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Abstract. Nowadays the offshore cargo transfer is being treated as a promising technology. The biggest challenge in
offshore cargo transfer is to control and stabilize the load. However, to test control strategies in a real scenario is
dangerous. Thus, it is necessary the development of mechanisms that simulates the behavior of cranes that are fixed on
floating platforms like vessels and offshore platforms. This paper presents the equations of motion for a hybrid parallel-
serial manipulator. This manipulator is composed by a modified SCARA robot coupled to a Stewart-Gough platform,
which is designed to simulate a crane operating on a floating platform. This hybrid robot is considered as a nine degrees
of freedom system composed of seventeen bodies. The equations of motion are obtained using the Kane’s method. The
inverse dynamics equations are derived and simulated. This work will allow the design of a serial manipulator to be
attached to an already built Stewart-Gough platform.
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1. INTRODUCTION

Since remote times, the sea shipping trade has a huge impact on humankind activities. In face of this importance, new
technologies and methods that promote any advance in sectors that allow technological or logistics advantages arouse
interest around the world. A new technology that has been treated as a promising one is the offshore cargo transfer
operation. This technology aims the transfer of containers between vessels or between a vessel and an offshore platform.
The biggest challenge in offshore cargo transfer is to control and stabilize the load, in a manner that it can be allocated in
another ship smoothly. However, to develop and test control strategies in a real scenario is dangerous. Thus, it is necessary
the development of mechanisms that simulates the behavior of cranes that are fixed on floating platforms, like vessels, and
offshore platforms. In this paper it is proposed a new hybrid manipulator designed to simulate a novel crane to be used in
offshore cargo transfer operations.

The robot manipulators can be classified into three types: serial, parallel and hybrid. Siciliano et al. (2009) defines
the serial robot as a mechanism composed by an open kinematic chain. The parallel robot is defined by Merlet (2006)
as a robot that is made up of an end-effector with n degrees of freedom and a fixed base, linked together by at least
two independent kinematic chains, whose actuation takes place through n simple actuators. According to Tanev (2000),
a hybrid type manipulation system is a combination of closed-chain and open-chain mechanisms or it is a sequence of
parallel mechanisms. Hybrid manipulators conjugate the main advantages of serial and parallel manipulators, they have a
considerable workspace in addition to a rigid architecture (Alvarado, 2005).

Among the serial robots, the SCARA manipulator has one of the best ratio of the load capacity/robot mass (Merlet,
2006). Based on this, it was proposed a new architecture of a serial robot based on the SCARA manipulator to be used
in the offshore cargo transfer operations. Moreover, a Stewart-Gough platform is a type of parallel manipulator that can
simulate the 6-DOF of a floating body. By the coupling of this serial manipulator with the parallel manipulator a new type
of hybrid robot is proposed, Fig 1.

2. KANE’S METHOD

Kane and Levinson (1985) have proposed a general method for obtaining the equations of motion of multi-bodies
holonimic or nonholonomic systems. According to Kane and Levinson (1985), the expressions of the angular velocities
of rigid bodies and the linear velocities of the points of a system S , in which the configuration in an inertial frame
R1 can be defined by n generalized coordinates (q1, ...., qn) can be written in a particularly advantageous way with the
introduction of n quantities (u1, ..., un) called generalized speeds for S in R1. These quantities are defined as Eq. (1).

ur =

n∑
s=1

Yrsq̇s + Zr r = 1, 2, ..., n (1)
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Figure 1. Hybrid robot for offshore cargo transfer simulation

Where Yrs and Zr are functions of the time t. These functions need to be chosen in a way that Eq. (1) has only one
solution for q̇1, ...q̇n. Using this equation, the linear velocities v and the angular velocities ω can be written as:

v =

n∑
r=1

vrur + vt (2)

ω =

n∑
r=1

ωrur + ωt (3)

Where vr, ωr, vt, ωt are functions of q1, ..., qn, and the time t. The vector vr is called partial velocity and ωr is
called partial angular velocity. Using these terms,Kane and Levinson (1985) defined the generalized active forces as:

Fr =

ν∑
i=1

vPi
r ·Ri + R1ωRk

r · T i r = 1, 2, ..., n (4)

Where ν is the number of bodies comprising S, Rk is the reference frame fixed in the ith body of S, Pi is a typical
particle of the ith body of S, vPi

r and R1ωRk
r are, respectively, the partial velocity and the partial angular velocity of Pi

in R1, and Ri and Ti are, respectively, the resulting of all forces and torques acting on Pi. In a similar way, Kane and
Levinson (1985) defined the generalized inertial forces as:

