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Abstract. Slider-crank mechanisms are employed in many machines, such as engines, compressors and pumps. Thus, 

the dynamic analysis of these mechanisms is very important, since the occurrence of problems directly affect their 

performance and lifetime. For this reason, this work aims to evaluate the influence of different lubrication models in 

the dynamic behavior of slider-crank mechanism with clearance on the piston-pin revolute joint. Thereby, the dynamic 

model of the mechanism is obtained by Lagrange's method, considering the contact, friction and lubrication effects on 

the piston-pin revolute joint. In this approach, the Hertz contact model and the Coulomb friction model were 

considered. For hydrodynamic lubrication, analytical models were adopted for short bearing (Frene's model) and for 

long bearing (Pinkus and Sternlicht's model), besides the numerical model where the hydrodynamic force is obtained 

from solution of Reynolds equation. The results presented in this work show the influence of the lubrication models in 

the dynamic behavior of the mechanism and the lubrication conditions in the pin-piston revolution joint, emphasizing 

the differences between the hydrodynamic forces obtained from analytical and numerical models. 
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1. INTRODUCTION 

 

The analysis of the dynamic behaviour of mechanisms is an important task of machinery design, especially when its 

operation regime occurs at high speeds and/or subjected to rigorous tolerances of movement. An example of such 

machine is the slider-crank mechanism commonly used in internal combustion engines, compressors and pumps. 

The joints that allow the relative motion between its links also introduce clearances that inevitably lead to wear and 

vibration, decreasing the overall mechanism performance. The treatment of the clearance in multibody dynamics was 

also extended to include the effect of lubrication (Flores et al. 2009, Tian et al. 2011 and Daniel and Cavalca 2011). In 

tribology, the hydrodynamic forces generated on the fluid film inside the bearing are dependent of the squeeze and 

wedge effects (Tian et al. 2013). For low relative velocities between the journal and the bearing, the squeeze film effect 

becomes dominant and the approximate solution obtained for long bearing in this situation (Flores et al. 2004) predicted 

a smoothed dynamic response of the mechanism in comparison to a dry clearance. 

However, for high relative velocities, the simple squeeze approach is not valid and, consequently, the Reynolds 

equation should be applied. Flores et al. (2009) and Machado et al. (2012) presented results for dynamic simulations 

using hydrodynamic lubrication models based on the closed solutions of the Reynolds equation, for long and short 

bearings, both for Gumbel and Sommerfeld boundary conditions. 

Tian et al. (2011) simulated the behaviour of planar flexible multibody systems using the Absolute Nodal 

Coordinate Formulation (ANCF) with clearance and lubricated revolute joints. The results obtained showed the 

importance of modelling flexibility of the links especially for “soft” materials.  

Daniel and Cavalca (2011) and Reis et al. (2014) also analysed the dynamic of a slider–crank mechanism with 

lubrication in the connecting rod–slider joint clearance. Using the hydrodynamic lubrication model for long bearings with 

alternate motion (Bannwart et al. 2010), their results indicate that the wedge effect itself is not capable to sustain the 

journal in hydrodynamic lubrication during the simulations. 

In this work the influence of hydrodynamic force model was investigated on the response of the slider-crank 

mechanism. Analyses comparing the analytical solutions for short bearing (Frene’s model) and for long bearing (Pinkus 

and Sternlicht's model) with those obtained from the numerical model where the hydrodynamic forces are obtained 

from the solution of Reynolds equation. The results shows the influence of the lubrication models in the dynamic 
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behaviour of the mechanism and the lubrication conditions in the pin-piston revolution joint, emphasizing the 

differences between the hydrodynamic forces obtained from analytical and numerical models. 

 

2. METHODOLOGY 

 

In this section, the methodology applied in this work is briefly exposed. Firstly, the equations that describe the 

dynamic behavior of the system are presented. In following, the lubrication models adopted in the analytical solutions, 

for long and short journal bearings, and numerical solution, from the classical Reynolds equation, are shown. 

 

2.1 Dynamic equations of the mechanism  

 

A classical slider-crank mechanism is known for having a single degree of freedom and a planar motion. The 

consideration of a clearance in the piston-pin joint (journal bearing) does not change the planar motion characteristic, 

however, it adds two degrees of freedom to the system. In this case, its independent coordinates can be: the crank 

angular displacement (q), the connecting rod angular displacement (A), and the slider displacement (XPT). Figure 1 

shows an scheme of the mechanism and highlights the hydrodynamic bearing considered in the piston-pin joint. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 1: Scheme of the slider-crank mechanism. (a) Planar view. (b) Planar view with the forces over each 

component. (c) Hydrodynamic bearing modeling the piston-pin joint. (Daniel and Cavalca, 2011; Reis et al., 2014). 

