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Abstract. Numerical results of the nonlinear dynamics with compressed air engine and a single cylinder with three 
degrees of freedom as a triple pendulum simplified to a degree of freedom in the application of angular control on the 
output crankshaft were obtained. The mathematical model can be obtained through dynamic analysis of several rigid 
bodies with unilateral restrictions on the pneumatic cylinder and connecting-rod crankshaft. However, to simplify the 
implementation of the control of the angular position of the output shaft depending on the linear position of the 
cylinder, the nonlinear model was linearized. Numerical results show that it is possible to obtain parameters for the 
control of the nonlinear dynamic model of the single cylinder engine from the linearized model and analyze the 
parametric error. 
 
Keywords: multibody system, connecting-rod crankshaft, nonlinear system, nonlinear dynamics 

 
1. INTRODUCTION 
 

The connecting-rod crankshaft mechanism is one of the most important mechanisms in modern technology and is 
one of the fundamental elements to convert the translational into a rotating motion. There are many connecting-rod 
crankshaft mechanism applied to power motion control, such as combustion, hydraulic and pneumatic. However, the 
compressed air engine will not only be more efficient sometimes but may be the only device that can be used in some 
industries such as in the mining industry. A study by Pandian et al., (1997) demonstrates that the major advantages of 
pneumatic actuators are their high payload-to-weight and payload-to-volume ratios, and their high speed and force 
capabilities. In this paper, we proposed the control of the nonlinear dynamic of a compressed air motor with one degree 
of freedom in the application of angular control on the output crankshaft. 

There are various reports in the literature regarding connecting-rod crankshaft with input motion by crankshaft with 
self-tuning control method to position the slider cylinder (Liniecki, 1970; Wauer and Bührle, 1997; Karkoub, 2000; Lin, 
et al., 2001; Kao et al., 2006; Ha et al., 2006; Chuang, et al., 2006; Chuang, 2007; Fung et al., 2009; Ahmad et al., 
2011). 

However, there are few reports on this connecting-rod crankshaft with motion input by sliding cylinder with 
compressed air or per combustion. Benhammouda and Vazquez-Leal (2015) solved multibody problems for the 
nonlinear connecting-rod crankshaft applying three differential-algebraic equations system. Awrejcewicz and Kudra 
(2003) present a mono-cylinder combustion connecting-rod crankshaft engine modeled as with triple physical pendulum 
with barriers and six piston movements from one side of the cylinder to the other. Komaita and Furuta (2008) present a 
control design for the velocity control of the slider-crank mechanism based on energy control.  
  



Alves, Tusset, Piccirillo Balthazar and Bueno 
Mathematical model and numerical simulations for the control the connecting-rod crankshaft engine with compressed air 
 

 

This study presents modeling and control of a connecting rod-crank mechanism with sliding cylinder, similar to the 
modeling presented by Boyle et al (2003). However to implement the control Linear quadratic regulator (LQR) the non-
linear system is linearized as a simplified linear function, similar to that shown by Kao et al. (2006) with control applied 
in a transfer function. 
 
2. DYNAMIC MODEL 
 

For modeling the nonlinear dynamic behavior of the connecting-rod crankshaft mechanism is applied the classical 
mechanics formulation by Lagrange’s method by combining energy conservation, and linear momentum. The 
Lagrangian formulation (ℒ) considers the difference between the kinetic energy (T) and potential energy (V). 

 
ℒ = T – V              (1) 
 

To formulate T, the mechanism motion is analyzed both in translation and in rotation on the basis of their inertia. 
However, the Center of Gravity (CG) of each link translates the motion along the way, depending on the restriction 
connections. In other words, the mechanism moves each connection rotation or translation around its CG. The potential 
energy V has gravitational potential and its CG determines the elastic potential. 

In this paper, the nonlinear dynamic system is a connecting-rod crankshaft mechanism with rigid links. This 
mechanism acts as a motor with compressed air to move through the entrance for the gas force (Fg) as a function of air 
pressure. In this connecting-rod crankshaft mechanism, the air pressure generates the force (Fg) in a mono-cylinder link 
4 (l4). This link takes a position change via the third link (l3), which turns its movement to rotate the crankshaft output 
of the link 2 (l2) as shown in Fig. 1. 