F ∗
r =

ν∑
i=1

vPi
r · (−miai)− R1ωRk

r · (Imi · R1αRk + R1ωRk × Imi · R1ωRk) r = 1, 2, ..., n (5)

Where mi, ai, and Imi are, respectively, the mass, the acceleration and the inertia of the ith body, and R1ωRk and
R1αRk are, respectively, the angular velocity and the angular acceleration of the frame Rk in R1. The equations of
motions are obtained by the sum of Eq. (4) and Eq. (5). According to Liu et al. (2005), the form of the equations is
quite simple, and calculating Kane equations only engages in additions, subtractions, and multiplications, thereby it is
significantly convenient to construct and solve the dynamic equations for complex systems.

3. DYNAMIC MODELING OF 9-DEGREE-OF-FREEDOM HYBRID ROBOT

In this section, the dynamic equations of the hybrid robot are obtained. In order to make the analysis easier to
understand, it will be divided in two parts, the serial and the parallel. Then the equations derived in each part will be
coupled to obtain the dynamic equations of the hybrid robot.



23rd ABCM International Congress of Mechanical Engineering (COBEM 2015)
December 6-11, 2015, Rio de Janeiro, RJ, Brazil

3.1 Dynamic Modeling of the Parallel Robot

As stated by Meng et al. (2010), in the dynamic modeling of the Stewart-Gough platform when the inertia of the load
was not much larger than that of the actuators, the effect of actuators inertia is no longer negligible; thus, the parallel robot
is modeled as a system compound by thirteen bodies in a closed kinematic chain. The dynamic equations of this system
using Kane’s formulation were obtained by Yang et al. (2012), Liu et al. (2000), Meng et al. (2010), and Wu et al. (2012).
However, in this paper it will be used a new approach that combines the Kane’s method with the exponential formulation
to represent rotations. According to Murray et al. (1994), a rotation of a rigid body can be represented as:

R(ω, θ) = eω̂θ = eΩ̂t (6)

Where ω ∈ R3 is a unit vector which specifies the direction of rotation, θ ∈ R is the angle of rotation in radians, and
Ω ∈ R3 is the angular velocity of the body. The operator ̂ converts a 3× 1 vector into a 3× 3 screw matrix.

The length of each leg is obtained by Eq. (7):

li = pO1/O2 · n1n1 + eΩ̂R2 tpO2/Si · n2n1 − pO1/Pi · n1n1 i = 1, 2, ..., 6 (7)

Where li is the position vector of point Si to point Pi, pO1/O2 is the position vector of the point O2 to point O1,
pO2/Si is the position vector of point Si to O2, pO1/Pi is the position vector of point Pi to O1, R2 is a reference frame
fixed at the center of mass of the movable platform, ΩR2 is the angular velocity of the frame R2 to the inertial frame R1,
n1 is a orthonormal vector basis that compound the reference frame R1, and, similarly, n2 compound R2. These points
can be seen in Fig. 1.

Equation (7) is differentiated in R1:

.

li =
R1dli
dt

= vcm1 + ΩR2 × eΩ̂R2 tpO2/Si · n2n1 (8)

The velocity of the center of mass of the movable platform vcm1 is:

vcm1 = q̇1x1 + q̇2y1 + q̇3z1 (9)

To describe the movement of the movable platform six generalized coordinates are used, which q1, q2, and q3 are the
translation movement at the x1, y1, z1 axis, respectively. Moreover, q4, q5, and q6 represent the rotation movement at
these axis, respectively. The vectors x1, y1 and z1 are the orthonormal vector basis of R1. An unit vector uli that has
the same direction of li is created. Considering the length of the ith leg as li, Eq. (7) can be written as:

li = liuli (10)

Equation (11) is derived by the differentiation of Eq. (10) in R1:

.

li =
.

li uli + ΩRli × liuli (11)

Cross-producting both sides of Eq. (11) with uli and equating to Eq. (8), the angular velocity of the ith leg in R1 can
be derived:

ΩRli =
uli ×

(
vcm1 + ΩR2 × eΩ̂R2 tpO2/Si

)
li

(12)

Where Rli is a reference frame fixed at the ith leg.
The angular acceleration of the ith leg αRli can be obtained by the differentiation of the Eq. (12):

