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Abstract. The two-phase slug flow pattern occurs over a wide range of gas and liquid flow rates and is frequently 
found in oil and gas offshore transportation operations. Due to the high complexity of this kind of multiphase flow, 
several experimental works attempted to model some important parameters such as the slug frequency and the 
elongated bubble translational velocity. The experimental correlations that arose from such works are widely used 
today on stationary slug flow simulators so as to provide mathematical closure to several models, as the one that will 
be presented here. Yet, those correlations were developed under different experimental conditions, where the pipe 
geometry, the fluid properties and even the measurement techniques widely affect the shape and/or the extrapolated 
accuracy of those experimental correlations. Therefore, the present work presents a sensitivity analysis of a heat 
transfer model for stationary gas-liquid slug flows in horizontal pipes in terms of the chosen elongated bubble velocity 
correlation. The sensitivity analysis  for the pressure and temperature gradients predictions is shown here, as well as 
for the two-phase flow heat transfer coefficient and for the length of the slug flow structures.  
  
Keywords: multiphase flow, slug flow, heat transfer, sensitivity analysis. 

 
1. INTRODUCTION 
 

Multiphase flows are widely encountered in nature, for example when solid sediments are transported by river 
streams, and in industrial applications, notably in boiling/condensing flows and on mixture transportations. In gas-liquid 
two-phase flows several flow patterns – that is, the shapes assumed by the distribution of the gas-liquid interfaces – may 
occur. Slug flow is one of those patterns, and it occurs for wide liquid and gas flow rate ranges and is commonly 
encountered during oil and gas transportation operations. This pattern is characterized by the intermittent succession of 
an elongated bubble flowing over a liquid film and a liquid slug that may or not contain dispersed bubbles. Those two 
different regions form that what is known as a unit cell and presents different velocities, lengths and phase fractions in 
space and time. 

Many authors attempted to model the liquid-gas slug flow phenomena through different approaches, be they either 
stationary or transient. The main objectives of those approaches were to predict both the pressure drop, an important 
parameter in the design and operation of production facilities and the slug flow region lengths and/or frequency, which 
relate to pipeline vibration. The importance in predicting phase fractions and distributions when mixture separation is 
required for posterior pumping operations is also noteworthy. Less studied due to its highly complex modelling, the 
mixture temperature distribution is also very important in the prediction of wax and hydrates deposition regarding flow 
assurance analyses. Earlier approaches used a stationary one-dimensional modelling, predicting the mass and 
momentum conservations of the unit cell along the pipe (Medina et al., 2010; Dukler and Hubbard, 1975; Fernandes et 
al., 1983; Taitel and Barnea, 1990a). With the evolution of the digital computers after the 1990’s, some transient 
approaches began to appear, such as the slug tracking lagrangian method (Barnea and Taitel, 1993; Nydal and Banerjee, 
1995; Perea Medina et al., 2015; Rodrigues, 2009), obtaining more flow details such as the coalescence phenomenon 
and the intermittent distribution of the main slug flow hydrodynamic parameters over space and time. 

Either approach has its strengths and weaknesses. The stationary models are very stable and capable of predicting 
the mean parameters of the slug flow fairly well, but they do not consider their distribution. The transient approaches do 
provide this kind of information, but at a higher computational cost nevertheless and are show numerical instabilities 
and divergences more frequently. Regardless the model, in a stronger or weaker way they depend on some kind of 
closure relationships obtained from experimental data. Thus, many authors developed closure relationships based on 
experimental data, notably for the bubble nose translational velocity (Bendiksen, 1984; Nicklin et al., 1962; Petalas and 
Aziz, 1998), for the slug flow frequency (Gregory and Scott, 1969; Heywood and Richardson, 1979; Zabaras, 2000) and 
for the slug region liquid holdup (Andreussi et al., 1993; Barnea and Brauner, 1985; Gregory et al., 1978). Regardless 
their broad use, the precision range of those closure relationships is strictly related to the experimental setup and 
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measuring conditions, such as the properties of the phases and pipe diameter, inclination and developing length. 
Moreover, the type of gas and liquid mixing apparatus used (e.g., parallel plates or porous medium) and the pipeline 
structural rigidity are related to the stratified to slug flow transition and may be one of the causes of the high 
discrepancies between the different slug flow frequency correlations, as reported by Antunes et al. (2014). 

