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Abstract. The Gyroscope is a nonlinear mechanical system that presents a very complex behavior and has several appli-
cations in engineering, from attitude and angular velocity sensors to actuator in satellites and aerospace vehicles. It can
be mounted in a single gimbal configuration or in a double gimbal configuration (or freely mounted gyroscope). It also
can be found in very different sizes and inertia parameters and in different combinations. In this paper, we determine the
mathematical model and design a multivariable feedback control (H, control) of a Control Moment Gyroscope (CMG),
which is a common configuration of gyroscope found as an actuator in aerospace vehicles. The model is linearized around
an arbitrary equilibrium point and parameters of stability and performance robustness are determined to aid in the design
process. The controller is then implemented in a CMG experimental setup and several tests of the controller are performed
and compared. Finally, direction for further research are pointed out.

Keywords: Gyroscope, Robust Control.
1. INTRODUCTION

Gyroscopic systems are nonlinear mechanical devices with a large spectrum of applications in Aerospace and Naval
Engineering. A Control Moment Gyroscope (CMQG) is a special type of gyroscopic system which is used as actuators
to aircrafts, spacecrafts and ships in order to control its attitude (orientation) in space. Normally, the CMG’s rotor have
constant speed, maintained by a separate control loop, and the main attitude control is designed based in this fact. A
special type of CMG is the one that variation in the rotor’s speed is allowed (VSCMG), which has some advantages over
the traditional (fixed speed) CMG’s. There are two categories of actuators for spacecraft, which are the inertial and non-
inertial, as presented in Ahmed and Bernstein (2002). In the first class, we can include thrusters and magnetic actuators,
and in the second class are the reaction wheels, momentum wheels and the Control Moment Gyroscopes (see for example
Salatun and Bainum (1983)). Also, CMG’s find applications in naval industry, as anti-rolling and anti-pitching CMG, that
are devices that are used in ships to avoid the rolling and pitching oscillations due to the influence of the sea waves.

Control Moment Gyroscope (CMG) is a class of gyroscopic system in which the gyroscope is used as actuator, pro-
viding torques to an aircraft/spacecraft to control its attitude. In this case, the mechanical power involved is significantly
larger than the involved in sensor systems, and the CMG are in fact devices that must store energy in larger quantities in
order to generate sufficient torque for attitude control. In general, they have torque motors that act in their axis to cause
rotation in different direction (of the rotor) and then produce torque in the output axis. This process in general produces
a torque amplification, that must be sufficient to attitude control. CMG are more agile in attitude control systems than
momentum wheels and reaction wheels (see Lappas et al. (2002)). Normally, CMG systems are preferred over thrusters
in order to change spacecraft attitude as they do not spend nonrenewable fuel. They only need electrical power (to run
the motors) that can be obtained by solar panels (see Stevenson and Schaub (2012)). Also, smaller versions of CMG sys-
tems (mini-CMG) have appeared to be used in small satellites, that cannot generate high electrical power. There are two
classes of CMG: 1) single gimbal CMG (SGCMG) and 2) double gimbal CMG (DGCMG). It is also possible to assemble
devices with several CMG’s, in order to control attitude in the three axis. If one is intended to construct a device with
only SGCMGQG, it will be necessary three or more of them (see Kurokawa (2007)). Commands are sent to the motors of
the SGCMG in order to change its angular momentum and obtain the attitude control. A typical problem that appears in a
system of SGCMG is the problem of singularity, that are different depending on the possible geometrical configurations
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(a) Control Moment Gyroscope Parks (1999). (b) Schematic representation of the CMG.
Figure 1. Set-points and state variables.

(see Kurokawa (2007)). In this problem, there are states (gimbal angles) in which the torque output cannot assume all the
possible orientations. This problem is important in order to design the attitude control laws. In general, CMG devices
must maintain a constant rotor speed, and the attitude control laws are depend on this fact. In many CMG problems, on
the other hand, the rotor’s velocity is allowed to vary along time, as presented in Schaub et al. (1998). Those devices are
known as Variable Speed Control Moment Gyroscopes (VSCMG), and have some advantages over fixed speed CMG, as
the variable speed rotor adds an additional degree of freedom that is used to avoid the singularities (see Stevenson and
Schaub (2012)). Double gimbal CMGs (or DGCMG) are more sophisticated than SGCMG as they have less problems of
singularities (those only occurs in gimbal lock situation, where the inner gimbal coincides with the outer gimbal), which
implies that two or more DGCMG must be used (see, for example Ahmed and Bernstein (2002)).

