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Abstract. The improvements of the manufacturing processes have led to lighter, stronger and slender structural 
elements, increasing the importance of researches in this field to ensure that their design is safe under different load 
conditions. Here, the non-linear dynamic vibrations of a simple supported one-dimensional thin-walled element with 
open section are investigated. Special attention is given to the influence of the axial load on the bifurcations and 
instabilities of the element. For this, a model based on the modified Vlasov's theory is adopted, were warping, 
shortening and flexural-torsional coupling effects are taken into account, as well as, inertial and geometric non-
linarites. By using several tools of non-linear dynamics, a complex dynamic behavior is observed, principally in the 
1:1 external resonance region. The results show that the axial load changes the non-linear behavior of the element. In 
addition, bifurcations leading to multiple coexisting solutions are observed. 
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1. INTRODUCTION 
 

Due to their structural efficiency, thin-walled elements with open sections are commonly used in several engineering 
applications, mainly working under bending or compressive axial loads. Thin-walled elements with open cross-section 
usually have low torsional stiffness (Murray, 1986, Mori and Munaiar, 2009 and Allen and Bulson, 1980). Such slender 
elements can display several types of instability in the presence of axial excitations. Many of the usual cross sections, 
such as the channel section, have only one symmetry axes (mono-symmetric section) and the probability of flexural-
torsional coupled motions increases. In this context, it is essential to know accurately the nonlinear dynamic behavior of 
highly flexible elements with thin-walled open cross sections and the possible instability phenomena and obtain the 
associated instability boundaries in the force control space. 

Nevertheless, and despite the extensive literature on metallic elements with open cross section, usually based on the 
formulations proposed by Timoshenko and Young (1955), Gere and Lin (1958) and Vlasov (1961), little is known about 
their non-linear dynamic behavior and instabilities. Structural analyses based on Vlasov’s theory include those by Black 
(1967), Barsoum and Gallagher (1970), Gobarah and Tso (1971), Wang and Kitipornchai (1986), Moore (1986), 
Laudiero and Zaccaria (1988) and Trahair (1993), among others. 

Originally, Vlasov’s formulation neglected some terms related to the geometric non-linearity imposed by large 
lateral displacements and torsion angles. These terms were included by Attard (1986), Ronagh et al. (2000) and Mohri 
et al. (2001). Subsequently the last formulation was used in several papers to study the linear vibration and buckling of 
several metallic profiles (Mohri et al., 2003, 2004, 2008, 2010 and 2013). Mancilla et al. (2014), using this formulation, 
studied the nonlinear dynamics of a channel section under lateral loads. In addition, Schulz and Filippou (1998) 
developed a model for non-uniform warping and Di Egidio, Luongo and Vestroni (2003a, 2003b) derived a non-linear 
mechanical model, were the warping was obtained extending the Vlasov's theory into the non-linear regime. 

In this work, the nonlinear vibrations and possible dynamic instabilities in a simply-supported one-dimensional thin-
walled element with an open channel section under axial load is studied using a non-linear model based on the modified 
Vlasov's theory (Mohri et al., 2001). The effects of large displacements and torsion angles, warping, axial shortening 
and flexural-torsional coupling are taken into account. Special attention is given to the influence of a harmonic axial 
load on the dynamic behavior of the element. Several tools of nonlinear dynamics, such as time responses, phase-space 
portraits, Poincaré maps, bifurcation diagrams and basins of attraction are used to unveil the dynamics of the column.  
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2. DYNAMIC SYSTEM 
 

A simply-supported column element with mono-symmetric channel section with length L and mass per unit length m 
is considered. Figure 1 shows an undeformed segment of the element together with the  adopted rectangular coordinate 
system (X, Y and Z), geometric properties of the cross section and loads. Here CG is the center of gravity and SC is the 
shear center. The shear center coordinates are given by ysc and zsc. In addition, b is the profile width, h, its height, tw, the 
web thickness, tf, the flange thickness and  M is a point on the section contour with its coordinates (y, z;  ), where   is 
the sectorial coordinate of a point as defined in Vlasov’s model for non-uniform torsion (Mohri et al. 2004). An linear, 
elastic, isotropic material with Young’s modulus E and Poisson's ratio is considered 

 
 

   

 

a) Coordinate system and axial load b) Cross section dimensions c) Lateral loads 

 
Figure 1. Mono-symmetric channel section. 

