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Abstract. Numerical investigations on the parameters of an inverted pendulum based system, designed to harvest
energy from the ambient are presented. The system is composed by a pendulum, a main body (the platform) connected
to a serial spring and damper. The platform is excited by an EDS (Electro-Dynamical Shaker) excitation device, and
for power generation two pneumatic pistons are introduced in the system in order to convert the oscillatory movement
of the pendulum into compressed air. Pistons parameters were determined in order to obtain the highest kinetic energy
generated by the movement of the pistons. The system presents nonlinearities in both, electrical (shaker system) and
mechanical (torsional spring of the pendulum) parts. The results of the numerical investigation shows that these
nonlinear parameters have direct effect, on energy harvesting as well as on the dynamic behavior of the system.
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1. INTRODUCTION

In times of energy shortage, associated to a massive consumption and deep exploitation of oil and its
derivatives, a solution to the global energy crisis would be to identify and make use of new energy sources. Then, the
importance of the energy harvesting concept has been growing gradually and, therefore, is related to various
applications. Many of these applications are related to devices that usually try exploiting thermal, Kinetic, vibrational
and electromagnetic energy.

The use of vibrational energy provided by pendulum systems can be a good application in energy research
captured by the tidal movement. Energy extraction from a base excited pendulum has been studied by several authors,
and the dynamic behavior of the damped vertically excited pendulum has been studied extensively (Xu et. al. 2005; Xu
and Wiercigroch 2007; Horton et. al. 2008 and Lenci et. al. 2008). The optimization of harvested energy by a
parametrically excited pendulum was considered using the control of damping and variations of the excitation source
(Nandakumar et. al. 2012).

A proposed approach, Wiercigroch (2005), is to extract energy by converting vertical oscillations into rotary
motion using a pendulum. Another described proposed approach, Ogai et. al. (2010), is to use a system to generate
compressed air using a pendulum oscillation energy converter. The principle of a pendulum oscillation energy converter
was introduced, Lin et. al. (2013), and the designs of the dual-medium pressurizer and the dual-stroke hydraulic system
are emphasized. An experimental apparatus has been built to simulate the production of energy from pendulum
oscillations (Lenci and Rega 2011). Pendulum systems have also been used as a passive control of electro-mechanical
systems, Iliuk et. al. 2013, and for energy harvesting (Wiercigroch 2005; Ogai et. al. 2010 and Lin et. al. 2013). The
results for the latter application showed a greater uptake of energy for the cases where the behavior is chaotic.
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In this work, the inverted pendulum dynamics is analyzed regarding its ability to generate energy through the
oscillations of its platform. The excitation source considered in this system is a non-ideal one, represented by an EDS
(Xu 2005 and Xu et. al. 2007). To generate energy through the movements of the pendulum, two pneumatic pistons are
introduced in the system with the goal of storing compressed air to generate electricity. This strategy is similar to the
one proposed by Ogai et. al. (2010). In order to obtain the optimal compressed air generation (Nandakumar et. al. 2012
and Iliuk et al. 2013), the system parameters were analyzed via numerical simulations.

The rest of this paper is organized as follows. Section 2 contains the mathematical modelling. In Section 3
numerical simulations necessary to analyze the dynamics of the system are performed. Section 4 contains the proposed
and implemented strategy for generating energy. Conclusions are given in Section 5.

2. MATHEMATICAL MODELING AND DERIVATION OF THE DYNAMIC EQUATIONS

In this work, we consider two pendulum systems excited via an electro-dynamical shaker (EDS) (Figures 1.a and
1.b), in which the shaker was considered as a RLC circuit with a sinusoidal voltage input, as illustrated below. Figure
1.b shows a schematic model of the proposed system to generate pressurized air using the pendulum oscillations. The
strategy proposed in this work attempting to harvest energy is similar to that used by [8], and consists of coupling two
pneumatic pistons to a pendulum. The air is pressurized and stored in cylinders for later use, such as in pneumatic motor
to generate electricity.
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Figure 1. (2) Pendulum system excited by electro-dynamical shaker. (b) Pendulum system excited by electro-dynamical
shaker with pneumatic pistons.

