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Abstract.

In the present article a direct version of the Boundary Element Method (BEM) is applied to synthesize the 3D dynamic
compliance matrix of a rigid and massess foundation interacting with unbounded soil profiles. The foundation
compliance matrix is coupled to a 2D structure, modeled by Finite Element Method (FEM) leading to the dynamic
response of a coupled structure-foundation-soil system.

The direct version of the 3D Boundary Element Method (DBEM) is built based on the stationary fundamental solution
of an elastic full-space where viscoelastic effects are incorporated by means of the elastic-viscoelastic correspondence
principle.

The article applies a methodology to couple rigid bodies with the BEM mesh. The result of the soil-foundation
interaction is given in terms of a dynamic compliance matrix for a rigid and massless foundation.

The analysis of 2D structure is based on the FEM where linear triangular finite elements are coupled to soil-
foundation system. This strategy allows performing frequency domain analysis of a structure-foundation-soil system.
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1. INTRODUCTION

In the classical modal analysis of structures ttinary dynamic informations are related to theuratfrequencies
of the system (eigenvalues) and to the modes ohtidn (eigenvectors). This analysis allows uncmgpthe system of
equations and the dynamic solution becomes thehtegigsuperposition of the uncoupled solutions. Hmrgethere are
some pre-requisites to perform it. The system afatigns that describes the structure must be liapdrhas constant
coefficients.

A typical structure with constant coefficients cha exemplified by a couple of masses supported Ifiyxeal
foundation bonded to the soil. Most common modafest that the foundation has a zero displacemegérdless the
effort acting on it. Under many circumstances #ssumption is reasonable but for many other canitthis is not a
good description of reality.

It is important to notice that the soil interactishathe foundation, which has inertia and stiffnassl, therefore, also
deforms or moves. If soil deforms or moves underahbtion of efforts, the foundation bonded to #tbanoves. Based
on this last comment, the hypothesis formulatedvabwhich describes a fixed foundation, is no longasonable. It
means that one cannot perform the classical moddysis of dynamical systems where the soil istidet.

It is possible to evaluate the dynamic soil-streetinteraction in the frequency domain (Hall andv&tto, 2003).
However, for this complete analysis, it is necegsaisolve the whole system of equations for eagtfency.

This work shows a methodology to deal with a twmeinsional dynamic soil-structure interaction analgsupling
Finite Element Method (FEM) and Boundary Elementtde (BEM).

2. STATIC ANALYSIS

To present the first step of methodology, statialgsis is evaluated. In this case, a structureumrstted to an
external load and since it is not reasonable t@inbthe displacements of some points by classidhoadst of solid
mechanics, it can be achieved by using FEM (Kim &adkar, 2009). The two-dimensional structuresdéseretized
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into three-nodeConstant Strain Triangular (CST) elements. The nodes displacements can be cadulating the
linear system below:

[k]{u}={F} M

The [K] matrix is known as stiffness matri{<u} is the displacement vector alﬁﬁ} the load vector. This global

stiffness matrix is composed from the stiffnessrivaes of each element (Hughes, 1987).
The elementary stiffness matrix is obtained byfthiewing equation:

[]=hA[8["[c, ][] @

Whereh is the element thicknesA,its area of elemenB a coefficient matrix relative to the local nodesinates
and [CU] a coefficient matrix related to the Young's modutuel Poisson's ratio. The elementary stiffnessixnetr

6x6, since each element has three nodes with tgreds of freedom per node.

Boundary conditions must be applied to solve thstesy which implies in removing rows and columnsited to
constrained degrees of freedom of the stiffnesgixnadnce the system was solved (for displacemettis)entire
system can be solved again to obtain reactione@baundary.

Displacements inside the element can be interpblatéerms of its nodal displacement, using thepshfainctions.
They are shown below for an element, wheendy are the point coordinates where displacemenniedjA the area
of the element anf] b andc coefficients obtained from the coordinates of lawades. The interpolated displacement
varies linearly in each coordinate direction.

Ny(xy) == (1, +Bx+ )

1

N,(x,y)= ﬁ(fz +b,X+C,Y) ®)
1

N3(x, Y) :ﬁ(fs +b3X+C3Y)

With the shape functions, the displacements intatigm u andv can be done as:

ul
U(X, y) = [Nl NZ N3] u2
u3

@

A
V(X1Y):[N1 N, N3] \Z
Vs

Numerical indexes represent local nodes.

An algorithm was built in order to standardize gunts with interpolated displacements on each etgmending
with 36 points for an element. Below, in Figurasloutlined how points are determined.

Figure 1. Internal points of triangular elements.
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Example

To validate FEM code the following example, showe&igure 2 was simulated. This Figure brings acttire with
three triangular finite elements with nodes coaaitis, two constrains and an external load. All eleishave the same

properties:E = 210GPa , v = 0.3 andh =5*10"m.

3(01.3)

2 (0.50.7)

%E 5 (1.3.0)
1 (0.0) 4(0.7.0) \1/10,\6 N

Figure 2. 2D structure with respective mesh.

Displacements of all degree of freedom (nodes)isted bellow and in agreement with literature.

u:{O 0 00861 -01509 0 0 -02566 -04471 -0.2210 —l.212§T

Since static results are correct, a new code wittachic analysis can be implemented.

