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Abstract. The main goal of this article is to identify the vibrational patterns of an oscillating spherical bubble immersed in

a ferrofluid using Neural Networks. The gas bubble is immersed on a magnetic fluid and subjected to an harmonic pressure

excitation and an applied magnetic field. The classical Rayleigh-Plesset equation is modified and a magnetic version is

proposed in order to model the radial motion of the bubble. Being a very non-linear system, the correct identification of

the vibrational patterns is not possible using linear system tools. In this case, fuzzy logic and neural networks are a good

solution for the correct pattern identification. The magnetic version of Rayleigh-Plesset equation is a second order non

linear ordinary differential equation and it is solved through a fifth order Runge-Kutta scheme with adaptive time step.

Four different vibrational patterns are identified and proposed regarding its frequency response and Lyapunov exponets.

Based on the Lyapunov exponents it is possible to analyze its non-chaotic behavior. Those Lyapunov exponents are used

in a backpropagation neural network to correctly identify the bubble vibration modes what could lead to the identification

of the flow physical parameters in practical applications. In order to compare the performance, another neural network

is trainned with the amplitude and frequency information of the bubble motion from ω = 0 to ω = 10, based on its Fast

Fourier Transform. The new results are compared with previous simulations made with harmonic response in frequency

spectrum, in which only the first harmonic was considered.
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1. INTRODUCTION

Since the early work of Rayleigh, the dynamics of cavities in general and bubbles in particular, have acquired a

respectable place in cavitation research (Chahine, 1982). In many applications it is of absolute necessity to control the

collapse of the bubbles, thus avoiding erosion. On the other hand, in medical applications, the collapse of microbubbles

may be necessary, in order to kill cancer cells (Zharov et al., 2005).

In this context, the need to control the bubble’s motion and its collapse lead us to use a ferrofluid. Ferrofluids are

synthesized as a stable colloidal suspensions of ferromagnetic grains (Bacri and Salin, 1982) in a non-magnetic carrier

liquid. Brownian motion keeps the nanoscopic particles from settling under gravity, and a surfactant layer, such as

oleic acid, or a polymer coating surrounds each particle to provide short range steric hindrance and electrostatic repulsion

between particles preventing particle agglomeration (Odenbach, 2002). This coating allows ferrofluids to maintain fluidity

even in intense high-gradient magnetic fields (Bolshakova et al., 2005). Ferrofluids also have very interesting lines,

patterns, and structures that can develop from ferrohydrodynamic instabilities (Zahn, 2001). In this context, the application

of a magnetic field can control the fluid flow or a immersed bubble, for example.

We consider that the bubble motion is only radial. This assumption is valid when the bubble is very small and its

surface tension is large, preventing tangential deformation, as seen in figure 1. It is noteworthy that this model is not valid

during the collapse, at which point the bubble undergoes several deformations in form (Johnsen and Colonius, 2009).

Regarding practical applications of magnetic suspensions, we may say that they started to be explored by physicists

and engineers due to its wide range of applications (Gontijo and Cunha, 2015). This particulate suspensions have been

used in the study of capillary ascension (Bashtovoi et al., 2002), magnetic convection (Gontijo and Cunha, 2012) and

in the magnetodydrodynamic thermochemotherapy field (Brusentsov et al., 2008) in which the use of bio-compatible

magnetic fluid is studied for the treatment of tumors.

Based on this, we note that the oscillatory behavior of the bubble can be controlled by application of a magnetic field
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Figure 1: Microbubble with diameter of d = 1.6mm immersed in a ferrofluid (mixture of EFH3, a commercial ferrofluid

manufactured by Ferrotec, and mineral oil with particle volume fraction of ≈ 252.86ppm).

