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Abstract: This study presents a comparison between the aioiic of a Lagrangian meshless and a Euleimodel,
that employs meshesg study the generation and propagation of wavesaastal regions. The Eulerian numerii
model is based on nonlinear wave equations of &pesq type and the Lagrangian model employsSmoothed
Particle Hydrodynamics (SPH) method. The resultsumerical simuléions show agreement between k models on
the behaviour of the free surface. The largestrdsancy occurred in the surf zone, during the biregkand in the
wave overtopping (runup).

Keywords: Smoothed Particle Hydrodynamics, nonlir wave equations of Boussinesq type, numericahod, surf
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1. INTRODUCTION

Historically, the Eulerian view is that most comrhonsed in the modelling of physical problems ining solids
and fluids. This model requires the usenumerical methods, the finite difference method ¥BDfinite volume
method (FVM) and finite element method (FEM), whiemploy grids or meshes for the solution of diffdial or
integral formulations (Liu and Lju2010). Numerical methods based on a efined mesh properly convert t
governing equations into a set of algebraic eqnatiGenerally, the unknowns of the field varialdes evaluated ¢
nodal points. However, Eulerian methods have litioites in applications that involve problems witmgulex geometry
and in the modelling of physical processes, bated to the spatial resolution sc

One of the major difficulties of using meshes isweing the consistency of the algebraic equatiobetaised in th
solution of the physical problemh& employin of meshes can lead to several difficulties in tieatiment of fluic
flows presenting free surfaces, mobile interfacesnplex geometries and topological changes. Ifglieatures exis
the generation of a mesh (a prerequisite for sitimn quality) is a difficult, timesonsuming and expensive proc

Recently, Lagrangian modelling has been presergethalternative for solving problems of small éarge spatia
scale and improving understanding of physical mees. In the Lagrangiamethod, the physical domain of t
problem is divided into small parcels of matterttimieract with each other. In this procedure tbtume of the fluid
domain is divided into a set of discrete partickéth defined masses (Lagrangian elements). Thss of each particle
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is a material point which receives the coordindites define its position in space. Thus, the plaigicoperties of each
Lagrangian fluid element are mapped in the domairehch moment of time.

The Lagrangian particle model does not employ nestmg is an alternative method used in the searcmére
effective computational ways of solving more compperoblems, where stable and accurate numericatisob to
integral equations and partial differential equagiare required.

The advantage of using Lagrangian modelling rathen Eulerian is its simplicity in dealing with cptax
geometries and physical processes. Also, there iseed to use meshes, there is no production ncahescillations
and the mass conservation at the Lagrangian elemsegtiaranteed. Visualisation of the results olegimy the
Lagrangian method allows better understanding esgatiotemporal evolution of flow.

2. MATHEMATICAL MODELLING

The evolution of the velocities field and the tpamig of mass and energy across space and timefsrmped by
differential equations that accompany matter anthkyphysical laws that govern the conservatioma$s, momentum
and energy.

2.1 Smoothed Particle Hydrodynamics Lagrangian Method

The Lagrangian method known as Smoothed Particlérotiynamics (SPH) was developed in the late 19@0s f
modelling three-dimensional astrophysical phenom@ney, 1977; Gingold and Monaghan, 1977). Overetirthe
method was extended to other areas of appliedeiguch as solid mechanics and fluid mechanics.

To solve the differential equations of conservatitie SPH method discretises the continuous doofaimatter in a
finite number of material particles. The value loé physical quantity associated with each fixedigaris obtained by
weighted interpolation of physical properties camd in the neighboring particles. The particlescufor interpolation
are within an influence domain (delimited by thecks of radiuskh that is the product of a scale factor and the stipp
radius, h) and contribute to the approximationhaf physical quantity in the fixed particle (or &g a), as shown in
Fig. 1.
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Figure 1. Graphical representation of the domaimitdience. The fixed particle has as neighbors
all particles within the influence domain,{ is the distance between two particles).

The smoothing function, or kernéd/(), quantifies the effects of a particle in its ndigthood, ensuring the greatest
contribution of neighboring particles closest te thalue of the physical quantity in the fixed paeti The choice of an
appropriate length for the support radius defitesdtability and accuracy of computer simulatiotse initial number
of neighboring particles should be 5, 21 and 52,0n 2D and 3D, respectively (Liu and Liu, 2003).