3. DYNAMIC ANALYSIS

The goal in this dynamic analysis is to obtain tleelal displacements for a harmonic dynamic load lange of
excitation frequency. In this work the analysipéformed in frequency domain rather than time soethe results are
plotted asFregquency Response Function (FRF). According to theories of mechanical vibwati(Rao, 2011), the
equation that represents the behavior of a streatnder a dynamic loading, without damping, inflequency domain
is:

[ - M Jfu} =[F] (5)

[K] matrix and{u} and{F}vectors are already known from static anaIyBiB.] is known as mass matrix andis

the variable frequency. The first term of this dgprais known as compliance matriS], so Eg. (5) can be represented
as:

[sf{u} =[F] (6)

Global mass matrix is obtained from the basic nmaasix as used to obtain the global stiffness maklementary
mass matrices are presented below (Vaz, 2011).
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In dynamic analysis by FEM there are two types asimatrix: distributed aonsistent andlumped. In the first
type the mass of an element is distributed omithé second one a simplification is made congidettie element mass
is concentrated only in its nodes. In this workyathie lumped matrix is used.

As in elementary stiffness matri& represents the area of the elementfaitd thickness. The new tersrepresents
the mass density of the element.

Compliance matrix is calculated for each valuerefifiency, the nodal displacements are obtainedtentinear
system is solved. FRF of a given node displacemem®otted and the values on which these displacgsnhave peaks
tending to positive infinity can be observed, cktgezing the natural vibration frequencies, eigdoes.

In fact, all structures presents damping and a lyikleown one is the proportional dampiv[\@], which is directly
proportional to the linear combination of stiffnessl mass matrices.

[c]=alk]+AM] ®
whereo andp are predefined constants.

In this case Eq. (5) can be written as:

[k - a?M +(wC)il{u} =[F] ©)

It is important to observe that the variables bee@wmmplex since the damping tends to dissipateggrfeom the
system. The first term is also called compliancérimealthough it is different from the previousuagion.

Another way to dissipate energy from the structtar be done by adding the soil effect. It behawea dynamic
absorber (dashpot) in the structure, minimizingataplitude in the resonance condition. One or nuegrees of
freedom are attached to the soil, which leads tsingilar effect to the proportional damping, but twispecific
parameters.

Soil has compliance values for each direction taay according to the excitation frequency. In ttése, complex
variables appear due to the presence of dampinign8difies the system stiffness matrix accordioguhich nodes are
connected. These terms are calculated as belovw @&rttie impedance value for a given direction.

S, =aGS (10)
whereG is the Shear Modulus ards the foundation semi-width.

The new stiffness matrix obtained by the additibthe soil effect is now caIIe{KSO”]. New displacements can be

calculated from Eq. (11) and sin{:lgw”] has complex valueseal refers to its real part andhag to its imaginary part
(Carrion, 2002).

[real (Ko )~ M +(eC +imag (K, ))ifu} =[F] (1)

With the addition of the soil effect the frequerregponsible for the first peak in the FRF is knaagnrigid body
natural frequency, which can be evaluated as:

@, = rl; (12)

wherek is the static stiffness amd the mass of the structure.

All the three situations pointed above (with antheut damping and with soil effect incorporatioa) the dynamic
behavior of a structure are exemplified below.

Example

To check the dynamic analysis it was created amplabased on the following mesh showed in Figurk &ims
to simulate a free-clamped bar whose results cacob®ared with those obtained by a one-dimensianalysis. The
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red dot indicates the plotted displacements node tdue arrows indicate the loads, each one withOSR0 The
horizontal dimension of the structure is 10m arelwértical is 1m.

g
b

Figure 3. “2D” free-clamped bar mesh.

For this example the elements have the followingpprties: E =210GPa , v=03 , h=5*10"m and

pP= 7860(9/ m®. After calculating mass and stiffness matrices tla@nping matrix is obtained with constants
a =0.0001and S =0. The soil compliance, obtained from another coalged on BEM, is an input data read from an
input file with G =144GPa anda = 001m.

The code runs analysis for each frequency valugjrihg the structural nodal displacement. The IlteguFRF for
three cases can be compared in Figures 4 and 5.

without damping
proportional damping
107 - soil incorporation

Displacement (m)

1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Frequency (Hz)

Figure 4. Horizontal displacement - FRF.

without damping B
1wl proportional damping [J
soil incorporation B

Displacement {m)

1 1 1 1 1 1 1 1 i
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Frequency (Hz)

Figure 5. Vertical displacement - FRF.

For code validation purpose only the first thregeafrequencies are shown.
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It is worth noting that while proportional dampidgcreases the displacement amplitude, the addifiadhe soil
effect shifts the peaks to the left. Another obagon is that the vertical displacement is arou@l imes smaller than
the horizontal one, since the structure is beiagléal in the last direction.

For horizontal displacement, Figure 4, the rigidiypoatural frequency was analytically calculated©8.6515 Hz,
which is slightly different from the numerical ordye to approximations inherent to the methodology.

4. CONCLUSIONS

It could be noticed in this work the enormous ubefss of the finite element method. In the firgpstthe
implemented code based on triangular elements mkslved to calculate static displacements all aber element
(nodes and internal points). In the second step,ctide simulates the dynamic behavior of structypesviding its
natural vibration frequencies (eigenvalues) and’'BRith and without damping besides the soil efiacbrporation.

This methodology showed to be an efficient altéuweato evaluate the influence of soil on the dyrmaneisponse of
2D structures modeled by FEM with relative low cartgtional cost.

Clearly this type of code becomes a very poweidol tn projects or other engineering problems siihgegovides
dynamic behavior of a two-dimensional structurearrttie soil effect.

A more detailed analysis of the system responsd bmiperformed furthermore; however current resalésvery
promising.
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