(Cunha et al., 2002). In this context, new vibrational patterns are identified. With that said, it is possible to propose a

system to identify these pattern during an experiment or pratical application. In this case, an oscillating bubble could

have its vibrational pattern identified with the use of neural networks trainned for pattern recognition. The ability of a

neural network to approximate any complex functional relationship makes the selection of a suitable regression equation

for particular application unnecessary. Artificial neural networks are inherently parallel and have the capability to learn

non-linear relationships, which may exist between a set of inputs and outputs.

In the present study, we used a sinusoidal excitation with variable amplitude and frequency forcing and a constant

magnetic field to study the oscillation of a microbubble immersed on a superparamagnetic ferrofluid. With the characteri-

zation of the nonlinear system, proposed as the mgnetic version of Rayleigh-Plesset equation, it is possible to controll the

bubble motion. For this end, two neural networks are trainned in order to idenfity the bubble vibrational modes. In this

context, it is possible to compare which dynamical tool (Lyapunov exponents or frequency spectrum) is better to train the

neural network.

2. MATHEMATICAL MODELLING

The complete problem of a gas bubble undergoing nonlinear radial pulsations in a ferrofluid is a complex problem.

The main governing equations used in the mathematical modeling of the problem are based on the principle of mass

conservation (continuity equation), linear momentum balance (Newton’s second law - equation of motion), Gauss law of

magnetism (absence of magnetic monopoles) and Ampère-Maxwell equation for a non-conducting fluid (magnetostatic

limit).

Consider a spherical bubble immersed in a magnetic fluid of viscosity µ and density ρ, as shown in figure (2). The

inner side of the bubble is composed by a mixture of contaminant gas (which develops a polytropic process) and liquid

vapour. Therefore, quantities like pressure gradients in the liquid or surfactants in the fluid are neglected. Changes in the

vapour temperature may modify its density modifying the bubble dynamics (Soh and Karimi, 1996). However, for a small

equilibrium vapour density the isothermal process is valid (Brujan, 1999).

The balance of mass for an incompressible fluid written in spherical coordinates is given by

1

r

[

∂

∂r
(r2ur)

]

= 0 →

∫

∂

∂r
(r2ur)dr = 0, (1)

where r represents the physical distance of the bubble center and a point in the fluid, ur is the radial component of the

Eulerian velocity field. Integrating equation (1) from the surface of the bubble with radius R to an arbitrary point in the

liquid (distance r) we have, after some algebric manipulations:

u(r, t) =
R2

r2
dR

dt
=

R2

r2
Ṙ, (2)

which gives the velocity information at any point of the liquid. The balance of momentum for the non-Newtonian fluid

flow can be written as

ρ

(

∂u

∂t
+ u · ∇u

)

= −∇p+∇ · σN +∇ · σ, (3)

where σ
N represents the Newtonian contibution of the stress tensor, while σ is used to denote the non-Newtonian fluid
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Figure 2: Schematic of a gas bubble immersed in a magnetic fluid of viscosity µ and density ρ with acoustic and magnetic

applied fields.

effects, u is the Euleurian velocity field and rho is the fluid density. Writting the radial component of Cauchy equation in

spherical coordinates with non-Newtonian stress tensor, we have:

ρ

(

∂u

∂t
+ u

∂u

∂r

)

= −
∂p

∂r
+

1

r2
∂

∂r
(r2σN

rr) +
1

r2
∂

∂r

(

r2σrr

)

−
(σθθN + σφφN )

r
−

(σθθ + σφφ)

r
(4)

σN
rr + σN

φφ + σN
θθ = 0, equation (4) can be written using σN

rr = −σN
θθ − σN

φφ. The effects of the φ component will be

neglected in the next steps. Integrating in the flow domain, represented by R ≤ r ≤ ∞, we have:

∫

∞

R

2Ṙ2R+R2R̈

r2
dr −

∫

∞

R

2Ṙ2R4

r5
dr = −

1

ρ

∫

∞

R

∂p

∂r
dr +

1

ρ

∫

∞

R

2∂σrr

r
dr +

∫

∞

R

∂σrr

∂r
dr −

1

ρ

∫

∞

R

σθθ

r
dr (5)

In the study of magnetic fluid, Maxwell’s laws in the magnetostatic limit should be applied. In other words, the

magnetic effect related to the movement of electric charges may be neglected and so does the electric field involved.