 

Defining IMO and IB as the crank and connecting rod rotational inertias and applying Lagrange’s formulation, the 

equation of motion for the complete mechanism is given by Eq. (1) (Daniel and Cavalca, 2011): 

 

[
MBR

2 + IM0 −MBR(UPBcos(A + q) + VPB sin(A + q))

sym MB(UPB
2 + VPB

2 ) + IB
] {
q̈

Ä
} + 

+MBR(VPBcos(A + q) − UPB sin(A + q)) {
Ȧ2

q̇2
}+ 

+g {
MM(−UPMsin(q) − VPM cos(q)) − MBRsin(q)

MB(−UPBsin(A) + VPB cos(A))
} = {

FypRcos(q) − FxpRsin(q) − τd
−FypLcos(A) − FxpLsin(A)

} 

MPTẌPT = −(Fext + gMPT + Fxp) 

(1) 

 

In the set of equations numbered as (1), g is the gravitational acceleration; MM is the crank mass; MB is the 

connecting rod mass; MPT is the slider mass; UPMI and VPMI are the coordinates of the crank center of mass in the local 

reference system (UM, VM); UPB and VPB are the coordinates of the connecting rod center of mass in the local reference 

system (UB, VB); XPM and YPM are the displacements of the crank’s center of mass, XPB and YPB are the displacements of 

the connecting rod’s center of mass and XPT is the displacement of the piston, in relation to the inertial reference system 

(X,Y). The meanings of the remaining parameters can be inferred from the indications in Fig. 1, previously exposed. 

The system behavior is strongly dependent on the relative motion between the connecting rod and the slider, being 

linked by a revolute joint modeled as a journal bearing. The pin eccentricity in the bearing is composed by radial 

displacements in the directions x and y as presented in Eq. (2): 
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𝑒 = √𝑒𝑥
2 + 𝑒𝑦

2 (2) 

 

These displacements are evacuated by the relative position between the slider and the pin. 
 

{
𝑒𝑥
𝑒𝑦
} = {

𝑋𝑝 − 𝑋𝑃𝑇
𝑌𝑝 − 𝑌𝑃𝑇

} (3) 

 

Moreover, the eccentricity ratio and its variation in time are defined, respectively, as: 
 

𝜀 =
𝑒

𝑐𝑟
        ;        𝜀̇ =

𝑒̇

𝑐𝑟
 (4) 

 

Finally, it is necessary to determine the attitude angle, just like its variation in time. 
 

𝛾 = 𝑎𝑡𝑎𝑛2 (
𝑒𝑦

𝑒𝑥
)        ;        𝛾̇ =

𝑒𝑥𝑒̇𝑦 − 𝑒𝑦𝑒̇𝑥

𝑒2
 (5) 

 

2.2 Lubrication models 
 

Depending on the length-diameter ratio, the journal bearing can be considered as infinitely long, infinitely short and 

finite. Long bearing approximation can be used when the flow in the axial direction is practically null, causing a null 

pressure gradient in such direction. On the other hand, short bearing approximation can be used when the flow in the 

circumferential direction is practically null and, consequently, the pressure gradient is also null in such direction. Lastly, 

finite bearing presents flows in both directions and, consequently, there are pressure gradients in both directions. In this 

case, a numerical method must be applied to obtain the pressure distribution, since it has no analytical solution. 

All three cases just presented arise from the Reynolds equation (Reynolds, 1886) presented in Eq.(6). The x and z 

coordinates represent the circumferential and axial directions, respectively. As previously described, the first term in the 

left side of the equation is neglected for short bearings while the second term is neglected for long bearing. 
 

𝜕

𝜕𝑥
(ℎ3

𝜕𝑃

𝜕𝑥
) + 

𝜕

𝜕𝑧
(ℎ3

𝜕𝑃

𝜕𝑧
) = 6𝜇𝑈

𝜕ℎ

𝜕𝑥
+ 12𝜇

𝜕ℎ

𝜕𝑡
 (6) 

 

The oil film thickness (h) can be obtained from the eccentricity ratio and radial clearance, as presented in Eq. (7). 
 

ℎ(𝜃) = 𝑐𝑟(1 + ε. cos(𝜃)) (7) 
 

For short bearings, Frêne’s model using the Gümbel’s boundary condition is adopted. In this case, the pressure is 

integrated in half film (from zero to π) and, in the others parts, the pressure is set as equal to zero. The solution for the 

pressure distribution is presented in Eq. (8) (Frêne, 1997). 
 

