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Abstract. The Lagrangian modelling technique for understagdproblems of fluid mechanics with heat and mass
transfer is gaining the attention of the researcheln particular, the particle method named SmodtiRarticle
Hydrodynamics (SPH) is used in fluid mechanics,bfoth in hydrostatic and hydrodynamic, in orderatidress the
fluid flow with free surface or interfaces, prodogi consistent results with those obtained by aiealytand
experimental techniques. The focus of this wortoiapply the SPH methodology to analyze the wadtsy fn a
reservoir and the fluid flow that occurs after tiam break. The concepts of modified pressure (thdsyatic) and
artificial viscosity (in hydrodynamics) are useddevelop the mathematical and numerical models.ift@nsistency
found in the value of the interpolated function mtree boundary is corrected by introducing a cotien factor. To
prevent the fluid particles pass through solid cams$ is used the concept of elastic reflectionhviudl restitution of
kinetic energy. A code written in Fortran languagedesigned to solve the system of algebraic egustiNumerical
results are compared with those obtained by anaysolutions and experiments in the laboratorytHa fluid at rest
case, the results reported in the literature usiragrangian SPH modelling show a change in positidrihe fluid
particles over time. This paper presents numerieallts identical to the analytical solution. Inetllam breaking,
numerical results concur with those obtained indiadory experiments, with a maximum differenceo8&%.
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1. INTRODUCTION

Originally developed for modeling astrophysical pbmena (Lucy, 1977; Gingold and Monaghan, 1977¢ Th
Smoothed Particle Hydrodynamics (SPH) is one ofLlmgrangian numerical methods that have been intrgly used
in flow problems with free surface and / or inteda. As in any Lagrangian method, the SPH doesismtmeshes,
easily discretizes complex geometries, refines masgly, easily capture domain and free surfacdstair topological
changes. Amongst the difficulties of this methadian be cited an appropriate implementation ofidany conditions,
the inconsistencies found in physical quantitigeripolated for particles close to the boundaries agglomeration of
particles in certain regions of the domain.

Hydrostatic of an incompressible and isothermaldfin a reservoir is a well-known problem, wheretedluid
particle obeys the equation of mass conservati@h momentum balance. Using the Lagrangian SPH meémad
different formulations for the viscous terms, tsults of simulations showed the appearance oflatsmns in the
particles positions, which will increase in timeafdbyev, 2013). SPH was employed to study this lprabthe fluid
inside a rotation tank, and dam breaking (Goffinal, 2014). The numerical results found presented uromeéc
effects. In dam breaking, a particle agglomeratiaa been observed on the tank walls, an effectwthatreduced from
the use of a symmetry condition. Still in 2014, twolutions were proposed for the problem of thetiglar
agglomeration in certain domain regions, causedheydecrease of the kernel gradient for small desta between
particles (Korziliuset al, 2014). In their work, results were presentedh® problem of reservoir filled with water at
rest. The oscillations of the particles has beceamaller over time and converged to a steady siatierm, however
divergent of the correct state.

In the literature, several research works have lbaemed out to address the boundary conditiorizetonposed on fluid
flow, regarding the particle-boundary interacti@he repulsive forces and the Lennard-Jones mettewd proposed by
Monaghan (1992). Following the same idea and ugar@tional calculus, has introduced the conceptaritact force
in the boundaries to address the interaction betwiee particles and rigid solids contours (Kulasageet al, 2004).
Subsequently, in 2013, the renormalization factioat(depends on the shape of the wall and thectesti positions on
the wall) was introduced. An improvement to the taoh force model on the boundaries presented byptaeious
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researcher was also developed (Ferrandal, 2013). To reduce processing time, a new way to calculage t
renormalization factor in the wall was proposed presented a unified semi-analytical boundary domth (Leroyet
al., 2014). In 2015, an extension to the "virtual jgtes modified method" in which the wall is disézed by a set of
virtual particles and simulated by the local symmefpproach was performed (Fourtalkdsl, 2015). It has achieved
an improvement in the zero-th arfifst orders consistency in SPH. Although the ficsise results show an
improvement over conventional techniques that udeal particles in treatment of contours, when thethod was
applied in the study of hydrostatic fluid withinetheservoir was still noticed the change in positf the particles in
time.

