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Abstract. A numeric simulation of an energy harvesting system based in vibration and subject to a periodic excitation 

presented the amount output voltage according to system parameters. It was projected a Linear Matrix Inequalities 

(LMI) controller to change system parameters as relativity damping and rigidity. It was possible to observe that 

excitation variation of relativity parameters outcomes in a singular behavior describing the controller actuation for 

mechanical energy transfer maximization. The research is part of PhD thesis related to energy harvesting system 

enhancement in a deep discussion about mechanical energy transfer related to parameters behavior. 
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1. INTRODUCTION 

 

Energy harvesters are those systems that convert some of small scale energy to electric energy (Chen et al., 2010). 

The means to process that transformation variety from small gradients of heat to microwave radio frequency (Thomas et 

al., 2006). One of promised source of energy to be converted via energy harvesting systems is environment vibration 

(Miller et al., 2011). There are many works published in the past decade concerning energy harvesting and mostly are 

focusing in enhance their efficiency (Wang and Inman, 2012; Diyana et al., 2012; Noh and Yoon, 2012; Tang et al., 

2013; Zhu et al., 2010; Masuda and Senda, 2011). Among the works dealing to piezoelectric energy harvesting the most 
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of them uses the resonance effect as the mean source of vibration to improve efficiency (Roundy et al., 2003; Stoppel et 

al., 2011; Baù et al., 2011; Kim et al., 2012). The harness of resonance is because the ambient vibration has a large 

frequency bandwidth and the resonance occurs only for a narrow band and the projects presented are efficient only for 

this small range (Harne and Wang, 2013; Tang et al., 2013; Jung et al., 2013). 

Another solution is to utilize a controller to driven the energy harvesting system to a maximum interaction between 

the vibration source and the vibrational system resulting in a maximum energy transduction (Wu et al., 2006; Eichhorn 

et al., 2009; Peters et al., 2009; Zhu et al., 2010). A prior work was developed by Ferreira et al. (2014) using a Linear 

Matrix Inequalities controller for a harmonic excitation to a well-defined piezoelectric energy harvesting system of 

Erturk and Inman (2011). As a research result there was a significant increase of net output power from controlled 

system compared to the open loop system. 

To understand the system behavior it is possible to analyze the amount of change of system parameters according 

the controller output signal and compare this change to the amount of energy increased to transduction process. In this 

way it is possible to conclude how much parameter changes are influencing to the efficiency gain and then could be 

possible to improve future researches by focusing in singular parameters adjustment. 

 

2. ENERGY HARVESTING MODEL 

 

A proposed bimorph energy harvesting cantilever excited by an exogenous source and coupled to a circuit load 

(Erturk and Inman, 2011) is given in Figure 1. In this design a cantilever with two layers of piezoelectric material (PZT) 

is modeled dimensionless according resonance where   is damping factor,   is piezoelectric mechanical coupling 

coefficient,   is reciprocal of time constant and   is piezoelectric electric coupling coefficient. The system variables are 

  for tip beam position and   for system output voltage load. The red arrows indicate the electrical direction and the 

electricity follow from the PZT layers to output voltage in piezoelectric direct effect.  

The excitation parameters is collected from output voltage reading as input signal and a portion of the output voltage 

returns to PZT layers passing by a control processor to driven the system behavior to maximum interaction to 

exogenous excitation in piezoelectric indirect effect. This portion of voltage that returns to PZT layers are the feedback 

control signal and will increase energy harvesting system efficiency since the percentage of resulting kinetic energy to 

be converted in output voltage was greater than the energy used to control the system behavior. 

 

 
 

Figure 1. Bimorph cantilever 

 

Considering the case of exogenous excitation being a periodic (harmonic) excitation the mathematical system model 

is presented according Erturk and Inman (2011), given by: 
 

 ̈     ̇  
 

 
             

  ̇       ̇    
(1)  

 

were   is dimensionless acceleration force and   is dimensionless excitation frequency. Isolating  ̈ and  ̇ in equation 

(1), 
 

 ̈   
 

 
     ̇             

  ̇     ̇     
(2)  

 

and Adopting     ,     ̇ and     , the equation is given as 
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Parameters for the model are determined numerically and experimentally tested according Erturk and Inman (2011) 

and are   = 0.01,   = 0.05,   = 0.05,   = 0.5,   = 0.083 and   = 0.8. The system behavior is determined by performing 

Runge-Kutta fourth order method for solving ordinary differential equations for given parameters to the space-state 

form. The numerical simulation considered initial conditions  ( ) = 1,  ̇( ) = 0 and  ( ) = 0 and time samples from 0 

to 2,500 in interval of 0.1 totalizing 25,000 samples in Figures 2a and 2b and samples from 2,000 to 2,500 in interval of 

0.1 totalizing 5,000 samples in Figure 2c to exclude transient behavior. 

a)  

 
b)  

 

c)  

 
 

 Figure 2. (a) voltage rate, (b) time history, (c) phase portrait. 

 

For given parameters the system eigenvalues are shown in Table 1 and since all eigenvalues do have real part 

negative the system can be considered stable. 