Said that, the Gauss’s law of magnetism states that the magnetic induction flow through a closed surface is zero and the

rotational of the applied magnetic field is null.

Maxwell stress tensor for magnetic fluids is given by:

σ =

(

−
µ0H

2

2

)

I +HB, (6)

in this case, both tangential and radial components are given by (Rosensweig, 1987):

σmag
rr =

−µ0

2
(H2

r +H2
θ ) + µ(1 + χ)H2

r (7)

σ
mag
θθ =

−µ0

2
(H2

r +H2
θ ) + µ(1 + χ)H2

θθ, (8)

here we use the fact that B = µ0 (M +H), where µ0 is the magnetic permeability of the free space and M is the fluid

magnetization, which in this case is assumed to be aligned with the applied field, so M = χH , where χ is the magnetic

suceptibility of the fluid (superparamagnetism hypothesis). Whereas the bubble is a curved interface between two fluids,

there is a normal stress discontinuity in the interface due to its surface tension.

The applied magnetic field is also given by (Rosensweig, 1987):

H =

{

−A(cosθêr − sinθêθ), for r < R

−(C − 2D
r3

)cosθêr + (C + D
r3
)sinθêθ, for r > R

(9)

The magnetic field far from the sphere should approach the uniform applied field H0k in which k is the unitary vector in

the z direction. In spherical coordinates, k = êrcosθ − êθsinθ, so considering r −→ ∞, we have

C = −H0 A =
−3µ1H0

µr + 2µ1
D =

µ2 − µ1

µ2 + 2µ1
R3H0 (10)
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As the bubble is a curved interface between two immiscible fluids, there is a normal stress discontinuity in the interface

due to its surface tension. The jump of normal stresses is given by Young-Laplace equation (Young, 1805; Laplace, 1805):

Σrr,ℓ − Σrr,b =
2σ̃

R
− σmag

rr |r=R, (11)

where σ̃ represents the surface tension coefficient and Σrr,ℓ and Σrr,b denote the radial component of the traction for

the liquid side and the bubble inner side, respectively. Since the magnetic field has already decreased to zero in r = R,

σmag
rr |r=R = 0. The pressure inside the bubble is given by pb(t) = pv + pg(t), where pv is the liquid vapour pressure and

pg(t) refers to the gas pessure (considered to be part of a polytropic process). After some manipulation and considering

the excitation pressure as p∞ = 1+ εsin(ωt), it is possible to write the magnetic version of Rayleigh-Plesset equation in

its non-dimensional form as

R̈∗R∗ +
3

2
Ṙ2∗ =

2

We

[

−
1

R∗
+

(

1

R∗

)3n
]

+

(

1

R∗

)3n

− ε∗sin(ω∗t∗)− 1−
4

Re

Ṙ∗

R∗
+

+
1

Remag

{

χ

2

[

ln

(

R∗

∞

R∗

)

−
C1

2

]

−
C1

8

}

, (12)

where

Re =
ρUcRE

µ
and We =

ρU2
cRE

σs

(13)

Here, Re corresponds to the Reynolds number (i.e. the relation between inertial and viscous forces) and We is the Weber

number, which denotes the ratio of inertial and surface tension forces. C1 and Remag are given respectively by:

C1 =
3

4
and Remag =

ρU2
c

µ0H
2
0

(14)

In equation, the physical non-dimensional parameter Remag is called in the present work as being the magnetic

Reynolds number. This parameter measures the relative importance between inertial and magnetic forces.