In the SPH method, different kernels can be usedhfo distribution of the weights used in the iptdation. They
must satisfy the properties of softness, normadisaaind positivity, be decreasing, symmetric andvergent and have
compact supports (Kelager, 2006).

Through the SPH, second-order approximations at&rd for the values of the physical propertiesafdiuid or a
solid. The general equation commonly used in thel §fethod to represent the interpolation of a ptalgicoperty of
the neighbors in the particle reference is givetheyfollowing expression:

n
Ab
AT= )y W =0, ) @)
p
b=1

where:

A%is the quantity being approximated and concerndixbe particlea,
n is the number of particles inside the influence diom

m,, is the mass of the neighboring partisle

W is the kernel,
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h is the support radius,

r? is the position of the fixed patrticle,

r? is the position of the neighboring particle,

pp is the density of the neighboring particle

AP is the value of the quantity in each partiblén the neighboring of fixed particte

Different kernels are used in SPH (Gaussian, qtiadreubic spline, quintic Wendland, among othels).the
literature, the cubic spline kernel is one of thestpopular, as it provides the mathematical ptsepreviously listed
beyond to present a desirable behavior of its diestvatives.

The following cubic spline kernel is used in thethoal to two or three dimensions (Gomez-Gesteliral, 2010).

1—E m 2+4 m 3 se 0<|r|<h
2\ h h)’ - -
(2)
W (r, h) = factor < 1 I\ B
12— — < <
2 n , se0<|r|<2
0, in the other case.
where
r=r%—rb 3
15 2D
——, in
7 hzl )
factor = 7{ 4
L?, in 3D

In the present work, this kernel was used for twoeshsional domains.

In the case of fluid flow with free surfaces, theFbmethod presents some techniques for their tesatmithout the
need for remeshing at each iteration of the nuraksanulation (which complicates the use of tradhitii methods of
meshes for this type of problem). This is one ®tiear advantages.

Forces applied to the free surface of the fluidseally not modelled by the conservation lawsy thee considered
as boundary conditions. On the free surface, theefoare unbalanced because of the action of sutéasion forces.
The resultant force on each particle acts in thection normal to the free surface of the fluidintiog toward the centre,
tending to minimise the curvature and the areahasvn in Fig. 2. For the definition of the freefae, additional field
greatness is employed, known as colour field, whitdws the calculation of the force acting on epahticle belonging
to that surface (Mulleet al, 2003; Kelager, 2006).

Figure 2. The action of surface tension forcem(@s pointing into the fluid)
particles on the free surface (lighter blue) (Kela 2006).

Turbulence in the SPH method can be treated byaffication of the large eddy simulation method rf@a-
Gesteireet al, 2010).

One method of treating solid boundaries is basedolecular dynamics and dissipative particle dyramAreas
with solid boundaries are filled with frozen paléis that prevent the penetration of mobile parsiclehe prevention of
penetration by moving particles is performed byputsive force applied by virtual particles, sintulg the boundary
conditions of zero normal velocity. The use ofreeldf virtual particles (type I) located on theida@ontours producing



Fraga Filho, Carlos Alberto Dutra; Piccoli, Fabio Pavan; Barbosa, Danilo de Almeida and Chacaltana Julio Tomas Aquije
Numerical study of the Propagation of Waves on Flat Beaches: an Application in Engineering using SPHysics and Funwave Models

repulsion is commonly applied in SPH to implemér boundary conditions. However, there are sitnatiwwhere the
particles in the line can have motions to simulateemakers, for example (Monaghan, 1994).Virtuatigas of the
second type (type Il) can also be allocated outdidédoundary, as shown in Fig. 3 (Liu and Liu, 200

© Yirtual particles (tvpe IT)
© Virtual particles (type I}
e Solid boundary

L ® Fluid particle

® ® =— Flowfluid

Figure 3. Schematic illustration of the solid boandregion. Configuration of a line
of virtual particles (type I). Outside the contotle virtual particles are type Il.
Adapted from (Liu and Liu, 2003).

