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Abstract. The essence of chaotic dynamics can be substantially reproduced through analogical electronic systems.
Therefore, this article presents the design project of an electronic system based on the mathematical equation of
dynamic systems, as well as its responses and analyses of the results. Electronic systems generate the analysis of
dynamic behaviour, providing the ease at which it varies the input parameters. In this article, the behaviour of a
Duffing Oscillator with characteristics of linear until chaotic is scrutinized. The responses given by the electronic
system are compared to the numeric solution produced by the mathematical model of the oscillator. The results from
the theoretical and experimental systems were analysed through linear and nonlinear techniques, where it was noted
that the experimental system produces adequate results and can be used in the experimental part of teaching nonlinear
dynamics as well as for research tests.
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1. INTRODUCTION

Nonlinear behaviois inherent to variety of systems, including systems obialogical nature afound in the
growth of populations or the functiolg of organs in living organismsn ithe scope of physics concerning pendu
systems, ta orbits of planets affected several gravitational forces, in engineering, meata and lectrical systems
that possess components and materials of a nonlivegare. In engineering, thbehaviorhas been studied under 1
motivation of eliminating nonlinearity or to useetkiariety inbehaviorto optimize its operation

According to Ogata (2004)dynamic systems electrical and mechanical can pedanalogous respons
represented by the same mathematicatlel these systems are described through equationsthédthame derivative
or integrals. Experimental mechanical systems dfifec ult to implement, due to the high cost associatétth the
equipment. In most cases, the research and teachihgnamics is limited to simulations by compuaealysis, whict
means that responses are limitied mathematical theory, and interference ah noise that is already comm
knowledge. Tis therefore means that, ot interferences and noisesgaggated from real systems do not contri to
the simulation. Experimental systems also becoraimgaier and more interesting form fanalyzin¢ behavior.

In this study, the authors presenbehavioral analysis of the nonlinear Duffingdlator. Thesoftware Matlab®
was employed to resolve the mathematical functibth® system through numerical methods, as wethagespons
analysis of tb experimental system. Time series analysis of sateeesting responses eanalyzed in both time and
frequency, with the Poincare section being constdufor highlighted responses. The reconstructirameters of th
state spaces are also analyzdd minimum dimension of immersion, time delay ahd behavior of the higher
Lyapunov exponent.

The authors also simulated the project for thetetecircuit through a suitable prograamd the data welanalyzed.
The analogy of the experimental systeind the construction of the circuit are explained fbe purpose c
reconstruction. After the application of adjustse texperimental circuit was once again solved thinonumerica
methods in order to compare the res

2. DUFFING OSCILLATOR
According to Tamaseviciutet al. (2008), the oscillation equation wittubic rigidity from the Duffing (scillator

can be used to describe the dynamics of an elactiicmechanical system. The Duffing system canelpeesented b
Fig.1, containing mass, nonlineapring and dampening. Thus, posses as chaacteristic the variable B tt
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represents the parameter of nonlinearity relativihe rigidity of the spring, in accordancith Eq.1 and in this system
consisting of an externakcitation forc.

MX + Dx + Kx + BxS = f cos (at)

K+B D (1)
m |t
T ()
i1y

Figure 1 -Model of physical syste
3. ELECTRONIC CIRCUIT DUFFING OSCI LLATOR
3.1 Project electronic circuit

Electrical circuits can act as integrator or dewvamultiplier or divider, adder or subtractor, @mg many othe
possibilities. These circuits@based on amplifier operatic and for each operatidhere exists a special construct
procedure (Malvino, 1995). The composition of thectonic prototype can be used for the analysithefsystem’
behaviorand the adjustment of those parameters for resprmrgeol.

In order to slve the Duffing Oscillator equation, the authomveloped an electronic system, which cont
analogical integrators and multipliers.

The electronic circuit integrat@onverts the input signal in accordance with Egfere it is noted that the R(me
constant integration should present a low valuerder that the circuit stabilizes quickly. Thisdige to the fact thate
before the circuit acts as an integrator, the dégracneed to be loaded according to the initiahditons. In &
seeminglycounterintuitive manner, it is also necessary tosater that in the RC project needs to be greatn ter
times the signal period, i.e. RC > 10T.

t
-1 @
y(t) RCE[X(t)dt

When the integrated circuit is excited by an aléed signal there exi: an inversely proportionate gain to 1
frequency, as in Eq.3. Therefore, verifying that dircuit is insensitive to high frequency noisel &mlow frequencies
the gain is considerably incremented, tending tawarfinity when the frequency tends tcads zero.

