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Abstract. The firiction factor of the turbulent flow of purely viscousnon Newtonianfluids is a parameterof great
importancein manyengineeringapplicationsin chemicaland oil industry. Theaccurateand fast determinationof such
parameteris thereforof greatinterest. Someformulationscan be foundin theliterature, which can be usedto calculate
the fiction factor of the turbulent flow of non-Newtonianfluids most of them however,usesimplicit equationsand
involvessomeinteractiveand sometimegxpensiverocessin the presentwork a newexplicit friction factor equation
for turbulentflow of purely viscousfluid is developedbasedon physicalprinciples makingit valid for a morelarger
application range comparedwith existing equations. The proposed explicit equation reproducesadequatelythe
experimentaldata, avoids any interactive processand can be usedto generatevery precise and fast just in time
numerical codes.
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1. INTRODUCTION

Turbulent flow of purely viscous non-Newtonian (PVNN) fluids is present in many industrial applications. Typical
examplesarethe transportof somepolymericsubstancesewagesludgescoal, chinaclay andmanyothermineralsus-
pensions.The friction factor of the turbulent flow of PVNN fluids is a parameterof greatimportancein many
engineeringapplicationsin chemicaland oil industry. The powerlaw (P.-L.) fluid is one of the most typical PVNN
fluids. This model (in scalar form) is expressed as 7= %kwhere k stands for the consistency factor, n is flow index.

The common method in calculating pressure drop of turbulent flow of a P.-L. fluid in pipes is to adopt the Darcy-
Weisbach equation, where the key is to determine the value of the Fanning friction facgtor§hgre are abundant
number of correlations available for calculating friction factors for turbulent pipe flow of the P.-L. fluids. To name some
of most important correlations, Dodge and Metzner (1959) friction equation (D&M)
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Figure 1. Mean axial velocitie for different flow indices.

Gao and Zhang (2007) have listed 14 different friction eiquist for P.-L. fluids. These equations can be divided
into two categories, implicit equations (equations 1-3) arplicit equations (equ. 4). The main advantage of implici
equations is their wider range of application (larger Réggs) while the explicit equations are simpler to use.

Almost all of these equations are empirical. Recently, tith@rs have developed two new analytical friction equation
One is implicit type obtained by integration of the velogiofile (Anbarlooeiet al, 2015a). The other is explicit type
and is developed by relating micro-scales of turbulencedororscale properties of the flow (Anbarloetial,, 2015b).
There are short-comes in both formulations. The expliciiagipn is Blasius-type equation restricted to low and mid
range Reynolds numbers. In the other hand in developingrpédit equation, the velocity profile of the turbulent flosv i
over-simplified. The idea of current research is to combioth formulation to obtain a new explicit equation (correcte
equation) with wider range of applicability.

The structure of the paper is as follows: after briefly revignthe process resulted in development of implicit and
explicit equations, in section 2 the new explicit equati®priesented. Section 3 contains the examination of thistiequa
and comparisons with other equations and experimentakseSection 4 presents our concluding remarks.

2. FRICTION EQUATION

In this section the procedure followed to obtain the corédtiction equation is described. As mentioned before, the
corrected equation is obtained by combing two other eqostioamed here as implicit and explicit equations. Two first
sub-section review these equations and the way they olbthimefly. For more detailed description, interested remdes
refereed to Anbarlooet al. (2015a) and Anbarlooait al. (2015b). Then the procedure to find the corrected equation is
discussed.

2.1 Implicit friction equation

Mean velocity profiles for turbulent flow of P.-L. fluids havedn investigated before. To name few, Dodge and
Metzner (1959), Clapp (1961), Rudmanal. (2004) and Anbarlooegt al. (2014) are among the most important works.
Figure 1 shows the mean axial velocity for different flow it&l from DNS results of Anbarlooet al. (2014). As can be
seen the viscous, buffer and fully turbulent regions arartfadentified. Also, the existence of a log-layer can bealilga
seen in this figure, with the same slope and different lexaldlifferent flow indices.