3. NUMERICAL METHODOLOGY

The governing Equation (12) is strongly nonlinear. In this case, an analystical solution is not available. Therefore,

the integration of (12) requires the use of numerical techniques. A Runge-Kutta scheme with an adaptive time step

implemented e validated by Malvar et. al. (Malvar et al., 2015) will also be used in this work. The adaptive time step

is quite useful since it does reduce the computational cost of the code in about 85%. Owing to nonlinearities imposed

by the condition of having a magnetic liquid surrounding the bubble, the use of quite small time steps could increase

the computational cost. On the other hand, large time steps could filter the details of the bubble oscillations at higher

frequencies.

The procedure of the numerical integration is presented in terms of a logical algorithm as follows in (15):

























































1. Define Re,We,Remag, χ, n (polytropic coefficient) and ε;
2. Initial conditions and simulation time R(0) and G(0);
3. While t(i− 1) < b do ;
4. Compute Rmin(R(0),We);
5. Compute k1, k2, k3, k4, k5, k6 e q1, q2, q3, q4, q5, q6;
6. Forth order → g(i) and Fifth order → P (i);

7. Compute erro =

∣

∣

∣

∣

(

g(i)− P (i)

tolerance

)∣

∣

∣

∣

;

8. If error > 1 then → dt = htemp ∗ seg
9. Compute new k1, k2, k3, k4, k5, k6 and q1, q2, q3, q4, q5, q6;
10. If error > 1 then → dt = htemp ∗ seg;
11. If error > parameter then → hnext = seg ∗ htemp ∗ parameter2;
12. If error < parameter then → hnext = htemp ∗ parameter3;
13. If R(i) < Rmin then → COLAPSE

14. If hdid < dtm then → END

15. If hdid > dtm then → go to step 5.

(15)

In the scheme shown in (15), b denotes the total time of the simulation , which is an user defined option. The minimum

radius, Rmin represents the minimum radius proposed (Albernaz and Cunha, 2011) where the bubble may collapse. The
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variable htemp detones the temporary time step and the variable hnext is the next time step to be used in the subsequent

iteration, after the multiplication by the security parameters (seg) and tolerance (parameter2 and parameter3). Subse-

quently, the time step dt becomes hdid at the end of the iteration and it is compared with the minimum time, dtm, defined

by the user.

The minimum radius obtained in the eminence of a bubble collapse, which is defined as the bubble quick and sudden

contraction, is given by:

Rmin = R0e
−(R0)

2

[

1+R0
We
3

We+2

]

. (16)

where Rmin is the minimum radius, R0 is the initial radius and We is the Weber number.

4. RESULTS

In this section, we present different vibrational patterns of the nonlinear bubble motion. In order to understand the

bubble behavior when immersed in a magnetic fluid analysis such as collapse diagram and vibrational patterns identifi-

cation must be made. However, we do not intend to characterize all possible vibrational modes of the nonlinear bubble

oscillatory motion. The attenuation of collapse can be seen in figure (3). Once the bubble undergoes an external mag-

netic field, it is possible to analyze how the concept of collapse is modified by studying the collapse diagram. When the

applied magnetic field is increased, there is a stabilization on the bubble movement preventing collapse. This results can

be indicating that if a magnetic time scale is coupled with the period of bubble oscillations this mechanics produces a

stabilization of the system. Actually in the presence of the magnetic field the alignment of the magnetic particle with

the field must create a resistance for the radial bubble motion making a substantial attenuation on the amplitude of the

oscillations. This depends on how the magnetic relaxation time of the particle or fluid magnetization responds to the field

action compared with the period of the bubble oscillation. In general, it seems that the presence of a magnetic field even

at moderate Remag makes the motion of the bubble more stable decreasing the vibrational degree freedom of the bubble

motion and avoiding premature collapse.

χ

R
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Pattern 1 Pattern 1
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Pattern 3 Pattern 4

Figure 3: Typical vibration patterns as a function of Remag and χ identified with the present numerical simulation. For

all simulations runs: Re = 10, We = 10 and ε = 0.3.