In this work, we present a design of a H, multivariable controller for the CMG in which the rotor’s angular velocity
is allowed to vary (VSCMG). The gyroscope is a double gimbal CMG and robustness in the control loop is necessary
in order to guarantee the stability and performance under large variations of the rotor speed. We test this control law in
an experimental setup composed by the ECP(©) model 750 CMG (see Parks (1999)), and the control is implemented in
the Real Time Windows Target from MATLAB/Simulink(©) in a personal computer. Other robust control strategies were
evaluated in Colén et al. (2015). The complete system has four degrees of freedom, as shown in figures 1(a) and 1(b).
The associated generalized coordinates are 61, 65, 03, 64 are measured by corresponding encoders, from which it can be
determined also the velocities 91, 02, 03, 04 Also, there are two DC motors (actuators), and the control inputs to the plant
are: 1) the voltage applied to the DC motor 1 that runs the disc, and 2) the voltage applied to the DC motor 2, that runs
the most internal gimbal.

In section 2., some comments in the modeling process of the CMG are presented, with focus in the linearization
process. In section 3, a remind of the H, robust control theory is presented, as the attitude controller for the CMG must
be robust in order to perform well (and remain stable) in the presence of variations in the rotor’s angular velocity. In
section 4., we present the important problem of controlling a VSCMG, by controlling two gimbal angles #; and 65 by
using two electric motors in the CMG, and apply the design methodology presented in section 3. In section 5, we present
experimental results for the control technique presented, in the ECP(C) model 750 Double Gimbal CMG, and in section 6.

, conclusions are suggestions for future works are presented.

2. THE MATHEMATICAL MODEL OF THE GYROSCOPE

The complete systems has four degrees of freedom, as shown in figure 1(b). The associated generalized coordinates are
61,605,065, 0, are measured by corresponding encoders', from which it can be determined also the velocities 01, 92, 93, 6.
Also, there are two DC motors (actuators), and the control inputs to the plant are: 1) the voltage applied to the DC motor
1 that runs the disc, generating torque 7}, and 2) the voltage applied to the DC motor 2, that runs the gimbal 3, generating
T3. The angular position of gimbal 2 (65) is mainly controlled by the reaction torque produced by changing the speed of
the wheel when the voltage of the DC motor 1 changes (7). On the other hand, the angular position of gimbal 1 (67)
is mainly controlled by changing the position of gimbal 3 when the voltage of the DC motor 2 changes (13) (gyroscope
precession).

The nonlinear dynamic equations are obtained by the Lagrange method, in which one must calculate the Lagrangian

I'The notation of the reference frames adopted here is different (complementary) from the one presented in the manufacturer’s manual.
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function L, that is equal to the kinetic 7" energy minus the potential energy V' (in this case is only gravitational). The
Lagrange equations, that are presented in (1), must then be determined:

e it (1)

where T, is the torque in axis n, 1, is the generalized coordinate in axis n, wn =wy and n = 1,2, 3,4 (see for example
Bloch (2003)). As all the center’s of mass of all the bodies (rotor and gimbals) are located in the rotor’s center (body D),
as well as the origin of the inertial reference frame {0}, the system’s Lagrangian function is equal to the kinetic energy,
that is given by:

4

1 1

L:K:Z|:2.mTL.‘/:/z.{/Cvl+2,nQnT.(I,”.nQn) ()
n=1

where: 1) m,, is the mass of the rigid body n; 2) V., is the velocity of the center of mass of the rigid body 7 in the inertial
system {0}; 3) "2, is the angular velocity vector of the rigid body n in the reference frame {n}; 4) I,, is the inertia tensor
of the rigid body n. As the CMG’s rigid bodies do not translate, that is V., = 0, the resulting Lagrangian is only:

4
L:K:ZE-"QTLT~(I”~”Q,,) (3)
n=1

After some manipulation, the resulting Lagrangian is given in equation:

Jp o (Ic+1Ip) o [JB+ (Jo+ Jp)cos? (v3) + (Kc + Ip)sin® (¢3)]

Pt 5 Wt 2

N {Ka+Kp+ (Ig+Ic+Ip—Kg)sin® (¢o) + [(Kc + Ip) cos® (¢3) + (Jo + Jp) sin® (¥3)] cos? (¢2)}w2+
2 1

+ Jp cos (1h3) wawy + Jp cos (1) sin (¢3) wiws — (Ie + Ip) sin (¢2) wiws+
+ (Jo + Jp — K¢ — Ip) cos (1ha) cos (¢3) sin (¢3) wiwa  (4)

The Lagrange equations are obtained by means of a script written in MATLAB(C), that delivers the nonlinear dynamic
equations, as well as the linearization around the equilibrium point of operation. The equations are far too long to be
presented in the paper, and the interested reader can find them in Parks (1999).