Several relations are purposed to express the dependetityg tével to the rheological parameters of the fluid. The
more recent DNS analysis of Anbarlo@ial. (2015a) suggests the level of the log-law in P.-L. fluids toesawith then
as below

ut =25In(y") + 5.0 — 5.44 In(n). (6)

An expression for the friction coefficient can be obtainedtigh an integration of the velocity profile over the cross
section of a pipe. However, a general equation or equatigpessing the turbulent velocity profile over all distances
from the wall is still unknown. A simple estimation can beabed using the law of the wall over the cross section of
a pipe. Of course, results obtained with this procedureate\slightly from the experimental data since the integrati
process does not consider the existence of the viscous dfed bub-layers and also of the outer layer. It should be
noticed that the viscous and buffer layers expand just varyomw portion of the velocity profile. Thus the main source
of the difference is due to outer region of the velocity pefiUsually, to incorporate these effects, the resultingtaed
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integration constant is determined from experimental data.
Considering that the log-profile (Eq. 6) spans across the pipe, the average velocity can be obtained from:
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whereu, is friction velocity andC stands for the correction mentined above.
With 7, = R/2 (dp/dz) and the friction factor definition (£ 27,,/pu2,), it is easy to show that
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With these definitions, simple mathematical operations result in the following equatign for
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2.2 Explicit friction equation

Theexplicit friction equationis basedon Gioia and Chakraborty(2006)theorywhich relatedthe micro-scalego fric-
tion (marco-scaleproperties.To startfrom micro-scaleskKolmogorov'sK41 theoryshouldbe consideredKolmogorov’s
theoryKolmogorov (1941)describeshow energyis transferredrom largerto smallereddies;how muchenergyis con-
tainedby eddiesof a givensize;andhow muchenergyis dissipatedy eddiesof eachsize.K41 theoryis basedon three
importanthypothesesombinedwith dimensionabrgument@andexperimentabbservations.

Itis discussed in Anbarlooet al.(2015b) that to extend this theory to PVNN fluids, only the first similarity hypotheses
should be changes asevery turbulent flow at sufficiently high Reynolds number, the statistics of the small scale motions
(micro-scales) have a universal form that is uniquely determined 8igsipation rate) and. Given these two parameters
(e andk), one can redefine Kolmogorov micro-scalces as below:

3 n—2 1 —1 1 n
o~ k2D g2(rFD) ; Ty~ kn+T gntl ; Uy~ k2D g2(n+D) (10)

Thanks to phenomenological theory developed by Gioia and Chakraborty (2006), the first similarity hypotheses in
extended version of K41 theory can be related to friction. The first step is to drive an expressigrtliershear stress
at the wall. We consider that the wall shear stress balances the momentum transfer through the near the wall viscous
layer. On top of this layer, fluid has a high velocity which scales withHowever, in the full turbulent layer, the axial
momentum transfer is negligible so that the net rate of momentum transfer is due to the normal velocity, which is induced
by the small eddies. Thus, the wall shear stress scales-ap U u,,, whereuw,, is the velocity of the dissipating eddies.
Considering dissipation occurs at micro-scalgcan be approximated hy,. Combining (10) with dissipation calculated
from integral scale, results in the following equation for velocity at micro-scale.

Uy, 1
o 11
U Rerwn (1)
Now, it is easy to show that the friction can be expressed as
1
f=9n) —— (12)
Rez(n+1)

The coefficienty(n) can be obtained using experimental results (fitting). Such a process has been done in Anbarlooei
et al. (2015b) and the resulting equation is

(13)

0.00982 1
f=1.0178 (0.1 —0.0322n + )
R

for Metzner-Reed Reynolds number and Fanning friction factor.

It can be seen that the results of the new equation diverge form DM equation at higher Reynolds. The source of
this discrepancy lies in the assumption made here to calculat@omparing with the theory developed in Gioia and
Chakraborty (2006) for Newtonian fluids, it reveals that here the effects of energetic range on friction is neglected (which
is accurate only for low Reynold numbers). Thus, the new equation act as Blasius-type equation for PVNN fluids.
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2.3 Corrected friction equation

As mentioned in the previous sub-section, the introduced explicit equation is restricted to low Reynolds numbers. The
idea is to use this equation to obtain (calibrate) correction coefficienin(équation (9). If this correction is independent
or weakly dependent on the Reynolds number, then the corrected equation must be have wider range of applicability rather
than explicit equation.