Having all those issues considered, the present work brings forth analyses on such variations between several 
closure relationships found in the literature and on the propagation of uncertainties that arose when using a stationary 
slug flow model. This work is part of a series of validations of the stationary slug flow simulator developed at the 
NUEM/PPGEM/UTFPR facilities, capable of predicting pressure and temperature drops, the two-phase heat transfer 
coefficient and the characteristic lengths, velocities and phase fractions distributions along the pipeline. The focus of the 
present work is a sensitivity analysis on the bubble nose translational velocity closure relationships encountered on the 
literature, fixing the other required parameters during the simulations. 
 
2. MATHEMATICAL MODEL 
 

The mathematical model is based on the unit cell mass, momentum and energy conservation equations in their 
integral form applied to the deformable control volume shown in Fig. 1.The main hypotheses assumed during modelling 
are: (i) stationary, periodic, horizontal and one-dimensional slug flow, (ii) incompressible liquid and ideal gas, 
(iii) uniform velocity profile in each unit cell structure, (iv) constant phase fractions in each unit cell region, 
(v) negligible shear stresses in the elongated gas bubble and at the phases’ interfaces, (vi) negligible gas momentum and 
internal energy when compared to the liquid phase due to the lower specific mass and heat of the gaseous phase, (vii) 
negligible viscous energy dissipation, (viii) negligible kinetic energy compared to the internal energy, (ix) negligible 
heat transfer between the dispersed bubbles and the liquid slug and (x) constant external temperature boundary 
condition. 

The liquid and gas mass conservation is applied to the control volume CV1 of Fig. 1 in order to predict the liquid 
and gas velocities in the elongated bubble region, as previously done by Taitel and Barnea (1990a): 
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where R is the phase fraction and U the velocity. The subscripts relate to the liquid in the slug (LS), the liquid in the film 
(LB), the gas in the elongated bubble (GB) and the dispersed gas bubbles in the liquid slug (GS). The liquid slug 
velocity ULS can be found assuming constant superficial mixture velocity J through the pipe cross sectional area for any 
unit cell region flowing through it (Shoham, 2006): 
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Finally, the velocity of the dispersed bubbles in the slug region can be approximated by the mixture velocity, 

GSU J  (Harmathy, 1960). Once all the velocities are specified, the pressure drop in the unit cell can be estimated by 

applying the momentum balance to the control volume CV2 of Fig. 1: 
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where D is the pipe diameter, S is the wetted perimeter, L is the length and A is the cross sectional area. The subscript U 
refers to the unit cell. The shear stresses τ due to the phase friction on the wall can be estimated by assuming single-
phase liquid flow throughout each unit cell structure using the specific hydraulic diameter and Reynolds number. The 
pressure drop in the mixture zone is due to the sudden expansion of the liquid-occupied area behind the elongated 

bubble and can be modeled as  2
/ 2

mix L LB TP K U U   , similarly to Cook and Behnia (2000), where UT is the 

elongated bubble translational velocity and K is a constant that depends on the expansion area ratio, herein 
approximated as 0.4. Equation (3) needs the slug and elongated bubble length, which can be estimated by Taitel and 
Barnea's (1990b) model for the bubble profile: 
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where HLB is the liquid film height, z is the axial coordinate and γ is the pipe inclination. Equation (4) can be integrated 
until convergence with the unit cell mass conservation: 
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where the LHS of eq. (5) does not change during the integration process, whereas the RHS does. The bubble length can 
be determined as the sum of all dz increments in the integration and the mean bubble void fraction 

as  1 /
GB LB

R H D  . The unit cell length is estimated with the frequency and the bubble nose translational velocity 

obtained with closure relationships, and is expressed as /
U T

L U freq . 
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Figure 1. Control volumes for conservation equations. 
 

The energy conservation equation is applied to the control volume CV2 of Fig. 1 considering the different heat 
change rates in the slug and film regions, due to their characteristic Reynolds numbers and wetted perimeter. The axial 
heat transfer due to the mass exchange between two adjacent unit cells, i.e., the scooping phenomenon (Shoham, 2006), 
is also considered in the model. Thus, the following expression for the mixture temperature distribution comes: 
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
 (6) 

 
where, TW is the wall temperature, Tmi is the mixture temperature at the pipe inlet, h is the heat transfer coefficient, S is 
the wetted perimeter, RLU is the mean liquid holdup in the unit cell, ρL and CL are the liquid density and specific heat, 
respectively,   is a dimensionless parameter defined for the model, Lxm  is the scooping mass flow rate and z is the 

axial pipe coordinate. Table 1 defines the parameters used in eq. (6) that have yet to be specified. 
 