These vibrational patterns can be analyzed by different dynamical systems approach of such as Fast Fourier Trans-

form (FFT), Poincaré section, phase plot, Lyapunov exponents and wavelets transform as shown in 4. Each one of these

approaches promotes gain of informations when characterizing a nonlinear dynamic system. For instance, the frequency

response give us information about the energy stored in every harmonic. Since the excitation frequency used was ω = 1,

we note that the biggest amount of energy is present in the first harmonic of a time series. On the other hand, deforma-

tions in the time response also can induce spectral spreading in which the energy of the system spreads along different

harmonics. That means that in some part of the system response, there is a frequency variation. That frequency variation
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is also seen in the phase plot as a shape deformation in the limit cycle. In this case, there is no second limit cycle, pointing

out that no period doubling is presented. The Poincaré section is another interesting approach to be used, specially when

the system is periodic. The stability of a periodic orbit of the original system is closely related to the stability of the fixed

point of the corresponding Poincaré map. We can see that there is a difference in the energy levels seen in the phase plot.
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Figure 4: Bubble response using different dynamical system approaches to analysis. (a) Shows the FFT; (b) the phase plot

and Poincaré section; (c) shows the three Lyapunov exponents. In all cases Re = 10, We = 10, ε = 0.3, ω = 1, χ = 0.3
and Remag = 1.

Another way to examine the degree of nonlinearity in a dynamical system is by computing the Lyapunov exponents.

This study allows us to observe the system sensitivity to initial conditions and the divergence and convergence rates of

nearby trajectories in phase space. This means that that the Lyapunov exponents (LE) or λ represent a measure of the

exponential separation (eλ) of the neighbouring trajectories over all points of a trajectory around an attractor. In terms

of Kolmogorov entropy (entropic metric) the LE may be interpreted as a mesure of the disorder in the bubble motion

response due to the acoustic forcing and the applied magnetic field.

Now, in order to compute the Lyapunov exponents, we need to transform the magnetic version of Rayleigh-Plesset

equation in an autonomous system, given by Equation 17.











dx
dt

= y
dy

dt
= 1

x

[

− 3
2y

2 + 2
We

(

1
x3 − 1

x

)]

− 1
x
− εsin(ωz)

x
+ 1

x4 − 4
Re

y

x2 + 1
Remag

[

χ

2

(

ln(5)− ln(x)− 3
8

)

− 3
32

]

dz
dt

= 1

(17)

Considering different values of Re, We, ε and the initial conditions it is possible to test the chaotic behavior of the

bubble using a Matlab Lyaponov Exponents Toolbox. The output of the Matlab LET code (Siu, 1998) may give different

behaviors, which can be classified as periodic cycles or stable equilibrium, non-linear chaotic and pure random processes.

In this case, all the Lyapunov exponents are negative and the Lyapunov dimensions of the system is null. Therefore, the

dynamic system is not chaotic.

In addition, another dynamical system analysis used less often, but extremely rich in information is the wavelet trans-

form. Unlike FFT, which provides only information on the frequency, wavelets provide information in both time and

frequency. In this case, the energy information is related to time and scales which correspond to the FFT frequencies.

This analysis is interesting in order to visualize patterns. In particular, there is bidirectional energy information in two

different spaces: time and frequency.

4.1 Neural Networks

For the trainning of both networks, the Scaled Conjugate Gradient method has been used in the Matlab Neural Network

Toolbox. The basic conjugate gradient backpropagation algorithm adjusts the weights in the steepest descent direction

(negative of the gradient). This is the direction in which the performance function is decreasing most rapidly. Even

though the Scaled Conjugate Gradient needs more storage than the other second order algorithms, its convergence is more

rapid. This algorithm is based upon a class of optimization techniques well known in numerical analysis as the Conjugate

Gradient Methods (Moller, 1993). From an optimization point of view learning in a neural network is equivalent to

minimizing a global error function, which is a multivariate function that depends on the weights in the network. This

perspective gives some advantages in the development of effective learning algorithms because the problem of minimizing

a function is well known in other fields of science, such as conventional numerical analysis (Watrous, 1987).