 

 
 

Figure 1. Connecting-rod crankshaft engine with compressed air 
 
In terms of coordinates the system behaves like a triple pendulum with three degrees of freedom considering small 

displacements to the cylinder (Awrejcewicz and Kudra, 2003). However, to simplify this study the mechanism will be 
considered with one degree of freedom with the entry into x and the output dependent on this position �2. 

 

   2
4 2 2 2 3 2 3 4cos 1 / 2 / sinx l l l l l        (2) 

 
In this connecting-rod crankshaft mechanism, the cylinder has the highest displacement when it is in the Top Dead 

Center (TDC) and moves to the Bottom Dead Centre (BDC). From the TDC for BDC this mechanism oscillates from 0 
to - π or rotates from 0 to - 2π. However for use in systems for mining processes in which the system  will be utilized, 
this cylinder course will be limited to -π / 4 and - 3π / 4 as the reference of the angular movement to the exit. 

 
2.1 The pseudo-rigid-body model 
 

The Boyle et al. (2003) pseudo-rigid-body model (PRBM) has geometry similar to the connecting-rod crankshaft 
model of this study. The PRBM applies force (Fb) in the slider link 6 which generates a deformation of the link 3 and 
which transmits force for to the link 2 where there is another free end for its rotation (Fig. 2). In the transformation of 
the flexible link 3 to rigid the length l is replaced according to the characteristic relation of the pseudo-rigid connection 
(link 3 and link 6). 

In the PRBM, the flexible link is represented by the combination of the hard link 3 with a torsion spring with 
constant k equivalent to potential energy union of links 3 and 6. This constant equivalent (k) relates the characteristic of 
pseudo-rigid connection (γ), the spring stiffness coefficient twist (K�), the modulus of elasticity (E) of the flexible 
segment (l) and the flexible segment moment of inertia (I) as shown: 
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Figure 2. PRBM Model (adapted from Boyle et al. 2003) 

 
In the PRBM the total mass ms was considered as the sum of rod 6 and the mass of the slide as a rigid body which 

cannot rotate. With the masses, geometry and material constants set, the Lagrangian can be expressed to one degree of 

freedom only in terms of the generalized coordinate ( 2 ), its derivative ( 2
 ) with respect to time and the generalized 

forces and their momentum with respect to time (t). 
 

2
22

d
Q

dt


  
    


 

               (4) 

  
The Lagrangian function is given by  
 

2 2 2 2 2 2
2 2 3 3 1 2 2 3 3

1 1 1 1 1 1

2 2 2 2 2 2
c c s c c kT V m v m v m r J J k                    (5) 

 

where ( 2 ) is our generalized coordinate, and  

vci = kinetic speed of the link i;  
Jci = moment of inertia of the link i; 
�i =angular position of link i; 
k = constant deformation of material equivalent to the PRBM. 

 
Using the Eq. (4) we can have the equation of motion 
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where 

 
α = r3

2
  –  r2

2
 sin2�2                  (7)

       

Q�2 = – τ Fb + τf +  τ                (8) 

 
The generalized forces provide the momentum acting on the sliding cylinder τFb and the forces resistant to the 

friction τf  and the term τ just to offset the torques not modeled. 
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2.2 Nonlinear rigid-multibody model 
 

Figure 3 shows the desired angular positions ranging from - π / 4 to - 3π / 4 depending on the geometry and 
application of compressed air force. These positions are a function of the variation of air pressure, that is, the pressure 
and input power are controlled by pneumatics valves and which is not part of this study. 

These positions were defined as the course required for a screening mechanism to be used in the mining industry. 
This type of industry needs pneumatic energy and easy motion of their equipment, for greater flexibility and less risk of 
short circuit in comparison to electric motors, which can cause explosions in the mines. 

 

         
 

Figure 3. Positions of the control mechanism 
 

The equation of motion with the new geometry as a function of the coordinates and generalized forces becomes 
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where 
 
β = l3

2
  –  l2

2
 sin2�2                (10) 

 

 τU= – τ Fg + τF4                                       (11) 
 

The term τU represents the motion input resultant. The τF4 represents the viscous friction of the sliding function of 
translational speed. The term b represents the viscous coefficient for the rotary motion. 

 
2.3 Numerical simulations whitout control 

 
The equations of motion in State-Space form are given by the system equations (12). 
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The parameters used in the numerical simulations are presented in Table 1. 