1

A=—— 3
277fRC )
Whereasthe multiplication of a sinusoidal signal by itsgénerates a DC level and an alternated signalduitible
the frequency, as shown in EqAnd, following on with a seind multiplication generating component with three
times the excitation frequency, as well as anahftiequency component, in accordance witt5 the multiplier circuit
is suitable for producing®x

1 1 (4)

sin( f 277) x sin( f2n):5—§cos(2f2n)

(5)
sin®(f27) =

Nlw

sin(f2n)—%sin(3f2n)

The designed electronic circuit used two integsateith TLO74 and two AD633 analogical multipliens,order ta
construct the nonlinear component of the spring,ilthstrative diagram for this component is shawifrig.2. With the
aim of finding X with a negative signal, the first multipl's inputs will be inverted and X2 and Y1 will be tsad. On
the second multiplier the referential inputs wikk X2 and Y2. The configuration adopted for 1AD633 is in
accordance with Eqg,6where the input Z isarthed, and the gain at the multiplier output wasr@ased, thu
compensating the integrator circuit characteristidividing the signal by 10V.
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Figure 2 - Functional Block Diagram
(AD633JN Pinout Shown)

According to Dianese (1984), the electronic cireugkeds to be designed in such a way that it respleetworking
conditions of its respective components. Importegdtrictions placed upon an electronic system &aee gower
amplitude band applied to the components and theackeristics of the signal processed in voltatgstec current and
frequency. In the dynamic behavior analysis of ghistem, it is necessary to alter the system pamansetles to the
appropriate operation band, adapting the electsawithe dynamic system.

3.2 Experimental electronic circuit

In this analysis, the authors used the Duffing {lor mathematical model from Eq.7, which may présa
nonlinear and chaotic behavior, depending on tleeifipd parameters, in accordance with Savi (2006¢ decision to
use numerical methods in Matlab® by means of Rufwga of the fourth order to be the method of radoh of
ordinary differential equations produced a betfgrraach, as = 4 showed nonlinear behavior, Fig. 3a, apdFH.5
chaotic behavior, Fig. 3b. This arrangement usilmpoints [0,0], dt = 0.01s, and at a full cajppof 10000 points, at
a frequency of 0.156 Hz.

The system was also solved for a frequency of 200ntich will be used in the experimental systeonglwith the
amplitude k= 5000, due to the forcing amplitude being propordi to the frequency. The result of this excitatom
the low band frequency is presented on the grajiigis3c.
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Figure 3a — Quasiperiodic Oscillator ~ Figure-3Dscillator chaotic ~ Figure 3¢ — Forcing fregay 200Hz

In the study by Rochet al. (2005) the scale of the mathematical model shbeldltered in order to improve the use
of the voltage range in which the electronic systam work, in this context the ranges were altémesitcordance with
Eq.8 and the system went on to be represented 8y Eq

U =2u and v, =V (8)

I =2V
o 9)

3
Vo = ~0.05v; +0.1u —% +F, cos(1t)

3
In order to adapt the system to the features ofefleetronic components, the terH?A)O is highlighted to

facilitate the processing of the equation, as eachiplication results in the signal being dividey 10. In this manner
the new system equation was in agreement with Eq.10
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Uy =2V

3

(10)
Vo = —0.05vy +0.1uy — 12.5{1%} +Focog1t)

Every one of the system’s parameters is divided2$, resulting in Eq. 11. The inputs for the firgegrator circuit
are the parameters for the second equation, whfch i

_4
u=—v
25 (11)
3
\'/:——1 v+—1 u-—-_ +£F0cos{£t)
250 125 100 25 25

The numerical solution for Eq. 11 fopF4 e R=7.5, presents the expected behavior, as shoveigraphs in Fig.
4a and Fig. 4b, respectively.
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Figure 4a — State spacg=H Figure 4b — State spacg=FH.5

The resistors used are inverse to the respectiramader of the Eq. 11, multiplied by a magnitudat thdjusts the
circuit to its limitations, in accordance with Iik2.

rs=125kQ; rvv=2500kQ; ruv=1250kQ; ruu=10kQ; rvu= 62.5kQ. (12)

Dynamic systems of the high complexity presenticiffies when it comes to mathematical modellimgan initial
analysis can be generated a simplified model. Theeinshould be experimentally tested to check tbednfor
alterations for greater precision (Ogata, 2004)lokang this line of reasoning, the experimentasteyn also needs to
incorporate quality in its construction to be shii¢éato the mathematical model.

3.3 Construction of the electronic circuit analog to Didfing Oscillator dynamic system.

The project was implemented through some impoxtdtdria. The construction uses j-fet operatiomaplifiers of
low noise in its integrators, as common operati@maplifiers add noise to the input signal. The esystvas set fully
fluctuating without an earth contact, as this @afiguration that adds noise from the supply nekwicequency.