This paper presents a proposal for the study ofdsgdtic problems using the concept of the modifiegssure in
SPH (Batchelor, 2000). To study a fluid at resthinita reservoir, using the modified concept pressand the solid
wall boundary conditions with the use of virtualriides, provided numerical results coincident witle analytical
solution. The application of the SPH in the damakineg study is also presented. Considering the géderboundary
conditions (with fixed geometric planes at the dddoundaries) and a kinetic energy coefficient estitution for
collisions between fluid particles and boundariise numerical results are promising when compareth w
experimental results.

2. MATHEMATICAL MODELLING

The flow mathematical modelling in viscous and impoessible fluids is performed by the equationmats
conservation and momentum balance — Egs. (1) gndepectively.
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where v is the velocity,t is the time,p is the density[] is the nabla mathematical operatd?, is the absolute
pressurey is the dynamic viscositya is the gravitational acceleration.
The fluid dynamic pressure is calculated by Eq,. KBbwn as Tait equation, suggested in (Batch@@o):

Payn = B [(%)y - 1] ®)

where P4y, is the dynamic pressurd,is the term associated with fluctuations in thedfldensity, p, is the fluid
density at rest angr = 7.

For the Tait equation could be applied in predigtine dynamic pressure, it must be ensured thaviteh number
is not greater than 0.1.

The modified pressure concept is used in this reed@atchelor, 2000), which is defined by Eq. (4):
Pmod:(P_ PO)+qu_y) (4)

whereP,,,q is the modified pressuré, is the reference pressurkl, and y are the ordinates of the free surface and
fluid, respectively (with the referential fixed ladttom).

In this work, the concept of the modified presswees implemented to study an incompressible, unifaigtous
and isothermal fluid at rest inside a reservoirisTdoncept can be applied to cases of hydrostatilio dynamics. In
hydrostatic cases, the modified pressure is zero.

3. NUMERICAL MODELLING

The mathematical identity is valid for a scalarduon defined and continuouﬁ(X) , given by Eq. (5):

F(X) = [r(x)6(x - x")dx" ®)
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A smoothing function, or kernel, is used to calteildne interpolated value of the function. Theriptgdated value of
the function at the positioX can be calculated by Eq. (6):

(F(x)) = [F(X)W(X = X', h)dx! ()

where f( X ) is the value of the scalar function at the fixeihp X , f(X') is the value of the scalar function at the

variable poin X, 6(X - X') is the Dirac delta functiondX ' is the infinitesimal volume eIemen(f(X)) is the

approximated value of the scalar function at tRedipoint X, W( X=X, fj is the smoothing function or kerndi,

is the support radius.

Expanding the Taylor series for the functigﬁrﬁX) around the fixed point, can be shown that the foncvalue

approximatior(f(X)) presents a 2nd order err@(h?) .

In Figure 1, the particles disposition is show ischematic representation within influence domain.

- -7 s the influence domain
: ; § is the boundarv
e gk Xab is the distance between particles (fixed and neighbor)

Figure 1. Graphical representation of the influedemain. The fixed particl@ has as neighbors all particles
within the influence domain (particlib ), k is a scale factor which depends of the used kernel

In Equation (6), the infinitesimal volume elementéplaced by the mass of the element by the oetati

ax = dm @)
p

where dm is the mass of the infinitesimal volume elementhef fluid andp' is the fluid density.