The SPHysicsLagrangian numerical model was used to simulatewthvemaker. This is an open computer code
developed irFORTRANanguage and based on Smoothed Particle Hydrodgeg®PH) for the study of free surface
flows. It is the result of collaboration by resdars from Johns Hopkins University (USA), the Umsiy of Vigo
(Spain) and the University of Manchester (UK). Fegyd shows the flowchart of the computational &thar of the

SPH method.
@ - Application of
Continuity repulsive forces

1 equation solution (virtual particles)
Initial |
conditions Internal forces
calculus
' fl
—| Boundary External forces Output files
conditions calculus
[
Neighbour Free surface
search forces calcullljs Reaching Yes
Energy equation precision
Pressure calculus solution
Momentum N
equation solution o
[
Kernel — - : .
definition Time integration New iteration

Figure 4. Flowchart of the computational algoritbsing the SPH method.

2.2 Eulerian Method: Fully Nonlinear Boussinesq Typegor Waves

The Eulerian numerical modelUNWAVE2Dis a non-commercial software, produced by the &efar Applied
Coastal Research (CACR, Delaware, USA),F@RTRAN language. It is capable of simulating surface egain
coastal regions including areas of external anermatl surfing. The model is based on Boussinesq &guations for
second-order dispersion. These equations are ebitaifter integration of mass and momentum conservaguations
in the vertical direction (West al, 1995).

Continuity equation:
ot 0x

where the fluxM; is:
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where the leve z is the reference depth for calculating the velesjtwhich may be given as:
z~—0531h o (10)

where:
n is the surface elevation,
h is the total water depth,
tis the time,
8§ = ay/hy and u = kyh, are scales of nonlinearity and dispersion, resgslyt
aq, hy and k,, are, in sequence, the typical wave amplitude diépth of water at rest and the number of waves,
u; = (u,v) is the velocity at depth in the coordinated; = (:—i), @ being the velocity potential.
To solve the partial differential equations thavgm the movement of water, the numerical methogleyed by

FUNWAVE2D 2.0 is the finite difference scheme. A detailedsalgtion of the model can be found in the
FUNWAVE2D2.0 manual (KIRBYet al, 2005). Figure 5 shows the flowchart of the corafiahal algorithm.
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Figure 5. FUNWAVE2D flowchart software.

3. NUMERICAL SIMULATIONS

The updating of particle properties in time (pasiti velocity, energy, and others) was performecdhbynerical
integration methods. These can be diverse, rarfgimy the Runge-Kutta first order (Euler) method amap-Frog to
more elaborate algorithms such as predictor-casrederlet, Beeman or Sympletic (Gomez-Gestetral, 2010).

The stability of the methods applied depended a@n dhoice of time stepAf). The Courant-Friedrichs-Lewy
numerical stability criterion (CFL) ensured the gergence of results (Courant, Friedrichs and LEV37).

4. CASE STUDY

In order to compare the results obtained from tRel $agrangian particle method with those of theeEutethod a
study of generation and wave propagation on a#ath is presented.

It was simulated a beach domain some 2.75 m lonpéninclined region, with an inclination angle 42364°,
amplitude and wave period of 0.01 and 1.4 s, rabmdyg, and water level of 0.18 m. For the genenatof waves a
wavemaker was employed.

In the Eulerian simulation, a domain mesh with H8@es in the horizontal direction and 21 node$ienvertical
direction was used. The spacing between dots imdhizontal direction was 0.05 m with a total honal distance of
7.75 m. Vertically, the spacing varied with theatadepth, given byH =h+7, whereh is the mean sea level andis

the surface elevation, defining a sigma-type méshthe method of wave generation employs a gewneratburce
function, the model requires a region of constaritd away from obstacles. Because of this, thergéng source was
allocated in mesh node 41, at horizontal coordir2i@0 m. The origins of the referentials were ca@ant in Eulerian
and Lagrangian simulations. The dimensions of Enéerian domain ranged from -4.00 m to 3.75 m. Huderian
simulation period was 30.00s, with a time incren@@.001 s during the simulations. The CFL numdmsumed a value
of 0.20 in simulations.