Considering the use of a logarithmic or tangential transfer function the results obtained by the neural network as

patterns are not integer numbers and those errors can lead to misidentifications. For that approach, ten tests have been

made for both harmonic and Lyapunov exponents inputs. In the case of the harmonic input, the FFT response containing
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both amplitude and frequency information from ω = 0 to ω = 10 are given as trainning set. For each case, the targets are

given as the correct patterns. In the second network, using Lyapunov exponents, the input is given as the three exponents

(LE1, LE2, LE3) obtained from the autonomous system as shown in figure 5.
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000
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Pattern

Figure 5: Typical schematic of a neural network.

For the first network, based on the frequency spectrum, 95 neurons are set in the hidden layer. The network is then

trainned during 100 epochs for each test. In the first layer a logarithmic transfer function is used and in the second layer a

linear transfer function. In the case of the second network, trainned with the Lyapunov exponents, 20 neurons are used on

the hidden layer and the network was trainned for 1000 epochs. In the first layer a tangential transfer function has been

used and in the second layer a linear transfer function.

4.1.1 Error Analysis

The performance of the pattern identification using Neural Networks is analyzed based on the normalized error. In

this case, it is defined as the normalized absolute error between the identified pattern and the correct one:

E =
|Pi − Pc|

4
100% (18)

where Pi is the pattern identified by the network, Pc is the correct pattern and 4 represents the number of possible patterns

within the range of the physical parameters of the dynamical system explored.

In table 1 we can see an example related with three selected results between the ten tests performed. In this case, the

higher relative error is 13.55%. Considering a bigger validation set, the error propagation is not going to be alarming. On

the other hand, from table 2, we can see the larger relative error when using lyapunov exponents as the main information

to train the neural network. Nevertheless, this information is not enough to decide which method would be better to use.

Table 1: Identified pattern and normalized error for the 3 of the 10 tests using the harmonic input.

Test 1 Test 2 Test 3

Pattern 1 1.008 (0.2 %) 1.013 (0.33 %) 1.024 (0.60 %)

Pattern 2 1.905 (2.38 %) 1.795 (5.13 %) 1.729 (6.78 %)

Pattern 3 2.894 (2.65 %) 3.127 (3.18 %) 3.075 (1.88 %)

Pattern 4 4.237 (5.93 %) 4.135 (3.38 %) 3.967 (0.83 %)

We can see from figure 6 that even though the results from tables 1 and 2 have shown that the Lyapunov exponents

can lead to more missidentifications, on the average, the results are more accurate and carry some relevant informations.

The tests carried out here have demonstrated that the use of less information as input, such as the Lyapunov exponents,

and more epochs of trainning may be more efficient. In this condition, the network has more time to adjust the neurons

weights. In general, the patterns have small distinctions among themselves and the use of the frequency spectrum ends

up not being the best tool. This is because the differences in bandwidth and amplitude of each harmonic do not change

much. For this reason, the network ends up having difficulties in storing the primary characteristics of each pattern. If the

patterns presented more non-linear characteristics as shown in other studies (Malvar et al., 2015), the use of the frequency

spectrum would be more appropriate.
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Table 2: Identified pattern and normalized relative error for the 3 of the 10 tests using Lyapunov exponents input.

Test 1 Test 2 Test 3

Pattern 1 1.335 (8.38 %) 1.387 (9.68 %) 1.430 (10.75 %)

Pattern 2 2.183 (4.58 %) 2.035 (0.88 %) 2.088 (2.20 %)

Pattern 3 3.099 (2.48 %) 2.906 (2.35 %) 3.118 (2.95 %)

Pattern 4 4.342 (8.55 %) 3.906 (2.35 %) 3.783 (5.43 %)
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Figure 6: Comparison between both networks explored in the present work. (a) Result of 10 tests made with different

weights initial conditions for the frequency spectrum input; (b) Results of 10 tests made with different weights initial

conditions for the Lyapunov exponents input;

4.1.2 Pattern Identification

In order to consider the pattern identification the obtained pattern was rounded to an integer. trainned with the Lya-

punov exponents. In this context, the higher the error obtained in the previous approach, the greater the chances for the

neural network to misidentify the pattern (considering the rounding).