The Lagrangian SPH method is based on the repeggentof continuous spatial domain by discrete mialte
particles. The interpolated value given by Eq. éer substitution of the infinitesimal volume osted in Eq. (7), can
be calculated by the discrete material form as:

=3 m WX~ X, b ®)
b=1 Fo

where f, is the approximate value of the function in thesfixparticle's positionf, is the approximate value of the
function in the neighboring particle positioxy, is the fixed particle's positioX,, is the neighboring particle's position,
m, is the mass of neighboring particlg, is the density of the neighboring particle,is the number of neighboring
particles.

The approximations for the divergent, gradient baglacian of the function are presented in Eqstqq}L1).

1 n
v.fa:p_zmo(fb— f2) VW( X,— Xy, D )
a b=1
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where Pa is the reference particle density, held fixed dgrihe interpolation calculation.

In the literature, kernels as the quartic (Lucy72)9 quintic spline (Morris, 1997) and new quaffi¢u and Liu,
2003) are used to solve physical problems by SPithade In this work, the kernel cubic spline is udedsolve
problems of hydrostatic and dam breaking, in 2-i @nd Liu, 2003).

Applying the approximations of Eq. (8), (9), (10)da(11) in Eq. (1) and (2) are obtained discretenfoof SPH for
the equations of mass conservation and momentuamdeal

Dra _ 15 tve s B

o fpa;m)( b—va)VW( X, — X, D 12)

Dva— Som | vwog - x, bﬂvZ"‘(n—w) B TWX- ¥ e« (19)
b1 e Pb b—1 Pb |Xq X, |?

where v 4 is the fixed particle velocity?, is the absolute pressure in the fixed partiBleis the absolute pressure in

the neighboring particle;b is the neighboring particle velocity ang is the fixed particle kinematic viscosity.

By application ofthe modified pressure concept, the momentum balegeation will be written as follows:

DVa:_i

b=1

mod(a) l:)mod(o)

]VW(xa X D+ 20 Zﬂ(Va—Vb) EVW X X% 0 (14)
pa pb b=1 Pb | b|
where B o4a) and Boq) are the modified pressures on the fixed partictersgighboring particle, respectively.

The support domain length influences the accurddihecalculations directly. Guaranteeing respecttifie kernel
properties and its gradient (antisymmetry and rtandardization), numerical tests showed that atgraaumber of
particles that 21 within the influence field doed nhange the results significantly (Fraga Filh@142) but it affects the
time spent in the simulation. In order to keepribenber of particles near a constant value, it vé&esluhe correction to
the support domain length (Liu and Liu, 2003).

The dam breaking problem involves a shock wave ggapon that needs to be measured. To avoid nuaheric
instabilities in the model, it is introduced thencept of artificial viscosity (Liu and Liu, 2003Jhe term related to
artificial viscosity is added to the terms of prass(Fraga Filho, 2014).

The consistency of SPH is guaranteed if the valiidee moments of zero-th and first orders are eetygely one
and zero. When the reference particle is suffityefiar from the contour, the influence domain isrgdete, as shown in
Fig. 2(a). If the influence domain is complete,rthes a sufficient number of particles inside ifth@ut clustering in
certain regions) and the support radius has bemmepy defined, it can be found the conditionstf@ consistencies of
zero-th and first orders, due to the propertiethefkernel normalization and symmetry. This witlt thappen if the
reference particle is close to the border and mam@mplete or truncated influence domain, as showFig. 2(b).
This truncated domain produces the phenomenon krewrarticles inconsistency, which is a particleatance inside
the incomplete influence domain.

(@) (b)
Figure 2. The influence domain. (a) Complete andribomplete or
truncated (the kernel is not defined in the eritifeience domain).
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In this work, the CSPM method is used for the phasi inconsistency treatment, by introducing aexfon factor
(Chenet al, 1999). The particle density is corrected fromubke of given expression in Eq. (15):

P =S MW X~ % B/ S W X%— % b (15)
1 b=1 Po

b=

where pa* is the corrected particle density. Similar expi@ss are obtained for the pressure gradient Cartesi
components (Fraga Filho, 2014).