 
The element can be subjected to an axial load given by Qx = px + qx cos (x t), where px is the static load and 

qx cos (x t) is a harmonic excitation with frequency x, magnitude qx (t is the time). In the Y direction a uniformly 
distributed lateral harmonic excitation defined by Qy = 1.10-3 cos (y t) (small perturbation) is considered. Qz = 0.00 in 
this analysis. 
 
3. EQUATIONS OF MOTION 
 

After consider only the first vibration mode in the Galerkin approximation method, the following three coupled 
nonlinear equations of motion are obtained: 
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where v0 and w0 are the deflections of the element in Y and Z directions, respectively, θ0 is the torsion angle,   is the 
damping ratio, 0 is the lowest natural frequency, I0 is the polar moment of inertia about shear center, It is a higher 
order geometric constant, Py and Pz are the classical Eulher buckling loads in Y and Z directions, respectively, Pθ is the 
buckling torsion load, Qx is the compressive axial load and, finally, M0y and M0z are the bending moments about Y and 
Z axes due to the lateral load Qy, being: 
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Here, IR is the fourth moment of inertia about shear center, Iy and Iz are the principal moment of inertia about Y and 

Z axes, respectively, I is the warping constant, J is the St-Venant torsion constant, E is the elastic modulus, A is the 
cross-section area and   is the Poisson's ratio, where: 
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Details of this formulation can be found in Mohri et al. (2001). 
 
4. NUMERICAL RESULTS 
 

For the numerical analysis, a steel column with elastic modulus E = 210.00 GPa, Poisson's ratio  = 0.30 and mass 
density  = 7800.00 kgf/m³ is adopted. The following geometric parameters are considered: length L = 400.00 cm, 
width b = 10.00 cm, height h = 20.00 cm, web thickness tw = 0.50 cm, flange thickness tf = 0.50 cm, shear centre 
coordinates ysc = 6.0818 cm and zsc = 0.00 cm and cross-section area A = 19.50 cm², warping constant I = 12888.00 
cm4, principal moments of inertia Iy = 1236.60 cm4 and Iz = 193.45 cm4, fourth moment of inertia IR = 350530.00 cm6 
and St-Venant torsion constant J = 1.67 cm4. 

The usual linear variation of the lowest natural frequency squared as a function of the compressive static axial load 
px is shown in Fig.2a. As the axial load increases the frequency decreases, becoming zero when the axial load reaches 
the critical value. The lowest natural frequency of the simply-supported unloaded element is 0 = 100.81 rad.s-1, while 
its critical load is Pcr = 250.50 kN. 

The axial load also has a significant influence on the nonlinear frequency-amplitude relation associated with the 
lowest natural frequency, as shown in Fig. 2b. The unloaded element exhibits a small degree of nonlinearity of the 
hardening type (curve A), which increases as the load increases (B and C curves). 
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a) Axial load-frequency relation b) Frequency-amplitude relations 

 
Figure 2. Influence of axial static load on the lowest natural frequency and on the nonlinear frequency-amplitude 

relation. 
 

At this point, the parametric instability of the structural element subject to a harmonic axial load, qx cos (x t), is 
studied is investigated assuming a damping ratio of  = 0.3%. Fig. 3 shows the parametric instability boundary of the 
element in the excitation frequency (x) - excitation magnitude (qx) control space. It is the threshold beyond which 
infinitesimal perturbations of the trivial solution result in an initial exponential growth of the oscillations, leading to an 
oscillatory non-trivial response. The parametric instability boundary is composed by various curves, each one 
associated with a particular local bifurcation event. The first important instability region is associated with the 
fundamental resonance zone when the frequency of excitation is equal to the lowest natural frequency of the element 
xv0 = 100.81 rad.s-1). The second V-shaped region to the right is associated with the principal parametric 
instability region and occurs when the frequency of excitation is equal to two times the lowest natural frequency of the 
element (x =2 v0 = 201.62 rad.s-1). The smaller V-shape regions to the left are related to super-harmonic resonances. 
Usually the column is subjected to a static preload px in addition to the harmonic axial excitation. As the static preload 
increases the natural frequency decreases, the parametric instability boundary moves to the left as illustrated in Fig. 4 
for px =200kN. 
 