Table 1. Definition of the main parameters for the unit cell energy conservation equation. 
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Comparing the mixture temperature distribution to a simple homogeneous model, the two-phase flow heat transfer 
coefficient can be expressed as: 
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h h h
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where jL is the liquid superficial velocity. 

 
3. CLOSURE RELATIONSHIPS 
 

The mathematical model presented in the previous section is able to estimate the pressure and temperature 
distributions as well as the characteristic velocities, lengths and phase fractions in the elongated bubble and liquid slug 
regions. Nevertheless, the number of variables exceeds the number of equations, thus making the system undefined. 
Therefore, some variables must be estimated by experimental closure relationships.  

A first assumption is made for the liquid phase fraction in the slug region, RLS, needed in eqs. (1), (2), (5), (7), (9) 
and (14). For horizontal slug flow, the dispersed bubble entrainment in the liquid slug is low or even zero for small 

mixture velocities, with / 3.5Fr J gD   (Rogero, 2009). Preliminary simulations that will not be shown in the 

present work presented a small sensibility of the model with regard to the liquid slug holdup, and therefore this latter 
will be fixed and calculated by the Andreussi et al. (1993) correlation. 

The unit cell length, needed by eqs. (3), (5), (6), (15), (11) and (14), is predicted by both frequency and bubble nose 
translational velocities closure relationships, as shown in the previous section. The frequency correlations proposed in 
the literature show a large discrepancy amongst themselves, as pointed by Antunes et al. (2014). Preliminary 
simulations showed a large sensitivity of the bubble and slug lengths with regard to the frequency used as an input 
parameter and obtained by correlations. Yet the LS/LU ratio estimated by the Taitel and Barnea (1990a) methodology 
remains similar for the different correlations, therefore this sensitivity does not propagate to the pressure, temperature 
and heat transfer coefficient, eqs. (3), (6) and (15), respectively. Further analysis about the sensitivity of the frequency 
closure relationships on the lengths of the structures in a unit cell could be made, but the present work focus on the 
pressure and temperature drops. Thus, the frequency throughout this work is calculated by the Heywood and 
Richardson (1979) correlation. 

 
Table 2. Experimental closure relationships for the elongated bubble translational velocity. 
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Equations (1), (4), (5), (6), (15), (7), (9) and (10) require the determination of the bubble nose translational velocity, 
UT. Since the control volumes for determining the mass, momentum and energy conservation equations travel along the 
pipe with this velocity, UT thus becomes one of the most sensitive parameters of the model. Fortunately, this parameter 
has been largely studied by many authors and expressing it as a linear function of the superficial mixture velocity 
(Nicklin et al., 1962) is widely accepted in the literature: 

 

0 1TU C J C gD   (16) 

 
Equation (16) shows that the elongated bubble translational velocity can be correlated to two different phenomena: 

the pushing inertia of the mixture, first term of the RHS, and the drift velocity between the liquid and gas phases, 
second term of the RHS. The constants C0 and C1 were experimentally measured by many authors and diverge by 
approximately ±10%, as will be shown later in the section dedicated to the sensitivity analysis. Table 2 presents a 
summary of some literature works that focused on the estimation of these constants. There is some debate about the 
drift velocity in horizontal slug flows, and while some authors (Dukler et al., 1985; Petalas and Aziz, 1998) claim that 
this term is null since there are no thrust forces governing the phenomenon, other researchers (Bendiksen, 1984; Dukler 
and Hubbard, 1975; Ferré, 1979; Manolis, 1995; Théron, 1989; Woods and Hanratty, 1996) defend that this 
phenomenon still exists due to the difference between the hydraulic pressure columns in the bubble rear and front, i.e., 
due to the elongated bubble curved shape. 

Finally, some single-phase flow correlations are used to predict the friction factor and the heat transfer coefficient of 
each unit cell structure, i.e., elongated bubble, liquid slug and liquid film. A simple Blasius-type correlation is used to 
predict the friction factor, whereas the Gnielinski (1976) correlation is used to calculate the heat transfer coefficient. As 
those are single-phase flow correlations that were widely validated by experiments, they will remain fixed throughout 
the simulations. 