The 200 Hz frequency was used on the experimepsadis, as it was deemed adequate for the integratut the
capacity of the data acquisition board used. Thpetiof the adder of the circuit multiplier was ceoted to the power
reference, and it was necessary to calibrates¢hef multipliers in order that the response bagreement with the
mathematical equation, with a consequential ineréashe resistor “ruu” to 28.4k

After adjusting the values, the circuit was oncaiagolved for Runge-Kutta, being thag £7.5, presented the
response considered adequate for use of the cincthie response analysis.

The system’s behavior was analyzed using an oscilee as well as with a computer. The photos in Fig
represent the circuit on the protoboard and th&esys response on an oscilloscope for differeritahconditions. The
use of the oscilloscope provides the option ofrialtethe input and observing the output in reaktim
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Figure 5 - Electronic circuit and result on theitbescope

The state space in Fig. 6 refers to the signaleatedd on the computer. Fig. 6a refers to the ismnal amplitude
of 0.96 V. For the amplitude of 1.2V, the resultsisown in Fig. 6b, and for the amplitude of 1.6%e tresult is

presented in Fig. 6¢. One observes from thesedgtire increases in complexity of the response thighincrease in

amplitude.
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Figure 6a — Forcing with 0.96V

4. ANALYSIS OF DATA
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Figure 6b - Forcing with 1.2V Figure 6c¢ - Forcing with 1.6V

The experimental system with forcing for 0.96, &l 1.6 V in the 200 Hz frequency designated her& &or
0.96V generated highlights in the amplitude in tteguencies f, 2f. The response for 1.2V preseotédr multiple
frequencies of f, but did not present frequencyeaging in low amplitude. The 1.6 V signal generatedhaotic
response with amplitudes in f, 2f, 3f and with sulieg along some frequency ranges, as defined yfelNaand

Balachandran (2004).

The Poincare maps in Fig. 7 were constructed #fietwentieth cycle, excluding the transitory stdtke data of
the maps are concerning each complete forcing gefibe map in Fig. 7a presents a singularly deag®n, which
demonstrates a small variation in the cycles, iradathe 0.96V forcing. The map in Fig. 7b presaht®e distinct
regions with low variation, which refers to 1.2vhd forcing with 1.6V generated a variation in theles with a

greater dispersion, as shown in the map of Fig. 7c.
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The Lyapunov Exponent demonstrates the divergemeteden orbits the phase space, as an experimemial d
analysis criterion, it demonstrates that the oabisttractor structure on the mathematical modgiréserved on the
experimental system. The immersion dimension isua@mpeter for calculating the Lyapunov exponentjnitef the
necessity of increasing the dimension in the systeesponse. When there only exists one correspbhadween the
state space reconstruction vectors, the immersicuitable topologically (Nayfeh and Balachandi2®4). In this
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work, the authors will compare the Lyapunov exparienthe mathematical model and the experimentstiesn, using
the best delay time from among the responses anidnonin immersion dimension.

According to Frase and Swinney (1986) the averagtiah information "If)" is maximum if "s" ("t" )" and s"
("t+1" ) are equal, and if "{j=0" are completely independent, or to which degrea numerical series two terms are
related. The value of the optimal lag between tezarsesponds to the first local minimum of Eq. 13.

(0.4 oy DA @)
D=2 P 'gzl(t))':(wr))}

Cao (1997) developed the Practical method thatrahtes the minimum immersion dimension and exphlaise
neighbors, inside a scalar time series. This ntetlaes not contain subjective parameters, but neftte time delay
for the immersion dimension construction, and préeg advantage of be suitable for time seriesyamlwith high
dimensional attractors.

The method is similar to the idea behind the falsighbor method. Being;(d) the vector reconstructed from the
time series with time delay, in Eqg. 14, which is#ar to the idea of the false neighbor method, B(d) in Eq. 15 uses
the mean of the trajectories. In this work E(d) veadculated, considering the deterministic systémorder to
determine the minimum embedding dimension of éas¢ine series.

Y (d+1) = Yo gy (d +2) i=1,2,..,N-dr
i (d) = Yagia) (@)

a(i,d)=

(14)

N-dr _ (15)

This work used the direct method for calculating largest Lyapunov exponent with few free paransgpeoposed
by Satoet al. (1987), similar to Wolf-algorithm. The growth thfe distance between neighboring orbits is analyred
logarithmic scale, through the prediction erroicading to Eq. 16, witly™ being the nearest neighbors. The relation
of the prediction errop(k) and the number time steps k can be divided imeetbhases. Transient, whgfk) tends to
the largest Lyapunov exponent, the phase in whitgh distance grows until it exceeds the validitytloé linear
approximation, and the phase where the increashstance slows exponentially until it decreasesragae to the
folding of the state space, (Parlitz, 1998).