The nonlinear system model was linearized around the following equilibrium point: 1 = 6 = 03 = 0, w1 = wy =
wg =0, and wy = O?. After linearizing, the complete model has the following states: 61, 62, 035 and w1, ws, w3, wy, so the
system has order seven. As the angular velocity wy is constant, the state w, (and its equation) is not necessary. The state
03 are not important in the control we are planning such that it can be excluded. Besides this fact, the system with this
state is not controllable (and controllability is a necessary condition for the application of the method).

The resulting system, that is controllable and observable, has the following state, input and output vectors: x =
[02 01 w3 wo wl]T, u=I[T, T3]T, y = 1[02 91]T. The matrices of the linearized model are then:

L=

2
wy+

0 0 0 10 0 0
0 0 0 0 1 0 0 1000 0
JIpQ 1
A= 10 0 0 0 £%5,|; B= 0 Tc+Ip | C_{o 1 00 O} ©®)
0 0 0 0 0 -4 0
JpQ) T iJe
00 —prrfrorme 0 O 0

The open loop system has three eigenvalues at the origin and two pure imaginary eigenvalues which expressions are

i — QJp . ) 55101
JWh = EJ JoTTo) (RatRetRoTRD) Hence, the open loop system is not asymptotically stable. The pure imaginary

eigenvalues represents the nutation frequency and associated oscillatory mode that couples gimbals 3 and 1. The values
of the model parameters (that can be found in Parks (1999)) are the following (all in the international system of units - SI)
K4 = 0.0667, Ig = 0.0119, Jg = 0.0178, Kp = 0.0297, I = 0.0092, Jo = 0.0229, K- = 0.0221, Ip = 0.0148,
Jp = 0.027. The output sensors are incremental encoders, characterized by a certain number of counts per revolution. The
encoder conversion parameters, in counts/rad, are given by (see the manual Parks (1999) for more detail): k. = 2547-32
(axis 1), keo = 2547 - 32 (axis 2), kg = 3883 - 32 (axis 3) and k.4 = 1061 - 32 (axis 4 - wheel). The amplifier dynamics
is neglected, and the transformation between controllers output and torques is only the constants k,3 = 9.0874 x 107°
and k4 = 1.0772 x 107°. The eigenvalues of the linearized system before internal feedback are (0, 0, 0, 4-718.8086).

2In this configuration, the 2 X 2 system is decoupled.
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3. H,, ROBUST CONTROL THEORY

In this work, we will use the Loop Shaping H., control, as presented in Skogestad and Postlethwaite (2005). It is
an efficient method to design robust controllers and has found several practical applications. Given a multivariable plant
G(s), the method consists in specify the system’s performance in a open loop shaping way, by augmenting the plant
by using weight functions (pre and post compensators) in order to obtain an adequate format to the singular values (the
performance robustness specification can also be tackled in this phase). A H,, synthesis problem is then solved which
guarantees stability robustness. This method is essentially different from H, synthesis as presented in Doyle et al. (1989),
as in this last case, the performance specifications are given in terms of closed-loop weight functions, and a solution is
obtained that theoretically optimizes the performance index (see McFarlane and Glover (1992)), but in fact an interactive
procedure is conceived to successively bound the H, norm until satisfactory performance is achieved (bisection method).
Besides that, the loop shaping approach is valid for low and high frequencies, and not for all frequencies as in the H,
synthesis. On the other hand, it is more difficult to find closed-loop weight functions, and the open-loop approach of
specification is more systematic. In fact, it is very similar to the LQG/LTR performance specification (see Athans (1986)).

In figure 2, we can see the block diagram for the closed-loop system, in which we are trying to obtain and multivaraible
controller K (s). The following equations can be easily deduced for the closed-loop system:

Gy
- W B G - W

K -

Figure 2. Closed-loop system with extended plant.