αRli =
R1dΩRli

dt
= ΩRli ×

(
uli
li
×
(
vcm1 + ΩR2 × eΩ̂R2 tpO2/Si

))
+

+
uli
li
×
(
acm1 +αR2 × eΩ̂R2 tpO2/Si + ΩR2 ×ΩR2 × eΩ̂R2 tpO2/Si

) (13)
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Where acm1 is the temporal differential of vcm1 in R1. Each leg is compound by two links. The position of the center
of mass of the bottom link pPi/lpi is:

pPi/lpi =
lc

2
uli (14)

Where lc is the length of the bottom link. The position of the center of mass of the upper link pPi/lsi is:

pPi/lsi =
(li + lc)

2
uli (15)

Differentiating the Eq. (14) and Eq. (15) twice, the accelerations of the center of mass of upper and bottom links,
respectively, alsi and alpi can be derived:

alsi =
1

2
(
..

li uli + ΩRli ×ΩRli × (li + lc)uli + 2ΩRli×
.

li uli +αRli × (li + lc)uli) (16)

alpi =
lc

2

(
ΩRli ×ΩRli × uli +αRli × uli

)
(17)

As stated by Kane and Levinson (1985), if the generalized speeds are chosen as Eq. (18), the partial velocities can be
derived as shown by Eq. (19)

ur =
dqr
dt

(18)

vr =
∂p

∂qr
(19)

The partial velocities of the center of mass of the movable platform, center of mass of the upper link, and center of
mass of the bottom link, respectively, vcm1

r , vlsir , and vlpir are derived:

vcm1
r =

∂pO1/O2

∂qr
r = 1, 2, 3, ..., 6 (20)

vlsir =
∂pPi/Lsi

∂qr
=

(li + lc)

2
ωRlir × e

∑6
r=1 ω̂

Rli
r qrn1 +

1

2

∂li
∂qr

(21)

vlpir = ωRlir × e
∑6

r=1 ω̂
Rli
r qr · lc

2
n1 (22)

Where ωRlir is the partial angular velocity of ΩRli .

ωRlir =
uli
li
×
(
vcm1
r + ωR2

r × eΩ̂R2 tpO2/S1

)
(23)

And ωR2
r is the partial angular velocity of movable platform:

ωR2
r =

∂ΩR2

∂q̇r
r = 1, 2, ..., 6 (24)

The generalized active forces and the generalized inertia forces of the Stewart-Gough platform are derived:
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Fr = m1g · vcm1
r +

6∑
i=1

(Fli(p
O2/Si × uli) · ωR2

r + Fliuli · vcm1
r +mlpig · vlpir +mlsig · vlsir )

r = 1, 2, ..., 6

(25)

F ∗
r = −(m1a

cm1 · vcm1
r +

(
Im1
·αR2 + ΩR2 × Im1

ΩR2

)
· ωR2

r +

6∑
i=1

(mlpia
lpi · vlpir +mlsia

lsi · vlsir +

+
(

(I lpi + I lsi) ·αRli + ΩRli × (I lsi + I lpi)Ω
Rli
)
· ωRlir ))

r = 1, 2, ..., 6

(26)

Where g is the gravity force, m1 and Im1
are, respectively the mass and the tensor of inertia of the movable platform.

mlsi and I lsi are, respectively the mass and the tensor of inertia of the upper links. And mlpi and I lpi are, respectively
the mass and the tensor of inertia of the bottom links. Fli is the force that the ith linear actuator apply at the movable
platform.

3.2 Dynamic Modeling of the Serial Robot

In this subsection, a novel method to derive the dynamic equations of a general serial robot is presented. This method
combines the Kane’s method with the exponential formulation to describe rotations. A general robot is presented in Fig
2.