Present study shows that this dependency on Reynolds number is weak. So, the constant correction assumption is used.
To obtain the value of this constant, averaging has been done on local valiesvef the range of2¢=3000 — 10000
(where explicit equation seems accurate). Applying the least square fitting to the correction coefficients results to the
following correlation (withR? = 0.99908).

C =4.23n—3.38 (14)
Combining Equ. (13) into (9) and using correction coefficient (14) will result in following explicit equation,
2

f= (15)
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whereA,,, B,, andC,, are defined as

25n 4+ 10
=T 16
8n(n+1) (16)

1_ 1 1 1_ 4 15
B, =25In (C,;l 2 <3 + n) 22 ) — - 50— 5.44In(n) + 4.23n — 3.7987 17)
C, =1.0178 (0.1 —0.0322n + 0'00982) (18)
n

It is more convenient for the engineering tasks to simplify. Using a curve fitting, one can find following approximation
for that (with less than 1% deviation).

B,, ~ 50.136 ¢~ 2:5165n (19)

In the next section, the new corrected equation is compared with both equations (9) and (13). Also, comparison with
well-known Dodge and Metzner friction equation is provided.

3. RESULTS

In this section, the results of developed explicit equation is compared with both previous implicit and explicit formu-
lations. Also, comparison with well-known empirical equation such as Dodge and Metzner has been done.

To start, the result of equation (14) is compared with both Colebrook-White (Prandtl) and Dodge and Metzner friction
equations (Dodge and Metzner, 1959) for the Newtonian case (n=1). The analysis shows that the difference between our
results and both other equations is less than %1 for this case.

Next step is to compare results for non-Newtonian fluids. The results of such comparison is shown in figures 2 and
3 for n=0.7 and0.5. In these figures, the result of current work is compared with both implicit and explicit equations.
Also, as a reference, results of Dodge and Metzner equation is provided. As can be seen and discussed before, the explicit
equation has very good accuracy in low-Reynolds number. However, by increasing the Reynolds it start to deviate sharply
from DM reference curve in both figures. On the other hand, the implicit equation shows very similar behavior as DM
curve, but with an error (due to omitting the effects of viscous, buffer and outer regions). Figures 2 and 3 show that
correction introduced in previous section can remove this difference and extend the application range of both implicit and
explicit equations.

Finally, the comparison with experimental results are shown in figure 4. Also, the relative errors of predictions obtained
by equation 14 to the experimental results are shown in figure 5. As can be seen, the total error is less than 10% for entire
range of study and less than 5% for higher Reynolds numbers (the purpose of this work). Also, it is obvious that the
current formulation can represent functional dependency of friction on both Reynolds number and flow index very well,
while the accuracy of predictions are in acceptable range.

It should be mentioned that in all of our comparisons, the difference between predictions of equation (14) and Dodge
and Metzner equation (1) is less than 5%. While the results of DM equation is accepted in scientific and engineering
communities as a reference value, it can be concluded that our corrected explicit equation has acceptable accuracy to be
used in engineering applications. However, it must noticed that due to lack of experimental data on high-Reynolds flows
of non-Newtonian fluids, the accuracy of D.M. equation (and ours) in this range is unknown.
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Figure2. Comparisorof correctedfriction equationwith implicit (9), explicit (13) and Dodgeand Metznerfriction
(1) equationgor n=0.7.

Current Work (n=0.5)
Dodge Metzner -------
Explicit Equation --------
Implicit Equation

0.01 b

|
1000 10000 100000
Reyr

Figure3. Comparisorof correctedfriction equationwith implicit (9), explicit (13) and Dodgeand Metznerfriction
(1) equationgor n=0.5.

4. SUMMARY

The frictionfactor of the turbulentlow of purely viscous non Newtonian fluids is examinfchew explicittype
friction equation is developed by combining an implicit equation (obtained by integrating velocity profile) and an explicit
equation (obtained using phenomenological theory relating micro-scale turbulence structures to macro-scale properties).
It is shown that the new corrected equation is as accurate as well-known Dodge and Metzner friction equation, while
due to it's explicit formulation is easier to use specially in engineering tasks. The idea of correcting implicit equation
resulted from integrating velocity profile has a great potential to be extended to incorporate roughness effects. This topic
is ongoing.
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Figure 5. Relative errors of the results of corrected foictequation to the experimental results.
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