A common requirement for the closed-loop system is good disturbance and noise rejection, which can be mathemati-
cally expressed as inequalities. In the following, we present the common requirements in typical designs:

1. Good reference tracking: minimization or upper bound in ||( + GK) ™| 03

2. Good disturbance rejection: minimization or upper bound in ||(I + GK)™!||o;
3. Good noise rejection: minimization or upper bound in ||(1 + GK) G K]||s0;
4. Lower control energy: minimization or upper bound in || K (I + GK)™!||oo;

where |||| in the Ho, norm, (I+GK)~! is the sensibility function and (I +GK)~'GK is the complementary sensibility
function (see for example Doyle and Stein (1981)). In the following, we will present the design methodology of McFarlane
and Glover (1992), that is known as H., Loop Shaping. In this design technique, initially the nominal plant G(s) must
be shaped (that is, its singular values) in order to satisfy typical loop-shaping design specifications (in low and high
frequencies). This plant’s shaping is achieved by pre and post compensators (W7 and W5 respectively). The shaped plant
has the expression Gg(s) = W1(s)G(s)Wa(s).

In order to obtain a controller K (s) that satisfy the specification described above and guarantee stability robustness,
a model of the system’s uncertainties must be proposed. In figure 3, it is shown the coprime factor perturbation form
of the plant G(s) = M~1(s)N(s), where the pair (M, N) € HF and H, is the space of transfer functions with no
pole in the right plane. This is valid if M is square and det M is different from zero. It is supposed that there exists
a pair (V,U) € HY, where MV + NU = I. The uncertainties are presented in figure 3, and the corresponding
expression is G1.(s) = (Mp(s) + Anr, (8))"H(NL(s) + A, (s)), where Ay, (s), Ay, (s) are stable but otherwise
unknown transfer matrices, which represent the uncertainty in the nominal model. Also, some bounds are normally
IAN, (s) Anr,(s)]|ee < €. This defines a family of possible plants, and € is commonly known as stability margin, and
generalizes, in a certain way, the concepts of gain margin and phase margin. The larger is the number, the larger is the
family of possible plant. It is desirable that this stability margins be as higher as possible. In order to have stability
robustness, all the plants G, (s) must be stabilized for the single controller K (s). It is necessary that the closed-loop
nominal system is stable, and the following H, optimization problem must be solved: Find the stabilizing controller that
results from the optimization problem presented in equation (6):

(I - GK)"'\M~ 1
H[ K(I-GK) M- || =% ©)
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where K is chosen over all controllers which stabilize G(s). In order to achieve the maximum e, an iterative pro-
cess must be used. In the case of normalized factorization, that is MM* + NN* = [ , it can be proven that €,,, =
V(L= |[Ts7 &]%)"/? and €,,, is known as the maximum stability margin, that is a theoretical limit that depends only on
the model’s parameters, and |||| 7 is the Hankel norm (see Zhou ez al. (1980)). When a stabilizing controller is designed
such that € = ¢,,,, one says that the an optimal controller was achieved.

Ay (s) Ay (5)

Ni(s) . M 1(s)

Ky,

Figure 3. Transformation Between Reference Frames.

Note that it depends on the loop shaping specification, and if ¢ < ¢, < 1, this means that for this plant and
specification, stability robustness is not possible.
The algorithm is the following:

1. If the number in equation (6) is much lesser than one, the loop shaping specification is not achievable and new
weight should be selected.

2. else select € < ¢, and synthesize a stabilizing controller K which satisfy (6);

3. The final controller has the structure W; K W.

The loop shaping phase could also contemplate robust performance barriers, and after the synthesis of the controller
K (s), stability and performance robustness is guaranteed by the final controller Wy (s)K (s)Wa(s). The coprime fac-
torization must be determined in order to calculate ¢,,,, that amounts to solving two algebraic Riccati equations (see
Skogestad and Postlethwaite (2005)). This method can produce undesirably higher order controllers, and frequently there
are pole-zero cancelation in K (s). A method for elimination of this poles can be used in order to reduce the controller’s
order.

4. CONTROL OF A VSCMG

In this section, we present the design of a closed-loop control system for a CMG based in the linearized model given
in section 2. The controller will allow the operation with variable speed in the rotor (VSCMG). In order to obtain the
controller, the design methodology presented in section 3.is be used. In figure 4(a), we can see the singular values of the
plant, that is the mathematical model linearized presented in equation(5). In figure 4(b), it is presented the singular values
of the shaped plant, that include the specifications. The weight matrix transfer functions, that give the shape to Gg(s),
are: Wi(s) = (1/s)Iax2 and Vi1(s) = 1, Via(s) = Vai(s) = 0 and Vaa(s) = (8 — jwau) (S + jwm) /(s +10)(s+20), and
Wa(s) = 2Wo(0) "1V (s). The matrix W (s) will introduce in the controller one integrator in each channel, and Ws(s)
has a notch filter in the second channel, that cancel the resonant poles due to the nutation frequency w,,.