 
 

Figure 3. Parametric instability boundary in the force control space. Axial load: qx cos (x t). 
 

To understand the loss of stability of the column and the bifurcations associated with the instability boundary, a 
study of the three-dimensional motions of the element in the two main parametric instability regions is carried out. As a 
starting point, Fig. 5 displays the bifurcation diagram for x = 2 v0. This bifurcation diagram is obtained using the 
brute force algorithm and taking the magnitude of the axial excitation qx as the control parameter. 
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Figure 4. Parametric instability boundary in the force control space. Axial load: 200.103 + qx cos (x t). 
 

 
 

Figure 5. Bifurcation diagram of the Poincaré map for the column subject to an axial load with x = 2 v0. 
 

In Fig. 5 two classes of solution are identified: the trivial solution identified as M solution (black branch) and a 
period two non-trivial solution identified as N (’,”). As the load increases, the trivial solution becomes unstable due to a 
supercritical pitchfork bifurcation, and the response changes to a stable periodic solution with a period equal to two 
times the excitation period. A time and phase-space responses of these solutions are illustrated in Fig. 6, considering 
qx = 85.00 kN. The angle of torsion for these solutions is zero, the motion occurs in the Y direction (direction with 
lowest moment of inertia). In addition, Fig. 7 shows a cross section of the six-dimensional basin of attraction. In this 
cross-section (where all remains phase-space variables are zero) only one region is observed, as expected, which is 
associated with the non-trivial solution. 

Figure 8 shows the bifurcation diagram for x = v0, which corresponds to the lowest critical load in the secondary 
(i.e., fundamental) region of parametric instability (see Figure 3). The trivial solution (S) becomes unstable at 
qx ≈ 89.95 kN. The structure goes through a subcritical bifurcation, leading to two (out-of-phase) uncoupled period one 
responses (R and T), as shown in Fig. 9 for qx = 85.00 kN. Thus, between qx ≈ 79.05 kN and qx ≈ 85.95 kN, three 
coexisting periodic solutions are observed and the behavior of the element has an initial conditions dependence. 

Figure 10 shows selected cross sections of the six-dimensional basin of attraction for qx = 85.00 kN. Most of the 
initial conditions converge to the trivial solution (fixed point S associated with black basin). Sets of initial conditions 
converge to nontrivial solutions R (dark gray basin) or S (light gray basin) when v0 is different to zero. A high 
sensitivity is observed in Fig. 10c and Fig. 10d, were many initial conditions (white basin) can provoke a structural 
collapse (exponential growth of the oscillations). Coupled flexural-torsional solutions are not detected. 
 
5. CONCLUSIONS 
 

A nonlinear formulation including the geometric nonlinearities is adopted to investigate the response of a simply-
supported steel column subjected to static plus harmonic axial load. Bifurcation diagrams, phase-space portraits, time 
responses, Poincaré maps and basins of attraction are used to explore the behavior of the beam in the principal (1:2 
external resonance) and fundamental (1:1 external resonance) resonance regions. 
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a) Time response b) Phase-space response and Poincare section 

 
Figure 6. Stable coexisting solutions at qx = 85.00 kN and x = 2 v0. 

 

   

 
Figure 7. Cross-section of the basin of attraction at 

qx = 85.00 kN and x = 2 v0. 

 
Figure 8. Bifurcation diagram of the Poincare map for the 

element subject to an axial load at x = v0. 
 

   

a) Time response b) Phase-space response and Poincare section 

 
Figure 9. Stable coexisting solutions at qx = 85.00 kN and x = v0.  
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a) Cross-section 0v  vs. 0v . b) Cross-section 0w  vs. 0w  and 0  vs. 0 . 

  

c) Cross-section v0 vs. w0. d) Cross-section v0 vs. 0. 

 
Figure 10. Cross-sections of the basin of attraction at qx = 85.00 kN and x = v0. 

 
Due to the cross-section geometry and loading conditions, the beam exhibits only planar displacements in the 

direction of the lowest moment of inertia. The static axial load has a profound influence on the frequency-amplitude 
relation and on the resonance curves of the element. The bifurcation analysis shows that the element under harmonic 
axial excitation displays a complex non-linear dynamic behavior. Finally, the paper shows how the tools of nonlinear 
dynamics can help in the understanding of the global safety and integrity of the model, thus leading to a safe structural 
design. 
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