𝑝(𝑥, 𝑧) = −
3𝜇

ℎ3
[
𝐿𝑗
2

4
− 𝑍2] [(𝜔 − 2𝛾̇)

𝜕ℎ

𝜕𝑥
+ 2𝜀̇ cos 𝜃] (8) 

 

Hence, the hydrodynamic forces in the local reference system are calculated by integration of the pressure 

distribution, according to Frêne (1997). The hydrodynamic forces can be calculated as shown in Eq. (9), where 𝐿𝑗 and 

𝑅𝑗represent the length and the radius of the bearing, respectively. 

 

{
𝐹𝑦
𝐹𝑥
} =

{
 
 

 
 −

𝜇𝐿𝑗
3𝑅𝑗

2𝑐𝑟
2(1 − 𝜀2)2

[
𝜋𝜀̇(1 + 2𝜀2)

√1 − 𝜀2
+ 2𝜀2(𝜔 − 2𝛾̇)]

𝜇𝐿𝑗
3𝑅𝑗𝜀

2𝑐𝑟
2(1 − 𝜀2)2

[4𝜀̇ +
𝜋

2
√1 − 𝜀2(𝜔 − 2𝛾̇)]

}
 
 

 
 

  (9) 

 

For long bearing, the lubrication model proposed by Pinkus and Sternlich (1961) is considered in this work. This 

theory considers the relative motion between the journal and the bearing and also squeeze and wedge effects. Resolving 

the Reynolds equation adapted to long bearing, the pressure distribution can be obtained as presented in Eq. (10): 

Considering an angular velocity ω of the journal, the following relations are defined: 
 

𝑝 = 6𝜇 (
𝑅𝑗

𝑐𝑟
)
2

{
(𝜔 − 2𝛾̇)(2 +  𝜀𝑐𝑜𝑠𝜃) 𝜀 𝑠𝑖𝑛𝜃

(2 + 𝜀2)(1 + 𝜀cos 𝜃)2
+ 
𝜀̇

𝜀
[

1

(1 + 𝜀cos 𝜃)2
− 

1

(1 + 𝜀)2
]} (10) 
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Integration of the pressure distribution leads to the hydrodynamic forces acting on the bearing. The sets of equations 

in the sequence express these forces for the cases in which the parameter E is positive and negative, respectively. 

 

{
𝐹𝑦
𝐹𝑥
} =

{
 
 

 
 −

1

2

𝜇𝑤𝑅𝑗
3𝜔

𝑐𝑟
2

3𝐸

(2 + 𝜀2)(1 − 𝜀2)(1 − 𝜀2)0.5
[4𝑘𝜀2 + (2 + 𝜀2)𝜋

𝑘 + 3

𝑘 + 3/2
]

−
1

2

𝜇𝑤𝑅𝑗
3𝜔

𝑐𝑟
2

6𝜋𝜀(1 − 𝐺)

(2 + 𝜀2)(1 − 𝜀2)0.5
 (
𝑘 + 3

𝑘 + 3/2
)

}
 
 

 
 

  (11) 

 

{
𝐹𝑦
𝐹𝑥
} =

{
 
 

 
 +

1

2

𝜇𝑤𝑅𝑗
3𝜔

𝑐𝑟
2

 
3𝐸

(2 + 𝜀2)(1 − 𝜀2)(1 − 𝜀2)0.5
[4𝑘𝜀2 − (2 + 𝜀2)𝜋

𝑘

𝑘 + 3/2
]

−
1

2

𝜇𝑤𝑅𝑗
3𝜔

𝑐𝑟
2

6𝜋𝜀(1 − 𝐺)

(2 + 𝜀2)(1 − 𝜀2)0.5
 (

𝑘

𝑘 + 3/2
)

}
 
 

 
 

 (12) 

 

Where the parameters E, G and k are: 

 

𝐸 =
2

𝜔
𝜀̇      ;       𝐺 =

2

𝜔
𝛾̇     ;       𝑘 = (1 − 𝜀2)0.5 [(

1 − 𝐺

𝐸
)
2

+
1

𝜀2
]

0.5

 (13) 

 

Lastly, the numerical solution is obtained for solving the classical Reynolds equation from the Finite Volume 

Method (FVM). Using the computational mesh, the pressure in the interest volume (P) is obtained from the adjacent 

volumes (E: eastern; W: western; N: northern; S: southern) and the source term (B) (Maliska, 2004). Thus, the pressure 

distribution can be obtained as shown in Eq. (14). 