Analyzing the mathematical model presented in (Fig. 1.a), we observe that it can be described as an inverted
pendulum, fixed to a platform, which is represented by a rigid body of mass M . The pendulum is connected to a
torsional spring, which provides a static unstable equilibrium at the upright position, so that even small oscillation
amplitudes of its base would be enough to result in pendulum motion, oscillating or even rotating movements. The
pendulum has mass m, connected to the platform with a rod of length |; & is the angle of the pendulum, which is

stabilized by a nonlinear torsional spring stiffness k, is given by k =k, +h@ and a linear damper, C, . The spring that

connects the Suspended Pendulum Platform (SPP) has stiffness known as k. , the linear damper of the SPP is ¢ and the

excitation source is given by an electrical dynamics shaker (EDS).
The coupling between the SPP and EDS is performed by an electromagnetic force due to the permanent

magnet, F, = Kq, in which K =1B with |_and B being the length of the conductor and the magnetic field,

respectively. This coupling generates a Laplace force on the mechanical part and the Lenz electromotive voltage in the
electrical part. The electrical system consists of a resistor R, an inductor L, a capacitor C and a source of sinusoidal

voltage e(t) = e, cos(Qt), all three connected in series, where e, and Q are the amplitude and frequency, respectively
and t is time. The nonlinear capacitance C is defined by C =C (1+a, Coq2)’1, in which C is the linear parameter

of C and «, is the nonlinear coefficient, depending on the type of the capacitor that will be used. In this model, the
voltage at the capacitor is a nonlinear function of instantaneous electric charge g, defined as:

1
V. =—q+aq’ 1)
c

0
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In the EDS’ electric circuit, it was made an analogy voltage-force based on Kirchhoff’s laws, obtaining the
kinect energy ( T ) and the potential energy (V) m:

1 -2 - - 1 2 2 1 -2
=—(M+m)q, +mlqg @sin(@)+—ml"0" +—Lqg 2
2 2 2

1 1 1 1
V = (M+m)(-g)q —mgl(l-cos(0)) +—k,q ‘+=k,0° + —ho" + Kdq, +E(Ci+ a3q3]q 3)
2 2 2

0
Using equations (2) and (3), and considering:

1 S2 1 -2 1 -2
D=—c0 +—cq, +—Rq (4)
2 2 2

The dynamic equations of the system are given by:
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3. NUMERICAL SIMULATIONS

The dynamical behavior of both systems is analyzed through numerical simulations using a 4™ order Runge Kutta
solver (ODE45), and the algorithms were made in Matlab®. The analyzes occurred through Phase-Plane; Time domain

response of the system; FFT; Bifurcation Diagrams and Poincaré Section. We consider 10° seconds of integration time
on both systems and the 25% final vectors were considered the steady state of the system.

3.1  Pendulum system excited by electro-dynamical shaker without the pneumatic piston

The values of parameters used for the model illustrated in figure 1-(a), and the system of equations (5) are:
M =6kg; m=1.2kg; g =9.8Im/s*; 1 =0.5m; k, =4Nm/rad ; h=9Nm/rad; k, =10N /m; ¢ = 0.003Ns/m;
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¢, =0.00INs/rad; «a,=3745; Q=11rad/s; e =18V ; C, =57F; K=126N/A; L =0.002626H ;

R =0.3Q.
In figure 2, we can observe the dynamic behavior of this system.
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Figure 2. (a) Time response of the vertical displacement. (b) Phase plane of the vertical displacement. (c) Poincaré Map

of the vertical displacement (d) Time response of the angular displacement. (e) Phase plane of the angular displacement.

(f) Poincaré Map of the angular displacement. (g) Time response of the instantaneous electric charge. (h) Phase plane of
the instantaneous electric charge. (i) Poincaré Map of the instantaneous electric charge.