Table 3: Identified pattern for the 10 tests for the harmonic input. In this context, the neural network idenfity accurately

the pattern in 90% of the time.

Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Test 9 Test 10

Pattern 1 1 1 1 1 1 1 1 1 1 1

Pattern 2 2 2 2 1 2 2 2 2 1 2

Pattern 3 3 3 3 3 3 3 3 3 3 3

Pattern 4 4 4 4 5 5 4 4 4 4 4

Correct Identification 100 % 100 % 100 % 50 % 75 % 100 % 100 % 100 % 75 % 100 %

Table 4: Identified pattern for the 10 tests for the harmonic input. In this context, the neural network idenfity accurately

the pattern in 95% of the time.

Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Test 9 Test 10

Pattern 1 1 1 1 1 1 1 1 1 1 1

Pattern 2 2 2 2 3 2 2 2 2 3 2

Pattern 3 3 3 3 3 3 3 3 3 3 3

Pattern 4 4 4 4 4 4 4 5 4 4 4

Correct Identification 100 % 100 % 100 % 100 % 75 % 100 % 100 % 100 % 75 % 100 %

As we can see from tables 3 and 4, the Lyapunov exponents give a robust way for examining the bubble dynamic

system explored in this work with neural network. The neural network correctly identified the vibrational pattern in 95 %
of the time.
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5. CONCLUSIONS

The present work has explored a method for identifying vibrational patterns in order to characterize the oscillatory

motion of a spherical gas-bubble immersed in a magnetic fluid in the presence of an acoustic pressure forcing and an

applied magnetic field. The motion of the bubble is governed by a magnetic version of the Rayleigh-Plesset equation.

For that we have considered that the bubble has no tangential deformation. This assumption is true for small bubbles

under conditions of creeping flow. In this bubble size scale, the superficial tension forces are able to prevents deformation

induced by inertial effects. Furthermore, it was noticed that under action of a magnetic field, the alignment of the particles

tends to attenuate the amplitude of the bubble oscillatory motion. Consequently, less vibrational patterns are observed than

in the case of the bubble immersed in a Newtonian fluid. These patterns have also shown greater periodicity. Nevertheless,

the use of the fifth order Runge-Kutta method with adaptive time step and a criterion of collapse based on asymptotic

theory for the minimum radius of collapse allowed the identification of smal anisotropy in both frequency spectrum and

Lyapunov exponents.

In this situation frequency spectrum points and Lyapunov exponents have been employed in the training of neural net-

works. These neural networks were trained with the same algorithm: Scaled Conjugate Gradient method. Both presented

very satisfactory results. During validation, the neural network trained with the amplitude and frequency information

correctly identify the the vibrational pattern in 90% of the time. The network trained with Lyapunov exponents is even

more efficient, resulting a 95% accuracy rate.

This is a consequence due to the fact that the network trained with the Lyapunov exponent has less information to

be used in training (only 3 numbers), whereas in the case of frequency spectrum 95 points were used for each input. In

addition, the exponents have been more sensitive to the changes of the patterns. This shows that the FFT may not be

the most appropriated approach for this type of analysis in the absence of pattern being highly nonlinear. Indeed, from a

practical point of view, changes in harmonics amplitude is not very significant in these cases.

In pratical problems that make use of the cavitation phenomena and ferrofluids, this identification opens application

possibilites in different fields, such as biomedical and naval industries. In the cavitation study, characterizing the bubble

freedom degrees in its nonlinear motion is very important for predicting premature collapse. In this context, using neural

networks in order to identify cavitation vibration modes seems to be very promising for a complete characterization of

bubble dynamics.
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