In this paper, the boundary treatment in the hydtms problem is performed using virtual particlés. dam
breaking, geometric reflections of particles agathg countours are implemented and the energydodsring the
collisions are considered by a coefficient of tesithn of kinetic energy (Fraga Filho, 2014).

4. RESULTS AND DISCUSSION

A numerical code written in FORTRAN language wasedeped to solve Eqgs. (12), (13) and (14). Numérica
simulations has been carried out for the fluidsistaroblem and dam breaking. The results for theismulations are
compared with results available in the literatanmalytical or from experiments.

4.1 Fluid at rest in a reservoir

This hydrostatic problem consists of an uncoveesgnvoir filled by an incompressible and uniformidl at rest.
The physical laws of mass conservation and momeiaiance are obeyed for the studied case. Thei@olobnsists
from obtaining a solution to the momentum balarmgation, while using incompressible particles.

The analysis was performed to a 2D domain. Thegbesthave been regularly distributed in the reserwith
dimensions 1.00 x 1.00 m. 50 particles per sideevegnployed, totaling 2500 fluid particles. The nembf particles
within the influence domain was twenty-one. The rmtary treatment has used virtual particles. Thosesrand three
columns of this particle type have been addedeaeigular distribution of fluid particles, totali®@6 virtual particles.
A complete influence domain has been guaranteedlffdiuid particles, avoiding the particle incosigncy next to the
boundary regions (Liu and Liu, 2003). The zero4tl dirst orders of consistency of SPH method hasenbassured
because there was no kernel truncation.

The modified pressures for all particles (fluid andual), at rest, were initialized to zero. Theed time step was
1.00x10*s and was obeyed the Courant-Friedrichs-Lewy caarare criterion (Courant, Friedrichs and Lewy, 1967
The temporal integration of the positions and vitles have been done by the Euler method (firsepRuUNge-Kutta).

After the solution of Eq. (14) and updating frone tharticles positions and velocities by the tempimtagration,
for each numerical iteration, those remained ungbdnand the hydrostatic equilibrium have been taaiad. The
modified pressures field were restored with zerthatstart of each new iteration, since the paielere at rest.

In the approximations taken by the SPH methodftmation and its derivatives there are errors (&ragho, 2014;
Vaughanet al. 2008). When the SPH was applied without the usehef modified pressure to the obtaining of
approximations for the pressure and viscositydsy¢erms which were present in the momentum belaguoation and
which were added to the gravitational force, madalsmistakes appear. Despite of the small ordersagnitude from
these errors, they have spread and increase dthingwumerical simulation. It has resulted in th@egpance of
particles movement, as shown in the recent stuffesobyev, 2013; Goffinet al, 2014; Korziliuset al, 2014);
Fourtakaset al, 2015). Using the modified pressure, the additbrthe terms approximate by the SPH for surface
forces to the gravitational force has been avoidéds, the errors have been eliminated and a densisolution to the
physical problem has been obtained. It was verifiedcoincidence between the initial positionshef particles and the
positions obtained by SPH at time 5.00 s, as show#ig. 3.

| Particles’ positions:
Initial instant
=508

y(m)

:;7_'- i ” : ” m 0 02 04 06 08 10
x(m) x(m)
Figure 3. On the left, the initial distribution fbdiid particles (red) and virtual particles (lighiue). On the right, the
coincidence between the inicial positions of theipkes (red circles) and at time instant 5.00ladk dots).
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4.2 Dam breaking

In the dam breaking modelling, the obedience to ldves of mass conservation and momentum balance was
guaranteed. Numerical simulations were performediviom different heights of dammed wateH (), and the results
were compared to the results of experiments (Cigegbtal, 2007). The 2-D computational domains simulatedewe
(1) square area with height and width of 0.114recrditized by 1296 fluid particles; (2) rectangw@eza with height of
0.228m and width of 0.114m, discretized by 255&iflarticles. The experimental apparatus is schieait shown in
Fig. 4.

gate

0.44m

Figure 4. Experimental apparatus used in the daalkimg experiments.