O
R

Ck-1

Ck

Ck+1

Q

P

lk +qp

mk

Figure 2. General serial robot

Equation (27) shows the position vector of the center of mass of the kth body. Where the point O is the origin of the
system, the point mk is the center of mass of the kth body, ΩRk is the angular velocity of the kth body to the inertial
frame R1, qp is a generalized coordinate associated to a translation movement.

pO/mk = pO/Q · n1n1 + eΩ̂Rk t(lk + qp)n1 (27)

The angular velocity ΩRk can be written as:

ΩRk = ωRk
1 q̇1 + ωRk

2 q̇2 + ...+ ωRk
n q̇n (28)

Where q1, q2, ..., qn are the generalized coordinates associated to the rotation movements of the kth body. The axis
ωRk

1 , ..., ωRk
n are the rotation axis of the revolution joints. If the generalized speeds are chosen as Eq. (18), these axis are

also the partial angular velocities.
Differentiating the Eq. (27) twice, the acceleration of the center of mass of the kth body is obtained:

R1acmk =R1 aQ + ΩRk ×ΩRk × eΩ̂Rk t(lk + qp)n1 +α× eΩ̂Rk t(lk + qp)n1+

2q̇pΩ
Rk × eΩ̂Rk tn1 + q̈pe

Ω̂Rk tn1

(29)
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The partial velocities of the center of mass of the kth body can be obtained by the partial differentiate of the Eq. (27):

vcmk
r = vQr + ωRk

r × pQ/mk +
∂qk
∂qr

e
∑n

s=1 ω̂
Rk
s qsn1 r = 1, 2, ..., k, ..., n (30)

Where pQ/mk is the position vector of the center of mass of the kth body to the pointQ and n is the number of degrees
of freedom of the serial robot.

Thus, the equations of motion of a general serial robot compound by S links are derived:

S∑
i=1

vcmi
r · (mia

cmi) + ωRi
r · (Imi ·αRi + ΩRi × Imi ·Ω

Ri) =

S∑
i=1

vcmi
r · Fi + ωRi

r · Ti r = 1, 2, ..., n (31)

Where mi and Imi are, respectively, the mass and the tensor of inertia of the ith link. Ti is the active torque applied
at the ith rotation joint and Fi is the active force applied at the ith prismatic joint.

Applying this method to the modified SCARA robot shown in Fig. 1 coupled to the parallel robot, the generalized
active forces and the generalized inertia forces, respectively, of this serial robot can be derived.

Fr = m2g · vcm2
r +m3g · vcm3

r +m4g · vcm4
r +m5g · vcm5

r +(
ωR3
r − ωR2

r

)
· T1 +

(
ωR4
r − ωR4

r

)
· T2 + (vcm4

r − vcm5
r ) · Fs r = 1, 2, ..., 9

(32)

F ∗
r = −(m2a

cm2 · vcm2
r +m3a

cm3 · vcm3
r +m4a

cm4 · vcm4
r +m5a

cm5 · vcm5
r +(

Im2
·αR2 + ΩR2 × Im2

ΩR2

)
· ωR2

r +
(
Im3
·αR3 + ΩR3 × Im3

·ΩR3

)
· ωR3

r +(
(Im4

+ Im5
) ·αR4 + ΩR4 × (Im4

+ Im5
)ΩR4

)
· ωR4

r ) r = 1, 2, ..., 9

(33)

Where q7, q8, and q9 are, respectively, the angle of the first and second rotation joints and the displacement of the
prismatic joint of the serial robot. ΩR3 and ΩR4 are, respectively, the reference frames fixed at the second and third links
of the serial robot. The subscript 2,3,4, and 5 refers to the first, second, third and fourth links of the serial robot, because
the subscript 1 was used to represent the movable platform. T1 and T2 are the active torques at the first and second
rotation joints and Fs is the active force acting at the prismatic joint of the serial robot.

3.3 Dynamic Modeling of the Hybrid Robot

The generalized active forces of the hybrid robot can be derived by adding the equation 25 with equation 32:

Fr = m1g · vcm1
r +m2g · vcm2

r +m3g · vcm3
r +m4g · vcm4

r +m5g · vcm5
r +

(
ωR3
r − ωR2

r

)
· T1+(

ωR4
r − ωR3

r

)
· T2 + (vcm4

r − vcm5
r ) · Fs +

6∑
i=1

(Fli(p
O2/Si × uli) · ωR2

r + Fliuli · vcm1
r +

mlpig · vlpir +mlsig · vlsir ) r = 1, 2, ..., 9

(34)

Moreover the generalized inertia forces of the hybrid robot can be derived by adding the Eq.(26) with Eq.(33):

