk velocity
components.

• In the suction and blowing strip region, we specify the wall-normal velocity component at the wall vk and away
from the disturbance generator this velocity component was set to zero.

• The function used for the wall-normal velocity v1 at the disturbance generator is imposed to have a sin3 shape.
• In x = x0, the velocity, the vorticity components and the temperature are zero. In the same way, to x = xmax, the

second derivatives with respect to the streamwise direction of the velocity and vorticity components are set to zero.

• At the upper boundary (y = ymax) the flow is considered nonrotational. We defined the wall-normal velocity
component at y = ymax according to the condition: ∂vk

∂y

���
x,ymax,t

= 0. In addition, at the wall, the condition
∂vk
∂y = 0 was imposed in the solution of the uk velocity Poisson equation (Eq.13).

• The expressions used for calculated the vorticity components at the wall are:

∂2ωxk
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− k2β2ωxk

= −∂2ωyk

∂x∂y
− β∇2
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ωyk
= 0,
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= ιkβωxk

−∇2
kvk.

• The boundary conditions for the temperature were:

(i) inflow – θ = 0;

(ii) outflow – θ = 0, since the same buffer domain for the vorticity was also applied for the temperature;

(iii) wall – θ = 0;

(iv) upper boundary – the values were obtained from the heat transfer transport equation.

4. RESULTS

The nonlinear simulations were made adopting the same physical parameters of the classical experiments of Swearin-
gen and Blackwelder (1987). We consider the radius of the concave surface R∗ = 3.2 m, the free stream velocity
U∗
∞ = 5 ms−1, the kinematic viscosity ν∗ = 1, 5× 10−5 m2s−1, the time step dt = 4× 10−3, the number of points in

the x and y directions 537 and 185, respectively. The distance between two consecutive points in the x and y directions are
dx = 4×10−2 and dy = 8.5×10−4. The disturbances were introduced in the region 1.76 ≤ x≤ 2.36, with an amplitude
of A = 5×10−3, whereas two different spanwise wavelengths, λ∗

z = 1.8×10−2 m for the case of constant curvature and
λ∗
z = 1.57 × 10−2 m for the other curvature distributions. In the z direction 11 Fourier modes were used with 32 points

in the physical space.
We adopted as a metric for analyze the disturbance evolution the energy of each Fourier mode, given by

Ek(x) =

� ∞

0

|uk|2 dy.

For analysis of heat transfer we verify the evolution of the spanwise–average Stanton number in the streamwise
direction, where this nondimensional parameter is defined as
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Stx =
Nux

PrRex
, with Nux =

∂T

∂y

����
wall

L

Te − Tw
,

where Nux denotes the Nusselt number.
For each case of curvature variation three Prandtl numbers were analyzed: Pr = 0.72, Pr = 1.0 and Pr = 7.07.

Thus allow the investigation of the behavior of heat transfer rate with different fluid properties.

4.1 Constant curvature wall

The first distribution of curvature to be analyzed is a classic case where the curvature is fully concave, i.e., k
k0

= 1,
where k0 is the curvature at the position x = 1 and k is the curvature at a x position.

Figure 2 shows the streamwise evolution of the amplitudes Ek, 0 ≤ k ≤ 10, of the streamwise vortices. The region
defined by 5 ≤ x ≤ 9 (1.6 × 105 ≤ Rex ≤ 3 × 105) is characterized by linear growth of the Goertler vortices. In the
saturation region, x ≥ 9.5 (Rex ≥ 3.1× 105), it is noted that the difference between the amplitude of consecutive modes
are almost constant. We can also observe qualitative agreement between the data of the first four modes obtained in this
study with the data presented by Benmalek and Saric (1994).
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Figure 2. Energy distribution for each Fourier mode in the streamwise direction for λz = 1.8×10−1 . Constant curvature
wall case.

The streamwise evolution of the average Stanton number, considering three different Prandtl numbers, is shown in
Fig. 3.

Re
x

x

S
t x

1.5E+05 3.0E+05 4.5E+05 6.0E+05

5 10 15 20

1.0E-03

2.0E-03

3.0E-03

4.0E-03

Laminar: St=0.453 Pr
-0.66

Re
x

-0.5

Turbulent: St=0.03 Pr
-0.4

Re
x

-0.2

Görtler flow

Re
x

x

S
t x

1.5E+05 3.0E+05 4.5E+05 6.0E+05

5 10 15 20

1.0E-03

2.0E-03

3.0E-03

4.0E-03

Laminar: St=0.453 Pr
-0.66

Re
x

-0.5

Turbulent: St=0.03 Pr
-0.4

Re
x

-0.2

Görtler flow

Re
x

x

S
t x

2.0E+05 4.0E+05 6.0E+05

5 10 15 20

5.0E-04

1.0E-03

1.5E-03

Laminar: St=0.453 Pr
-0.66

Re
x

-0.5

Turbulent: St=0.03 Pr
-0.4

Re
x

-0.2

Görtler flow

(a) Pr = 0.72 (b) Pr = 1.0 (c) Pr = 7.07

Figure 3. Streamwise evolution of the spanwise-averaged Stanton number for λz = 0.18. Transitional results are com-
pared with laminar and turbulent boundary layer theoretical Stanton functions (Schlichting, 1979).