N n+k _ . nn+k
p(K) =1 g, (%J 1)

The authors generated the parametefe, X present in Tab.1 using Matlab®, in order to corepthe behavior of
systems, time delay was studied from the first and second minimum, rehtee second minimum has a lowet) I(
value. The dimensions selected for analysis posaesg(d) above 0.95. The calculation of the lardegtpunov
exponent uses all data acquired for each systenvatues of. are of the second phase of p(k).

Analyzing the data in Tab.1, it was noted thatdagiven system, the value bfdlecreases with increasing De, also
the value ofd increases with the increasing complexity of thstey, as expected in the results. The calculativats
utilized I(r) are smaller than the first minimum and resulted lowera.

To carry out a more specific analysis an example alaosen for the experimental signal F=1.2V, whids
analyzed with two time delays-2 andt=8. The time delay=2, according to the graph in Fig. 8a, is the finghimum
for average mutual information witht)€3.0. The time delay=8 has the lowest of valuer}£2.5. The time delay=2
created the minimum dimension embedding De=7 fd)-#1.954 and De= 8 for E(d)=0.972, according to. Biy The
dimensions De=7 and De=8 are close to the sataragigion. The maximum value for the largest Lyapuerponent
for t=2 and De=7 i8=3.6, as in Fig. 8c and far8 and De=7 i3=3.3, as shown in Fig. 8d. Therefore, one concludes
that for this example and for the other Tab.1 velwehere the use ofwith a lower value of k) presented. as slightly
lower for systems experimental and analytical.
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Noting that the analogue experimental systems gémerhigher embedding dimension De and Lyapurpuorent
A, when compared to analytical systems solved fanerical methods. Some analyses can be performédivégtresults
from Tab. 1, along with previous observations.

Table 1 — Result of the calculation of the paramsefier reconstruction of the state space

T x dt De - E(d) p(k) -
(time delay) (dimension) (Lyapunov)
Analytical R=4 50 x 0.01=0.5s 5-0.958 0.7t01.8
Analytical k=4 50 x 0.01=0.5s 6 —0.970 0.3t0 1.4
Analytical R=7.5 50 x 0.01=0.5s 5—0.964 1.9t02.9
Analytical R=7.5 50 x 0.01=0.5s 6 — 0.981 1.61t02.6
Experimental F=0.96 V 5 x 0.0002=0.001s 8 —0.9771 3.2t0 3.4
Experimental F=0.96 V 5 x 0.0002=0.001s 9 —0.985 3.21t0 3.3
Experimental F=0.96 V 13 x 0.0002=0.0026s 7—-0.96 3.0t0 3.2
Experimental F=0.96 V 13 x 0.0002=0.0026s 8 -D.97 29t03.1
Experimental F=1.2 V 2 x 0.0002=0.0006s 7 —0.954 2.81t03.6
Experimental F=1.2 V 2 x 0.0002=0.0006s 8 —0.972 2.81t03.5
Experimental F=1.2 V 8 x 0.0002=0.0016s 6 — 0.951 28t034
Experimental F=1.2 V 8 x 0.0002=0.0016s 7 —0.975 2.71t03.3
Experimental F=1.6 V 2 x 0.0002=0.0004s 6 — 0.951 4.6t04.7
Experimental F=1.6 V 2 x 0.0002=0.0004s 7 —0.977 4.51t04.6
Experimental F=1.6 V 7 x 0.0002=0.0014s 6 — 0.959 4.2t04.3
Experimental F=1.6 V 7 x 0.0002=0.0014s 7 —0.972 4.0t04.3

Another fact that needs to be noted is that, theeemental signals may contain noise, even withttedl effort
applied throughout their construction and use hmadnalysis of nonlinear systems, linear filteER — finite impulse
response and IIR — infinite impulse response caalywe trajectory discontinuity and linearize theteyn; or change
the Lyapunov exponent; or yet increase the sizehefstate space reconstruction. With this knowledgéand,
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concerning the deterministic dynamic system, thia deay be filtered with filters specific for nondiar systems as in
the works of Schreiber and Kaplan (1996).

5. CONCLUSION

The authors’ assembled an experimental system iaigpdior the reproduction and behavioral analysistiod
nonlinear mathematical system model, which metettgectations of also being low cost and relatiwgy to design
and construct. This therefore, means that it igjadt for the objective of being used in the redeand teaching of
nonlinear dynamics.

As a conclusion to the analysis, observations mad#e present work showed that, the experimesyatem
generates a greater immersion dimension and coestygla higher Lyapunov exponent value for the expental
system, than for the mathematical model systems irhifact demonstrated that in practice it is neagsto control
noise and disturbances, and deal with these featdngch cannot be filtered, considering them ingheameter setting
phase of the model.
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