F ∗
r = −(m1a

cm1 · vcm1
r +m2a

cm2 · vcm2
r +m3a

cm3 · vcm3
r +m4a

cm4 · vcm4
r +m5a

cm5 · vcm5
r +(

(Im1
+ Im2

) ·αR2 + ΩR2 × (Im1
+ Im2

)ΩR2

)
· ωR2

r +
(
Im3
·αR3 + ΩR3 × Im3

·ΩR3

)
· ωR3

r +(
(Im4 + Im5) ·αR4 + ΩR4 × (Im4 + Im5)ΩR4

)
· ωR4

r +

6∑
i=1

(mlpia
lpi · vlpir +mlsia

lsi · vlsir +(
(I lpi + I lsi) ·αRli + ΩRli × (I lsi + I lpi)Ω

Rli
)
· ωRlir )) r = 1, 2, ..., 9

(35)

Thus, the dynamics equations of motion are derived adding Eq.(34) with Eq.(35):

Fr + F ∗
r = 0 r = 1, 2, ..., 9 (36)
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4. SIMULATION OF THE INVERSE DYNAMICS

The inverse dynamics problem consists of determining the joint forces and torques which are needed to generate the
motion specified by the joint accelerations q̈(t), velocities q̇(t) and positions q(t) (Siciliano et al., 2009). Equation (36)
can be turned into a matrix equation:

AX = B (37)

Where the lines of matrixA are:

Ar = [
(
ωR3
r − ωR2

r

)
· z3,

(
ωR4
r − ωR3

r

)
· z4, (vcm4

r − vcm5
r ) · x4, ul1 · vcm1

r + (pO2/S1 × ul1) · ωR2
r ,

ul2 · vcm1
r + (pO2/S2 × ul2) · ωR2

r , ... , ul6 · vcm1
r + (pO2/S6 × ul6) · ωR2

r ] r = 1, 2, 3, ..., 9
(38)

The elements of vectorB are:

Br = m1a
cm1 · vcm1

r +m2a
cm2 · vcm2

r +m3a
cm3 · vcm3

r +m4a
cm4 · vcm4

r +m5a
cm5 · vcm5

r +(
(Im1 + Im2) ·αR2 + ΩR2 × (Im1 + Im2)ΩR2

)
· ωR2

r +
(
Im3 ·αR3 + ΩR3 × Im3

·ΩR3

)
· ωR3

r +(
(Im4 + Im5) ·αR4 + ΩR4 × (Im4 + Im5)ΩR4

)
· ωR4

r +

6∑
i=1

(mlpia
lpi · vlpir +mlsia

lsi · vlsir +(
(I lpi + I lsi) ·αRli + ΩRli × (I lsi + I lpi)Ω

Rli
)
· ωRlir ) +m1g · vcm1

r +m2g · vcm2
r +

m3g · vcm3
r +m4g · vcm4

r +m5g · vcm5
r r = 1, 2, ..., 9

(39)

And the vector X is:

X = [T1 T2 Fs Fl1 Fl2 Fl3 Fl4 Fl5 Fl6 ]
T (40)

Where Fl1 , ..., Fl6 are the absolute values of forces that the 1st, ..., 6th linear actuators apply respectively at the mov-
able platform. T1 and T2 are the absolute values of the active torques applied at the 1st and 2nd rotation joints and Fs
is the absolute value of the active force applied at the prismatic joint of the serial robot. The inverse dynamic is derived
multiplying both sides of the Eq. (37) by the inverse matrix ofA. The inverse dynamic was simulated for a movement of
the robot as it is described at Tab. 1. The result is showed at Fig. 3.

Table 1. Behavior of the generalized coordinates for simulation of the inverse dynamic

i qi
1 0.03cos(0, 4t)
2 0, 02cos(0, 4t+ 0, 5)
3 0, 5 + 0, 035cos(0, 4t)
4 (π/9)cos(0, 2t+ 0, 2)
5 (π/9)cos(0, 2t+ 0, 3)
6 (π/9)cos(0, 2t+ 0, 4)
7 (π)cos(0, 5t)
8 (π/3)cos(0, 5t)
9 (0, 15)cos(0, 2t+ π/2)

5. CONCLUSION

In this work it was proposed a novel 9 degree of freedom hybrid robotic manipulator to simulate the behavior of a
crane operating on a floating platform. This hybrid manipulator is composed by a modified SCARA robot coupled to a
Stewart-Gough platform. The dynamic equations of movement of this hybrid manipulator were derived. To derive these
equations it was used a new approach that combines the Kane’s method with the exponential formulation to represent
rotations. Also, the inverse dynamic of this robot was derived and simulated.
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Figure 3. Active forces and torques at the hybrid robot
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