The parameters used in the simulations were: mattiemh modeling of laminar viscous stress, estinmihke
dynamic pressure field with the use of the Taitatin (term B with the value of 0.85xT0Pa), variation of support
radius, use of CSPM method for correcting density pressure gradients near the contours, boundzagnient with
the use of fixed planes (against which there wtalyoelastic particle collisions), temporal intagjon by Euler method
and time step of 1.00xT0s. The simulations were made to the physical & s (50000 numerical iterations). For

both geometries simulated, the artificial viscoditys been implemented (Fraga Filho, 2014). Theficmaft 9,

received the values 0.20 and 0.30, and Brreceived the value 0.00. The sound velocity in flhiel was 62.60 m/s.
The free surface particles were marked and thetaohpressure condition (zero) was first applied] eenewed every
numerical iteration (Fraga Filho, 2014).

Figures 5 to 7 show the experimental and numeréesllts for both simulated domains.

Table 1 shows the percentage differences betweenatiscissa of the wave fronts obtained by SPH and
experimentally, calculated from the expression:

_ (Xexp_XSPH)lOo (16)
X

Axp

exp

where X, and Xgpy are the abscissas of the wave fronts obtaineckpgraments and SPH, respectively, afvd, is
the percentage difference between the abscisghe @fave fronts.
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Figure 5. Experimental and numerical results ferfthst simulated geometry,
with the implementation of the artificial viscositgr,, = 0.20).
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Figure 6. Experimental and numerical results ferfirst simulated geometry,
with the implementation of the artificial viscositgr,, = 0.30).
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Figure 7. Experimental and numerical results fergacond simulated geometry, with
the implementation of the artificial viscosity. (&), a, = 0.20 and in (b)a,, = 0.30.

Table 1. Percentage differences between absci§sasve fronts
(comparison between experimental and numericaltgsu

First domain simulated Second domain simulated
a, 1)  Xep(m)  Xgpu(m)  MXp(%) | a, t()  Xep(m) Xgpy(m) AX,(%)
0.20 0.10 19.00 18.07 489 [p20 0.10 22.00 19.00 13.64
0.20 29.00 30.28 -4.41 0.20 36.00 37.00 -2.78
0.30 0.10 19.00 17.58 7.47 0.30 0.10 22.00 18.07 17.86
' 0.20 29.00 28.70 1.03 ’ 0.20 36.00 35.16 2.33

From the analysis of the Tab. 1, the largest difiees between the positions of wave fronts hava been in the
early stages of dam breaking (7.47% in the firgt 41.86% in the second geometry), when the coefftar , received
the value 0.20. With the time progress, the difiees decreased, as shown at time 0.20 s. The srdiferences
between wave fronts (1.03% in the first and 2.33%4he second geometry) have occurred when it wad tise
coefficient a, with the value 0.30.
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5. CONCLUSION

With the implementations of the modified pressumnaept, regular distribution of particles at domaind
boundary treatment using virtual particles (in ateeded area of the domain, ensuring no kernelcation) the
numerical results obtained are in agreement with dhalytical solution to the hydrostatic problemaofuniform,
incompressible and viscous fluid within a reseryvaihich had not yet been satisfactorily solved with use of SPH
method. It has been found that there was no chianife positions of the fluid particles throughthe simulated time,
with the complete exclusion of any oscillatory mment seen in previous studies, even after steady istreached.

The dam breaking case study was performed to ithe hiefore the first collision of the fluid agaitise wall of the
reservoir. In the boundaries treatment, fixed gegdmelanes were used at the walls, against whiehfiuid particles
were elastically reflected in the collision momedRéstorations of the consistencies of zero-th astidrders have been
implemented to the densities and pressure gradiesgpectively. The artificial viscosity was addedthe pressure
terms. The numerical results obtained were congistéh the results of the experiments (Cruchegal, 2007).
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