 

Table 1. Eigenvalues 

   -0.0112 + 0.7244i 

   -0.0112 - 0.7244i 

   -0.0476 + 0.0000i 

 

3. CONTROLER DEFINITION 

 

To ensure maximum energy harvested it was coupled a controller using Linear Matrix Inequalities (LMI) according 

Optimum Control H∞. An LMI Control Driven utilizes feedback state to optimize the interaction between exogenous 

excitation   and result signal   (Antwerp and Braatz, 2000). A sufficient condition for LMI control driven is the 

existence of a matrix             and       . The parameter   refers to the objective function and to 

enhance energy harvesting system the function must be maximized. 
 

{
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(4)  
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The space-state model (Chadli et al., 2013) for the proposed system is given as 

 

{
  ̇                          
                                              

  (5)  

 

were   is state matrix,    is the excitation vector,    is the control vector and   is the vector of system result. The 

relation between matrices is explained in the block diagram presented in Figure 7. 
 

 
 

 Figure 3. Block diagram of the controlled systems. 

 

4. PARAMETERS BEHAVIOR 

 

The dynamical model showed in equation (2) can be rewritten in matrix form as 
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(6)  

 

The LMI matrices are resulting from replacing given parameters for linear model in matrix form, and are 

 

  [
   

             
          

]    

     [
 

          
 

]   

       [
 
 
 
]       [   ]    (7)  

 

The system actual state is given for the parameters of state matrix   and de control signal is the feedback state 

matrix (  ) as shown  

 

           (8)  

 

To accomplish a control simulation the regulator parameter is the dimensionless frequency   which is ranging from 

0.4 to 1.0. For a dimensionless frequency   = 0.4 the excitation vector is 

 

         [
 

            
 

]  (9)  

 

Replacing  ,        ,    and   in LMI and solving the inequalities the feedback state vector is 

     [                           ]. The feedback state matrix is derived from  ,    and       and resulting in the  

feedback parameters   = 0.2547,   = 0.2087,   = 0.0001 and   = 0.9894. Substituting open loop parameter given in 

Linear model and the feedback parameters for   = 0.4 and performing Runge-Kutta fourth order method for solving 

ordinary differential equations for initial conditions  ( ) = 1,  ̇( ) = 0 and  ( ) = 0 and dimensionless acceleration 

force   = 0.083 the comparison from open loop to controlled system is given in Figure 3. The RMS output voltage from 

open loop system is 0.0805 and for the controlled system is 4.2202 which gives a gain of 50.84 times. 
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a)  

 
b)  

 

c)  

 
 

 Figure 3. Open Loop (gray line), Controlled (black line). (a) voltage rate, (b) time history, (c) phase portrait. 

 

Applying the same procedure to the other frequencies the controlled parameters are given in Table 1. 

 

Table 1. Parameters and RMS output voltage for   = 0.4 to   = 1.0. 

 

 

Frequency Rate 

Controlled Parameters 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

  0.257 0.2491 0.242 0.2324 0.2206 0.2066 0.1892 

  0.2087 0.2027 0.1956 0.1863 0.1757 0.1637 0.1501 

  0.9894 0.9783 0.964 0.994 0.9213 0.8932 0.8585 

  1.00E-04 1.00E-04 1.00E-04 1.00E-04 1.00E-04 1.00E-04 1.00E-04 

RMS Open Loop 0.0805 0.1238 0.3043 5.3812 0.6570 0.1409 0.0756 

RMS Controlled 4,2272 4,2505 4,2763 4,3001 4,2676 4,1293 3,9368 

 

The comparison of output energy from open loop to controlled system is given in Figure 4. 

 

a)   = 0.4 

 

c)   = 0.5 
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c)   = 0.6 

 

d)   = 0.7 

 
d)   = 0.8 

 

e)   = 0.9 

 
g)   = 1.0 

 
 

 Figure 4. Output voltage. Open Loop (gray line), Controlled (black line). 

 

The consideration of the amount of change of parameters related to the amount of change of RMS output voltage is 

given in Table 2. It is suppressed the value of   because it is close to zero. 

 

Table 2. Amount of change of parameters and RMS output voltage. 

 

 

Amount of variation 

Controlled Parameters 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

  96,1% 96,0% 95,9% 95,7% 95,5% 95,2% 94,7% 

  76,0% 75,3% 74,4% 73,2% 71,5% 69,5% 66,7% 

  49,5% 48,9% 48,1% 49,7% 45,7% 44,0% 41,8% 

RMS 98,1% 97,1% 92,9% -25,1% 84,6% 96,6% 98,1% 

 

It is possible to verify a regular variation from parameters and the RMS output voltage. There were no a significant 

change of parameters related to RMS variation excluding the resonant effect that is normally explained according 

physics expected behavior. 
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5. CONCLUSION 

 

The evaluation of amount of change of controlled parameters via Linear Matrix Inequalities applied to an energy 

harvesting system based in active piezoelectric effect shows that there were regular variations from parameters amount 

of change compared to the amount of change of RMS output power. Since the frequency rate do not influence 

significantly in the amount of change of controlled parameters it is possible to conclude that the principal influence in 

the RMS output is the energy harvesting system design and the application of active control has a regular increase of 

system efficiency.  
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