 

𝐶𝑃𝑃𝑃 = 𝐶𝐸𝑃𝐸 + 𝐶𝑊𝑃𝑊 + 𝐶𝑁𝑃𝑁 + 𝐶𝑆𝑃𝑆 + 𝐵 (14) 

 

Where the coefficients in Eq.(14) are determined as in the sequence. 

 

𝐶𝐸 = 
Δz

Δx
(
ℎ𝑒
3

𝜇
);   𝐶𝑊 =  

Δz

Δx
(
ℎ𝑤

3

𝜇
);   𝐶𝑁 = 

Δx

Δz
(
ℎ𝑛

3

𝜇
);   𝐶𝑆 = 

Δx

Δz
(
ℎ𝑠
3

𝜇
); 

𝐶𝑃 = 𝐶𝐸 + 𝐶𝑊 + 𝐶𝑁 + 𝐶𝑆 ;   𝐵 = −6𝑈[ℎ𝑒 − ℎ𝑤] − 12
𝜕ℎ

𝜕𝑡
Δ𝑥Δ𝑧 

(15) 

 

As previously mentioned, the hydrodynamic forces can be obtained from the pressure distribution. Thus, the Eq.(16) 

presents how to obtain the hydrodynamic forces in the local reference system and, after that, the determination of the 

hydrodynamic forces in the inertial reference system. The forces decomposition from the local to inertial system is the 

same for all models used in the work.  

 

{
𝐹𝑥
𝐹𝑦
} = {

∑ ∑  −𝑃𝑃 sin(𝜃) Δ𝑥Δ𝑧
𝑁𝑍
𝑗=1

𝑁𝑥
𝑖=1

∑ ∑  𝑃𝑃 cos(𝜃) Δ𝑥Δ𝑧
𝑁𝑍
𝑗=1

𝑁𝑥
𝑖=1

}    ;     {
𝐹𝑋
𝐹𝑌
} = {

𝐹𝑥 sin(𝛾) + 𝐹𝑦 cos(𝛾)

𝐹𝑥 cos(𝛾) − 𝐹𝑦 sin(𝛾) 
}      (16) 

 

3. RESULTS 

 

The computational simulations performed in this work aim to compare the analytical solutions with the numerical 

solution of the Reynolds equation, allowing to evaluate how representative the models for short and long bearings are. 

The slider crank mechanism considered in these simulations is the same mechanism used by Reis et al. (2014), in which 

the geometrical parameters is presented in Table 1.  

In this work, the initial velocity of the crank was 250 rad/s, and the system started from top dead center. All results 

are plotted after 4 laps of the crank, in order to guarantee the steady state of the system response. The equations of 

motion were integrated in time, using a Predictor–Corrector integrator (Shampine and Gordon, 1975), largely applied in 

dynamic simulations of nonlinear systems. This integrator works with a variable time-step and with an error control.  

Firstly, the comparison for short bearing is presented. Figure 2(a) shows the oil film thickness and the pin's orbit 

inside the bearing. According to Fig. 2(b), the pin’s trajectory is not the same for both solutions, although the minimum 

film thickness located in the superior region is similar in both cases. During the analysis, the pin is only in lubrication 

condition inside the bearing, i.e. there is no contact between pin and bearing. In general way, the result obtained from 

the analytical solution presents greater eccentricity than the results obtained from numerical solution, except in the 

inferior region of the bearing. Moreover, the orbits obtained in both solutions are not completely synchronized, since 

the trajectories are not the same. For this reason, the analytical solution considers that the pin stays more time in the 

critical region (minimum oil film thickness) than the numerical solution, as shown in Fig. 2(a). 
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Table 1. Geometrical parameters considered in the slider-crank mechanism and in the bearing. 

Slider-crank Mechanism’s Parameters Values Bearing’s Parameters Values 

Crank length 0.0508 m Bearing’s diameter 0.020 m 

Connecting rod Length 0.2032 m Radial Clearance 20.10
-6

 m 

Crank inertia 0.006 Kg.m Absolute viscosity 0.0117 Pa.s 

Connecting rod inertia 0.010 Kg.m Lj/Dj Ratio for short bearing 0.2 

Crank mass 0.80 Kg Lj/Dj Ratio for long bearing 2.0 

Connecting rod mass 1.36 Kg   

Slider mass 0.91 Kg   

Position of the crank center of mass in axis UM 0 m   

Position of the crank center of mass in axis VM 0 m   

Position of the connecting rod center of mass in axis UB 0.0508 m   

Position of the connecting rod center of mass in axis VB 0 m   

 

 
(a) 

 
(b) 

Figure 2: Comparison using different solutions for short bearing (a) Oil film thickness (b) Pin’s Orbit. 