A cubic spline kernel was used in Lagrangian sitimtes and 4221 fluid particles were employed taidiszing the
domain of interest; from 0 to 3.75 m. The latatigtance between the center of mass of two neighdp@articles was
0.01 m. The support radius was defined as 0.018pproximately 1.30 times the initial spacing betwé®e centers of
mass of the particles). The virtual particle teghe was used to represent the fluid boundariesadount of 387
particles was used to represent the fixed bottothe@thannel and an amount of 31 particles to sgptethe motion of
the flap-type wavemaker. A time step of 4.5x10as used to simulate the generation e propagafievater waves
over a time simulation of 30s. For the time int¢igg in both Eulerian and Lagrangian simulatiotig predictor-
corrector method was used in order to generatatarwave of 0.02 m amplitude.
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4.1 Results and Discussion

The free surface elevation was obtained by Lageangand Euler models (SPHysics and FUNWAVE2D,
respectively) in different simulation times. Fig@eshows the numerical results at 28.0, 28.7 andl 29

. 28.0s
N Surface elevation
B Original morphology!
28.7s
I Surface elevation
@ Original morphology
s 29.4s 03
0251
E s
>
N Surface elevation
[ Original morphology
15

2
x(m)

Figure 6. Simulations results. On the left, thailtssof the SPHysics
model; on the right, the results of the FUNWAVERiadel.

From the analysis of Fig. 6, it can be concludeat tfhe simulation results obtained from both modeése
consistent with the behavior of a propagating wane flat beach. Looking to the free surface coispas in Fig. 6,
the eulerian model shows higher agreement withalagjan model before the wave break point.

In the Eulerian model, the wave breaking is tre@atging a formulation of artificial turbulent visgity to promote a
more realistic description of its beginning and ,eildquantitative terms (related to the energyipeasd). A simple
eddy viscosity-type formulation is used to caloeltiie wave energy dissipation caused by the waaakbrg (Kennedy
et al, 2000). It has been proven that the adopted \wasaking model can adequately predict the energpyadision for
both spilling and plunging breakers, but lacks aacy in waveform. It is well-known that the depttiegrated
Boussinesqg-type models cannot describe the ovéntuot a free surface and the detailed wave bregpincess.

The Lagrange model has the advantage of presetiitingollapse of the wave in shallow water in a shégat is
visually representative. During a simulation, th@veform (defined by the water particles whose pmsitchange over
time) is visible and consistent with the physiclatpomenon that is taking place.

Figure 7 shows the results for two models at 28iA pist a single graphical representation. It barobserved that
both are in agreement outside the surf zone bw sleme discrepancy in the slope near the shore.

I Eulerian Solution
* Lagrangian Solution (SPH)

0 05 1 1.5 2 25 3 35
x(m)

Figure 7. Graphical comparison of the results fofmmd&SPHysics and
FUNWAVE models at simulation time of 28.0 s.

To test the coupling and joint use of the moddilsglies were conducted beforehand. The propagafiansolitary
wave in a tank of constant depth was studied (Naragwamyet al, 2010). The results obtained are shown in Fig. 8.
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A solitary wave is generated in a first region byNWAVE and propagated until the beginning of thecsel
region, where SPHysics is employed, being reflectedhe wall that defines the end of the latteriaegThen, the
reflected wave returns to the FUNWAVE region.

) g e A A R 6
FUNWAVE SPHysics
e A &
Eo i
>
————
0.5 ! L ee——
0 4 8 12 g 16 p 20
x(m)

Figure 8. Initial configuration of the case studgpoying the coupling of the
SPHysics and FUNWAVE models (Narayanaswarngl, 2010).

From the analysis of the numerical simulations guenkd, it was concluded that there was agreemewnteka the
results obtained by both models in regions of @mstiean depth, which makes possible the coupliog/is above.

5. CONCLUSIONS

The numerical results obtained from both modelssvgltbgood agreement with regard to thehaviorof the free
surface elevation over the whole area of the beHoé.difference between the results is limitedhi $urf zone, where
the Eulerian model uses an approach to considee wagaking and the Lagrangian model treats this)@inenon
according to the equations of conservation andggnansport. Although the results found by the daagian model
are more consistent with the physics of the prolitethe whole area studied, they should be conémtith data from
measurements or analytical solutions for a bettaluation of the numerical solution obtained.
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