The present work focus on the sensitivity analysis of the stationary model for different elongated bubble velocity 
closure relationships, fixing the other closure relationships as specified in this section. 

 
4. SENSITIVITY ANALYSIS 

 
The sensitivity analysis was carried out so as to study the propagation of uncertainties during the simulation due to 

the differences between the several correlations for UT found in literature. Since there is not a unique correlation for 
estimating the parameters C0 and C1 of eq. (16), which are strictly related to the measurement conditions and 
experimental setup, one cannot simply accept or write off any closure relationship. All the studies presented in Table 2 
were developed for fluids with similar properties (usually air and water) and similar pipe geometries (1- or 2-inch IDs 
and at least horizontal inclinations). Yet the correlations have similar application ranges, their results differ and this 
difference is carried to the simulation. Due to the iterative calculation process for the prediction of the elongated bubble 
shape, eq. (4), it was chosen to make the propagation of uncertainties numerically instead of analytically. 

The simulations were conducted so that the experimental measurements of Lima (2009) could be reproduced. The 
experiments of Lima (2009) were carried out with an air-water warm mixture flowing through a 52-mm ID (54-mm 
OD) copper pipe. The mixture was cooled by a water stream flowing concurrently through an outer annular space at a 
known flow rate. The 6-m length test section is followed by a glass window that allows flow visualization, so as to 
make sure that slug flow pattern existed for all measured cases. The external heat transfer coefficient hext was estimated 
by the Gnielinski (1976) correlation based on the mean velocity of the cold water and the hydraulic diameter of the 
annulus. The external temperature was approximated as an average between the inlet and the outlet temperature of the 
coolant medium. 

The experimental data measured by Lima (2009) covered a range of gas and liquid superficial velocities of 
0.58 1.93Lj  m/s and 0.22 0.79Gj  m/s and an outlet pressure within the 135.1 179.4exitP  kPa range. The 

external and inlet temperatures varied between 283.1 288.1extT   K and 307.7 318.7miT   K, respectively, for all 

the experimental measurements, whereas the external heat transfer coefficient varied within the 
1525 2620exth  W/m2K range. 

All the experimental cases measured by Lima (2009) were reproduced by the simulator here presented for the eight 
(8) different bubble velocity closure relationships in Table 2. A total of 92% of the simulations converged, i.e., only two 
out of the 25 cases did not converge due to numerical instabilities that sprang from the integration of eq. (4), that is, 
instabilities introduced by the prediction of the elongated bubble length. Those two cases have high jL/jG ratios. 

The results from the simulations were compared with the experimental data obtained by Lima (2009) in order to 
validate the simulator. Since Lima (2009) measured only pressure and temperature gradients and heat transfer 
coefficients, the hydrodynamic parameters such as bubble velocities and characteristic lengths were not validated for 
these simulations. The results lied within a ±30% range for temperature gradient and heat transfer coefficient and within 
a ±20% range for the pressure gradient, in agreement with the accuracy shown by other slug flow models from the 
literature. Plots will not be shown here since that is not the objective of the present work. 
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Figure 2. Numerical simulations plotted against a reference simulation with Manolis (1995) for: a) elongated bubble 
translational velocity, b) pressure gradient, c) temperature gradient, d) two-phase flow heat transfer coefficient, e) 

dimensionless elongated bubble length and f) dimensionless slug length. 
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Once the simulator has been validated, it became possible to analyze the model and infer its sensitivity. Figure 2 
presents the results for the eight (8) different UT correlations. Since the objective is to compare the simulations in order 
to study the propagation of uncertainties due to the UT input differences a reference simulation is plotted on the x-axis. 
The simulation with Manolis' (1995) correlation was chosen as it showed a better data distribution trend around the 45-
degree (that is, the bisector line) compared to the others, thus centralizing graphics of Fig. 2 and simplifying their 
interpretation. 