The value calculated for ¢,,, is 0.1691, which is a limit imposed by the mathematical model and the specifications.
The value of € obtained for the design was 0.1537, that is ten percent smaller then the limit value. This is a relatively
small value for the stability margin, that is due basically to the integrators in W (s), that were added in order to attenuate
disturbance. Smaller gains in low frequencies would result in better stability margins, but the system would be slower.
In fact, the model deduced from the Lagrangian presented in section 2. does not include friction, that turns the system
even more slow. In fact, the linearized model does not include friction, which is the reason for the undamped poles due to
nutation. This friction adds stability robustness that was not considered in the H, design.

Other important fact that must be stated is that the notch filter in W(s) cancel the poles in jw,, by means of zeros
in this positions. The reader could wonder if it is a good practice, as the pole/zero cancelation is never perfect. First of
all, the model’s poles that are canceled are strictly in the imaginary axis and, in the worst scenario, a small oscillation
would remain during the system’s operation, that never grows beyond a certain limit. In fact, even this situation is an
idealization, a a more precise model, that include damping, would place those poles strictly in the left half plane. So, there
is no problem at all in the pole/zero cancelation of the notch filter.

In figure 5(a) it is shown the closed-loop singular values of the sensibility function, that has attenuation effect in low
frequencies, which is expected in order to have good tracking properties and good disturbance rejections properties. In
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Figure 5. Open Loop Singular Values.

figure 5(b), we can see the singular values of the transfer function matrix || K (I + GK)~!||o, which indicates that the
control effort is only significant in medium frequencies.

It is important to note that the linearized state space model presented in section 2. assumes that the rotor’s angular
velocity wy is constant along the system’s operation. Then, before the H,, control starts to running, it is necessary to
control w, individually until its regime velocity is achieved. We assume that this equilibrium velocity is 2 = 400 rpm.
This is done by another control loop, that actuates for the first 15 sec of operation. The Gyroscope has breaks that have
to be activated in this initial phase in order to not have movement in the angles 6, 5. Those breaks are turned off around
10 sec, after the steady velocity ws = €) has been achieved in order to do the proposed control. As the control of the
wheel’s velocity is independent of the LQG/LTR control designed, we must switch between those controllers at about
15 sec in order not to have conflicts between the loops (more details can be found in Parks (1999)).

5. EXPERIMENTAL RESULTS

In this section, we present the experimental results for the application of the multi-loop robust control technique
described in section 4to the ECP® CMG presented figure 1(a) (see the manufacturer’s manual Parks (1999)). In figure
6(a), we can see the reference signals for both controlled variables, which are 6, and 6, and the corresponding measured
variables. We can see that the system’s performance is adequate without too much overshoot. In figure 6(b), it is shown
the angular velocity wy, that varies freely. It is expected that, after the angles achieved the desired angles, the initial
controller, that maintains the angular velocity w,4 constant, returns to activity and the H,, controller switches off. The
control effort of the H., system is presented in figure 7. Initially, motor 2 operates in saturation due to the fact that the
control of wy is active, and this variable have to reach the steady state angular velocity of 400 rpm (see also figure 6(b)).
In 15 seconds, the H, controller is activated, and a variation in 65 is observed. In figure 8(a), we can see the disturbance
rejection capacity of the controller, and in figure 8(b), we can see the rotor’s velocity in this condition.
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6. CONCLUSIONS AND FUTURE WORK

We presented in this paper the design of a H , robust controller for a Control Moment Gyroscope in which it is allowed
that the rotor’s angular velocity vary freely. We can see that the controller has stability robustness, as the variation in the
rotor’s velocity, that is only a parameter in the linearized model, do not affect significantly the system operation. The
mathematical model was deduced using Lagrangian approach, but not included friction, that is predominantly of Coulomb
type. The experimental results presented proves that the controller designed in robust and has reasonable performance.
In future works, we intend to enhance the nonlinear mathematical model by including dry friction and shocks (see for
example Coloén et al. (2014a) and Colén et al. (2014c¢)) and test different control techniques. Also, different test for
robustness could be verified, like the Polynomial Chaos approach (see for example Colén et al. (2014b)).
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