 

 
(a) 

 
(b) 

Figure 3: Comparison using different solutions for short bearing (a) Force in X direction (b) Force in Y direction. 

 

The hydrodynamic forces obtained in both solutions are shown in Fig. 3. According to Fig. 3, the tendencies of the 

hydrodynamic forces are similar in both directions X and Y. However, the hydrodynamic forces obtained from the 
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analytical solution presents numerical oscillations when the pin and the bearing are critically close. This behavior can 

be consequence of the model sensitivity, because at the higher eccentricity levels the system of equations becomes stiff. 

In Fig. 4(b), the influence of these oscillations in the hydrodynamic forces can be observed in the dynamic behavior of 

the slider crank mechanism, mainly in the slider due to be the component where the bearing is located. On the other 

hand, this influence cannot be verified in the crank angular velocity obtained from the analytical and numerical 

solutions, since the numerical oscillations are not present in the response, as shown in Fig. 4(a). 

As mentioned, the computational simulations were performed considering the slider initially located at the top dead 

center and the crank's initial angular velocity of 250 rad/s, as initial conditions. However, the crank angular velocity 

varies due to the inertial of the system during the operation, as can be seen in Fig. 4(a). 

 

 
(a) 

 
(b) 

Figure 4: Comparison using different solutions for short bearing (a) Crank angular velocity (b) Slider acceleration. 

 

For long bearings, the results obtained from the analytical and numerical solutions have better agreement. However, 

Fig. 5(b) shows that the pins trajectories (orbits) inside the bearing have some differences, although the dynamic 

behavior is similar for both solutions. The eccentricity obtained from the analytical solution is higher, causing a lower 

oil film thickness in the bearing, as can be seen in Fig. 5(a). Compared with short bearing, the orbits obtained in the 

long bearing are lower because the long bearing presents higher load capacity. In this case, the hydrodynamic forces 

obtained in the short bearing can be obtained from lower values of eccentricity in the long bearing; due to the bearing 

length is higher. 

 
(a) 

 
(b) 

Figure 5: Comparison using different solutions for long bearing (a) Oil film thickness (b) Pin’s Orbit. 

 

Figure 6 shows the hydrodynamic forces obtained from the analytical and numerical solutions for long bearing. In 

this case, a good agreement can be verified in both directions (X and Y), showing that the Pinkus-Sternlich model can 

represent efficiently the lubrication conditions in the joint. As also occurred in short bearing, the hydrodynamic forces 
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in X direction is higher due to linear motion of the slide in this direction. As shown in Fig. 6(b), the hydrodynamic 

forces have small numerical oscillation for both solutions in the Y direction, although lower than observed in the 

simulations for short bearing. Also in this case, the influence of these oscillations of hydrodynamic forces can be 

observed in the dynamic behavior of the slider while no influence can be verified in the crank angular velocity. As 

previously described, the hydrodynamic forces have more influence in the slider because the bearing is located at the 

connecting rod-slider joint. 

Lastly, it is important to highlight that the variations of the crank angular velocity are the same for computational 

simulations using short and long bearings, as can be verified in Figs. 4 and 7. In fact, this behavior is already expected, 

since the slider crank mechanism does not change and these variations occur due to the inertial of system, as previously 

mentioned. 

 

 
(a) 

 
(b) 

Figure 6: Comparison using different solutions for long bearing (a) Force in X direction (b) Force in Y direction. 

 

 
(a) 

 
(b) 

Figure 7: Comparison using different solutions for long bearing (a) Crank angular velocity (b) Slider acceleration. 

 

4. CONCLUSION 
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changes on the dynamic response of the mechanism. Particularly for short bearings the analytical solution predicts 

higher peaks in acceleration and force values. 

For long bearings, the overall performance of the mechanism was similar for both analytical and numerical 

solutions, with minor differences on the thickness of fluid film. Finally, these results show the importance of the choice 
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elastohydrodynamic lubrication scheme to predict more accurately the complex lubrication regime present in these 

machines, especially for short bearings. Moreover, the correct prediction of the hydrodynamic conditions in the 

lubricated revolute joint is very important due to its strong influence in the fault evaluation, such as cavitation of the oil, 

film, deformation and bearing wear. 
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