Figure 2a shows the differences in UT prediction for the several correlations in Table 2. The plotted points distribute 
within a ±10% range, showing a very good agreement between them when it comes to slug flow. Figures 2b-f present 
the range of the other parameters of interest that remained within a range of ±5% for the pressure gradient (Fig. 2b); 
±15% for the temperature gradient, the two-phase flow heat transfer coefficient and the slug length (Figs. 2c,d,f); and 
±20% for the bubble length. Therefore, one can state that the bubble length is the most sensitive parameter on UT 
prediction. These differences are related to the sensitivity of Taitel and Barnea's (1990b) bubble profile model, where 
the bubble length is calculated by the integration of eq. (4) until convergence with eq. (5) is achieved. Yoshizawa 
(2005) provides more information about this kind of integration sensitivity. The pressure and temperature gradients are 
not significantly affected even when the uncertainties on the bubble length prediction amplify, thus allowing for the 
conclusion that pressure and temperature are, respectively, parameters with low and medium sensitivity on UT 
prediction. Those usually are the main parameters of interest in facilities’ design and operation, especially when it 
comes to hydrate formation prediction and other flow assurance issues. 

Prior to extending the sensitivity analysis from a qualitative to a quantitative approach, the percentage variation 
amplitude of a parameter   between the simulations done for the i different closure relationships must be defined: 

 

 (%)

max min
100%

max
i i

i

 



  (17) 

 
Moreover, the (%)  parameter can be normalized by the amplitude of the varying parameter UT: 

 

 

(%)

%TU





  (18) 

 
The normalized parameter  represents the amplification or damping of the variation amplitude of the parameter 

  between the simulations using the i different closure relationships in comparison with the variation amplitude 

between these UT closure relationships. Therefore, when 1  , there is only propagation of uncertainties, without 

amplification or damping. For 1  , there is amplification of UT uncertainty, showing that the parameter   is 

sensible on the prediction of UT. For 1  , there is damping of UT uncertainty, thus showing a smaller sensitivity of 

the parameter   on the prediction of UT. The degree of sensitivity is related to the   module. As an example, for 

2  or 0.5  , the initial uncertainty on the prediction of UT is amplified/damped during the simulation by the 

double/half for the parameter  , respectively. 

Table 3 presents statistical analyses for the (%) and  parameters for the same physical quantities as before. 

Actually, Table 3 is a quantitative resume of Fig. 2 showing the mean, maximum and minimum propagation of 
uncertainties of each   parameter, as well as its standard deviation. It is important to observe that the (%)  parameter 

represents the double of the error lines in Fig. 2 (dashed lines). The most sensitive parameter was the elongated bubble 
length, with an uncertainty amplifying factor of ≈2.4, whereas the less sensitive parameter was the pressure gradient, 
with an uncertainty damping factor of ≈0.5. 

 
Table 3. Sensitive analysis on the elongated bubble translational velocity. 

 

   %   
TU  /dP dz  /mdT dz  TPh  /SL D  /BL D  

Average 15.1 (1) 7.9 (0.51) 14.9 (0.98) 20.8 (1.37) 13.0 (0.85) 36.1 (2.41) 

Standard deviation 2.0 (0) 3.5 (0.16) 4.1 (0.22) 5.4 (0.29) 12.4 (0.77) 2.9 (0.27) 

Maximum 20.0 (1) 16.5 (0.83) 25.5 (1.53) 33.8 (2.03) 51.2 (3.08) 41.3 (2.90) 

Minimum 12.1 (1) 3.1 (0.25) 10.0 (0.69) 13.7 (0.94) 1.3 (0.08) 31.6 (1.93) 
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5. CONCLUSIONS 
 

The present work carried out a sensitivity analysis of a stationary heat transfer model for gas-liquid horizontal slug 
flows, focusing on the influence of several experimental relationships for the elongated bubble translational velocity. 
The model was briefly presented, emphasizing the benchmarking of the experimental correlations used in the sensitivity 
analysis. Regardless the low discrepancies shown by several correlations, in order of ±10%, those uncertainties are 
propagated by the simulator when one correlation is accepted as input. Due to the model’s iterative nature, studying the 
uncertainties propagation by an analytical analysis is not trivial. Thus, this study on the propagation of the uncertainties 
was achieved by numerical simulations for different elongated bubble velocity closure relationships found in the 
literature, fixing the other required input parameters. It was found that the most sensitive parameter was the elongated 
bubble length, which favours the amplification of the uncertainties for a factor of 2.4, whereas the least sensitive 
parameter was the pressure gradient, with a damping factor of 0.5. The other analyzed parameters, namely the 
temperature gradient, the two-phase heat transfer coefficient and the slug length, remained between those boundaries. 
Future analyses might be made for the other input parameters that come from experimental correlations, such as the slug 
flow frequency and the liquid slug aeration. 
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