Analyzing the three cases presented in Fig. 3 we can see that in the region until Rex ∼ 1.3 × 105 (x ∼ 3.8) the
spanwise-averaged Stanton number for the Goertler flow is similar to laminar flow. The region 2× 105 ≤ Rex ≤ 3× 105

(6.5 ≤ x ≤ 9) is characterized by intensification of rate of heat transfer caused by the Goertler flow.
In the first case, where Pr = 0.72, at the Rex around 6.38× 105 (x ∼ 19), the Stanton number reaches higher values
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than the turbulent ones. In this position the Stanton number with Goertler flow is 391% and 46% higher than laminar
and turbulent values, respectively. On the other hand, to Pr = 7.07, the Stanton number for the Goertler flow does not
reach the Stanton number obtained in turbulent flow by the fact that the thermal boundary layer is much thicker than the
hydrodynamic boundary layer, therefore the influence of Goertler vortices is smaller.

4.2 Concave/convex wall

For this analysis, we take a concave circular arc attached to a convex circular arc of the same radius 1
k0

by a section with
continuously variable curvature. The function representing the curvature distribution is given by k

k0
= − tanh[3(x− 8)].

Figure 4 shows energy distribution in the streamwise direction for the steady modes from 1 to 10, and also the mean
flow represented by mode 0. Through the fundamental mode (k = 1) we can see the highest energy level in the linear
region. Between the x equal 5 until 8 (1.6 × 105 ≤ Rex ≤ 2.6 × 105) one can observed the linear growth of all modes.
One may note that in this case there is no saturation of the vortices. The results of Benmalek and Saric (1994) are also
presented in the Fig. 4, showing a good agreement with present results.
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Figure 4. Energy distribution for each Fourier mode in the streamwise direction for λz = 1.57× 10−1. Concave/convex
curvature wall case.

As in the previous case, a heat transfer analysis was carried with three different Prandtl numbers. The results are
illustrated in Fig. 5.
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Figure 5. Streamwise evolution of the spanwise-averaged Stanton number for λz = 0.157. Transitional results are
compared with laminar and turbulent boundary layer theoretical Stanton functions (Schlichting, 1979).

At the beginning when the vortices are in the linear development region, the Stanton curve for the Goertler flow
coincides with the Stanton curve for the laminar flow. For all the cases presented, the heat transfer from the transitional
flow does not reach the heat transfer turbulent values. Also we observed that the Stanton curve for Goertler flow tends to
resume the same behavior of Stanton curve for laminar flow. Taking the case where Pr = 1.0, the highest value of the
Stanton number is achieved in the transitional flow was at Rex = 2.7 × 105 (x = 8.2), where the Stanton number with
Goertler flow is 132% higher and 22% lower than laminar and turbulent values, respectively.
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4.3 Concave/flat wall

For the last case analyzed, we consider a wall consisting of a concave section attached to a flat section by a section
with continuous variable curvature. The curvature distribution is taken as k

k0
= 1

2 − 1
2 tanh[3(x− 10.24)].

In Fig. 6 the effect of the streamwise vortices can be seen from the distribution of the amplitudes Ek, 0 ≤ k ≤ 10. In
the concave section, x ≤ 10.24 (Rex ≤ 3.5× 105), the amplitude Ek of the vortices for all Fourier modes increase.
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Figure 6. Energy distribution for each Fourier mode in the streamwise direction for λz = 1.57 × 10−1. Concave/zero
curvature wall case.

The same analysis of the Stanton number distribution in the streamwise direction was carried out, and the result is
shown in Fig. 7.
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Figure 7. Streamwise evolution of the spanwise-averaged Stanton number for λz = 0.157. Transitional results are
compared with laminar and turbulent boundary layer theoretical Stanton functions (Schlichting, 1979).

For the cases shown in the Fig.7, items (a) and (b), the Stanton number with Goertler flow exceeds the number
of Stanton with turbulent flow in the area 2.9 × 105 ≤ Rex ≤ 4.1 × 105 (8.5 ≤ x ≤ 12). For Pr = 0.72, at
Rex = 3.5 × 105 (x = 10) the Stanton number with Goertler flow reaches 226% and 19% higher than laminar and
turbulent values, respectively. Taking Pr = 1.0. The Stanton number with transitional flow has a peak at Re = 3.4× 105

(x = 9.7), where it is 250% and 79% higher than laminar and turbulent values.

5. CONCLUSIONS

Heat transfer enhancement investigations, considering a boundary layer flow over wall with curvature variation have
been numerically studied using a high-order numerical simulation code. The results in this study show that the case of
concave/convex curvature has effects of stability on Goertler vortices generated by the concave curvature. Thus there is
evidence that the convex curvature can be most useful for the control of a laminar flow. Considering the other curvature
distributions, it was observed that the steady Goertler flow can increase the heat transfer rates to values higher than the
turbulent ones. Furthermore, the results show that for Pr = 7.07, the Goertler flow does not reach the Stanton number
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obtained in turbulent flow in any of the cases analyzed. This is justified due to the fact that the thermal boundary layer is
thicker than the hydrodynamic boundary layer, so the influence of Goertler vortices is smaller.
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