In Fig. 2 we can observe that the system has a quasiperiodic behavior in both SPP and EDS parts of the system,
illustrated by Poincaré maps in red, see (Fig. 2-c and Fig.2-i), illustrating a single quasiperiodic attractor for the vertical
displacement and the electric circuit of the system, respectively. As can be seen in Fig.2-f the angular displacement of
the pendulum presents a chaotic behavior. In Fig. 3 we can observe the FFTs confirming chaotic behavior of the
pendulum system, Fig.3-b, and the quasiperiodic behavior of the SPP and the EDS, Fig.3-a and Fig.3-c.
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Figure 3.(a) FFT of the vertical displacement. (b) FFT of the angular displacement. (c) FFT of the instantaneous electric
charge.

As can be seen in Fig. 4, when the amplitude of the voltage source of the shaker evolve from g; =1 V to 20 V the
system maintains a quasiperiodic behavior in both SPP and EDS sub-systems. On the other hand, the pendulum system
grows from quasiperiodic solutions, 1 V ~ 3.5 V, to chaotic behavior and back to quasiperiodic solutions intermittently
until near 10.5V, then the pendulum system maintain chaotic behave up to 20 V.
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Figure 4. Bifurcation diagram. (a) Vertical displacement to variation (eo). (b) Angular displacement to variation (eo). (c)
Instantaneous electric charge to variation (eo).

In Fig. 5, when the frequency of the shaker evolve from @ = 0.01rad/s to 0.065 rad/s the system shows periodic
behavior in vertical displacement (Fig.5-a), then the system grows to quasiperiodic behavior and approximately at
o =1.121rad/s evolve to chaotic behavior up to 1.138 rad/s and then back again to quasiperiodicity till the end of the
analysis. On the other hand, the vertical displacement (Fig.5-b) starts, @ = 0.01rad/s, at a double periodic attractor and
grows to double quasiperiodic solutions from w = 0.067 rad/s to @ = 0.095rad/s, and then evolve to chaotic solutions
till the end of the analysis. The instantaneous electric charge of the shaker system (Fig.5-c) shows quasiperiodicity from
the beginning to the end of the analysis.
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Figure 5. Bifurcation diagram. (a) Vertical displacement to variation (@ ). (b) Angular displacement to variation (@ ).
(c) Instantaneous electric charge to variation ().
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4. PROPOSED DESIGN FOR ENERGY HARVESTING AND STORAGE

The strategy proposed in this work is similar to that used by Ogai et. al. (2010), and consists of coupling two
pneumatic pistons to a pendulum. The air is pressurized and stored in cylinders for later use, such as in pneumatic motor
to generate electricity.

As the pneumatic piston only generates resistance in compression, the dissipative force of the pneumatic system can
be represented by:

fo o .6 ®)

P

in which ¢ is the viscous damping of the pneumatic damper and ¢ the angular velocity of the pendulum.

With the objective of determining the most suitable value of Cp the following objective function is considered:

z=,£i# ©
n i,

in which ( Z ) represents the rms kinetic energy generated by the movement of the pendulum, and 7 is the pneumatic
piston kinetic energy, which can be calculated by:

r=>c6 (10)
2

4.1  Generation and Energy Harvesting System through pneumatic system

Now, analyzing the system illustrated in figure (1.b), it is easy to observe that is the same system studied at first,
with the inclusion of coupling pneumatic system, so we have the same equations of kinect and potential energies that
we had before in (2) and (3), but it is necessary consider a new Rayleigh’s dissipation function for this new system.

1 ., 1 1 ., 1 _,
=—c 6 +—c 6 +—cq +—Rqg (12)
0 p y
2 2 2 2

Considering the equations (2), (3) and (11) we obtain the dynamic equations of the system represented in figure
(1.b), as follows:
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In Fig.6 we can observe the variation of the objective function (7) for a variation of the parameter C, in the range

0.001<c, <10.
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Figure 6.Variation of the value of Z.