 
Table 1. Parameters of the connecting-rod crankshaft 

 
Parameters Value Unit (S.I.) 

�2  – π/4 a – 3π/4 rad 
x4 0,056 m 
m2 1,0 kg 
m3 0,5 kg 
m4 0,5 kg 
l2 0,04 m 
l3 0,2 m 
g 9,8 m/s2 
b  0,001 N.m/s 

 
For the virtual work but without the use of control we will use Fg as excitation for air compressed in the pneumatic 

cylinder as shown in the equation. 
 
Fg = 1 ( ( 0,056/2 ) square ( 2 t ) + 0,056/2 )                                (13) 
 
Figure 4 shows the uncontrolled nonlinear system (12) by applying equation (13) and the parameters of  Table 1. 

Where �2 = x1 =
2


  for the condition initial.  

         
 

Figure 4. Nonlinear system (12) 
 

Figure 4 shows that the oscillations are below expectations of - π / 4 to - 3π / 4 (Fig. 3). Thus, becomes necessary 
the control of the nonlinear dynamic system. 

 
3. CONTROL DESIGN USING LQR TECHNIQUE  

 
Considering the introduction of control in the equation of motion (12) the result can be obtained as show (Pedroso, 

et al., 2013; Tusset, et al., 2013): 
 

BUAXX   (14) 
 

where:  TyxX , nxnA  is the state matrix, nxmB  constant matrix, U  is the control signal, which increases the 

system power according to the increase of air pressure to the control point (or desired orbit) and can be obtained from: 
 

1  TU R B PZ  (15) 
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*

*
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xx
Z , assuming that )(nxnP  is the solution for the Riccati equation given by: 

 

0QPBPBRPAPA T1T  

   
(16) 

  

where: nxnQ  and nxmR  are positive semi-definite matrices. 

 
 
The choice of matrix must be made appropriately, according to the control system of interest. An important factor 

for this choice is not violating the controllability of the system. That is, the controllability matrix: 

 BAABB 1)(n  must have full rank. 

 
According to Tusset and Rafikov (2004) the matrix can be obtained from the linearization of the equilibrium points 

of the nonlinear system (12).  Calculating the Jacobian matrix, the system (12) applied in stable equilibrium point 

)0,
2

(


P  , becomes: 

 













4167.08333.40

10
A   (17) 

 
with A being controllable 
 

Therefore, in the nonliner system the equilibrium point will be stable locus. Considering the matrix A , the 
linearized control system with U  and excitation force (13) is given by: 

 

1 2
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x x

x x x U



   




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Considering the matrix A and the other matrices: 
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
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
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010
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and 310R   (21) 
 
Replacing the matrices A , B , Q  and R on the Riccati equation (16) can provide P : 

 











1628.3121.3

121.39381,1000
P                                                                                                                                   (22) 

 
Replacing the matrix (19) in equation (15), can provide the control signal: 
 

* *
1 1 2 23121.7079(x x ) 3162.8480(x x )    U   (23) 

 
Figure 5 shows the system behavior (18) for the excitation (13) and (23) is the desired states provided for Fig. 3, 

given by: *
1 sin(2 )

4 2
tx

 
  , *

2 cos(2 )
2

x t


 . However, for the better visualization of control for the system changed the 

initial condition for the position = 0. 
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  Figure 5. (a) Linear system (18) with control U  (23). (b) Linear error variation. (c) Error in continuous operation. 

 
Considering the introduction of control (20) obtained from the linearized system (18) in the nonlinear system (12) 

the following behavior can be obtained, represented by: 
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Figure 6. (a) Nonlinear system (12) with control U (23). (b) Nonlinear error variation. (c) Error in continuous operation. 
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As can be verified in Fig. 6 the optimal control strategy obtained for the linear system (18) is also effective for the 
nonlinear system (12) and the error committed by the proposed control (23) can be obtained. 
 
4. CONCLUSION 

 
As it can be seen, the error committed in the case of the nonlinear system was lower than that obtained for the linear 

system. As demonstrated by Tusset and Rafikov (2002), with the control strategy using linearized models in this study 
made it possible to obtain adequate control for nonlinear systems via linearized models. 

It was verified that the application of a connecting-rod crankshaft  mechanism such as a engine using compressed 
air energy provides great solutions for application in environments where the electrical installations are difficult to 
move and/or can create explosion hazards, such as in  mining processes. 
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