It can be seen from Fig. 6 that for a coefficient ¢ =1.204 Ns/rad, the maximum value for the objective function

(13), (Z = 0.1777J) is obtained.
In Figures 7 and 8, we can observe the dynamic behavior of the system given by equations (12), (13) and (14)

considering the same parameters of the system illustrated in Fig.1-a, and considering ¢, =1.204 Ns/rad.
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Figure 7. (2) Time response of the vertical displacement. (b) Time response of the angular displacement. (c) Time
response of the instantaneous electric charge.

According to Figures 7 and 8, we can observe that the system maintains the quasiperiodic behavior for the vertical
displacement (7-a; 8-a) and for the instantaneous electric charge of the EDS system (7-c; 8-c). On the other hand, we
can observe a strong irregular behavior for the pendulum system illustrated by Figures (7-b) and (8-b).
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Figure 8. (2) Phase plane of the vertical displacement. (b) Phase plane of the angular displacement. (c) Phase plane of

5.

the instantaneous electric charge.
CONCLUSIONS

The results of the dynamic analysis show that the system has chaotic and quasi-periodic behavior for this non-ideal

excitation source (EDS). With the introduction of pneumatic pistons in the system it was possible to verify the
possibility to capture and store energy from the pendulum motion. In order for this to occur, the optimal parameter
range was determined through the kinetic energy analysis of the pendulum motion. This has been a purely theoretical
study, and practical realization of these motions in actual energy generation devices may be taken up in future work.

6.

7.

ACKNOWLEDGEMENTS
The authors acknowledge the support by CNPq, CAPES, FAPESP and all Brazilian research agencies.

REFERENCES

Horton, B., Sieber, J., Thompson, J. M. T., Wiercigroch, M. “Dynamics of the nearly parametric pendulum”.

International Journal of Nonlinear Mechanics 46 (2011) 436-442.

I. lliuk, J. M. Balthazar, A. M. Tusset, J. R. C. Piqueira, B. R. Pontes Jr, J. L. P. Felix, A. M. Bueno, “A non-ideal portal

frame energy harvester controlled using a pendulum”, The European Physical Journal. Special Topics 222(7) (2013)
1575-1586.

K. Nandakumar, M. Wiercigroch, A. Chatterjee, “Optimum energy extraction from rotational motion in a

o

<M M

parametrically excited pendulum”, Mechanics Research Communications 43 (2012) 7-14.

. Wiercigroch, “A new concept of energy extraction from waves via parametric pendulum”, UK patent application.

(2005).

. Lenci, E. E. Pavlovskaia, G. Rega, M. Wiercigroch, 2008. “Rotating solutions and stability of parametric pendulum

by perturbation method”, Journal of Sound and Vibration 310 (2008) 243-259.

. Lenci, G. Rega, “Experimental versus theoretical robustness of rotating solutions in a parametrically excited

pendulum: A dynamical integrity perspective”, Physica D 240 (2011) 814-824.

. Ogai, S. Umeda, H. Ishida, “An experimental study of compressed air generation using a pendulum wave energy

converter”, In: 9th International Conference on Hydrodynamics, Shanghai, China, 11-15 October, 2010, pp. 290-
295.

. Xu, “Nonlinear dynamics of parametric pendulum for wave energy extraction”, PhD Thesis, University of

Aberdeen/Scotland, 2005.

. Xu, E. Pavlosvskaia, M. Wiercigroch, F. Romeo, S.Lenci, “Dynamic Interactions between Parametric Pendulum and

electro-dynamical shaker”, ZAMM 87 (2007) 172-186.
Xu, M. Wiercigroch, “Approximate analytical solutions for oscillatory and rotational motion of a parametric
pendulum”, Nonlinear Dynamics 47 (2007) 311-320.

. Xu, M. Wiercigroch, M. P. Cartmell, “Rotating orbits of a parametrically excited pendulum”, Chaos Solitons and

Fractals 23 (2005) 1537-1548.

. G. Lin, L. Tu, D. H. Zhang, H. W. Liu, W. Li, “A study on dual-stroke pendulum wave energy conversion

technology based on a water/oil integrated transmission system”, Ocean Engineering 67 (2013) 27-34.

. RESPONSIBILITY NOTICE

The authors are the only responsible for the printed material included in this paper.



