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Abstract. Dynamic modeling of cables is a research theme of great importance and practical application nowadays. 

However, due to non-linearity behavior present on cable dynamics, as well as the need to work with many degrees of 

freedom, to develop dynamic models for these systems becomes a hard task. To develop dynamic models of cables, this 

article uses the Lumped Mass Approach, which supposes the cable consisting of rigid links connected by fictitious 

elastic joints. The cables were considered with one of its endings articulated to a floating structure (ship or platform), 

while on the other ending were considered two cases: one free terminal loading; ending fixed to the ground. The cables 

are submersed and the hydrodynamic drag was considered from a simple model, proportional to the square of the 

relative velocity between the structure and the fluid. Using the Euler-Lagrange formalism, the dynamic models for 

cables considering two, three and four links were developed. From these models algorithms have been developed to 

automatically generate dynamic models for any number of links considered. Simulations were performed, which 

showed the results agreeing qualitatively with the physical expected. A software has been developed to display 

animation showing frames each 0.005 s. This animation, based on data from numerical simulation, allowed us show 

that the developed dynamic model gives a great sense of reality. 
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1. INTRODUCTION 

 

The importance of cable modeling is directly associated to a growing development sector, linked to oil and naval 

industries. Umbilical cables used in ROVs (Remotely Operated Vehicles), risers, or yet towing cables, mooring lines or 

anchoring to floating structures require special attention from the companies working on these sectors. Thus, the faithful 

modeling of these cables, putting them on the oceanic context and approaching them to real situations becomes 

attractive.  

Mostly of the found scientific articles about cable modeling uses the finite elements technique and the final interest 

generally lies on the determination of the forces on static equilibrium, important for the dimensioning. However, there 

are a few papers that study the cable modeling.  

Recently, Bamdad (2013) has proposed an analytical solution to solve the problem of cable vibration, using an 

algorithm to simulate and validate the obtained results. Bi, et al. (2013) applies the Finite Elements Method to study the 

tensions present in umbilical underwater cables. Chang, et al. (2008) investigates the dynamic behavior of a cable, 

considering the non-linearities present due to sagging effect, based on the catenary cable theory. Chatjigeorgiou and 

Mavrakos (2010) propose the solution to non-linear dynamic modeling of marine structures, especially risers, using the 

finite differences technique. Escalante, et al. (2011) uses the Finite Elements Method applied to cables to achieve a 

reduced order model by means of the Proper Orthogonal Decompositions (POD). Fang, et al. (2012) represents the 

bending and torsional effects for towing cables, also using the Finite Elements Method. Gobat and Grosenbaugh (2001) 

analyze the shortcomings on temporal integration, defined by the Finite Difference Method, proposing the Generalized-

α Method for spatial discretization, applied to cable dynamics. Grosenbaugh, et al. (1993) uses a numerical technique to 

calculate the two-dimensional motions of a tethered underwater vehicle.  

Guo, et al. (2007) investigates the wind-induced vibration control of a single column tower of a cable-stayed bridge 

with a multi-stage pendulum mass damper (MSPMD) using the Finite Elements Method. Liu, et al. (2013) studies the 

sliding characteristics when a cable is connected with other rods in transmission line structures, based on updated 

Lagrangian formulation. Luongo, et al. (2008) uses methods of solutions such as finite differences and the Galerkin 

Method, to study nonlinear multimodal galloping of suspended cables. Masciola, et al. (2012) studies a solution method 

for the static configuration of a cable discretized. Nahon (1999) presents the model of a triple-tethered aerostat proposed 

to support a receiver in a very large radio telescope antenna, using the Lumped Mass Approach. Pathote (2014) uses the 

b-spline curve on a new technique of mathematical modeling for prestressing cables. Pereira (2010) investigates the 

fluid-structure interaction of a submersed cable, from the coupling of the cable dynamics with the fluid motion, using 

the Lumped Mass Approach on the cable dynamics. 
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Seo, et al. (2010) presents a simplified dynamics analysis of a suspended bridge, subjected to ground motions, 

simulating seismic events, using the Finite Elements Method. Srivastava, et al. (2011) presents a numerical approach by 

the Finite Differences Method, capable to predict the dynamic behavior of underwater towed cables, when the towing 

ship has its velocity linearly changed. Vaz and Patel (1995) present a numerical solution to the transient motion of 

towed marine cables, being towed of a ship with its velocity changing. Wolfschluckner and Jodin (2013) compare the 

Finite Elements Method with numerical and analytical methods, to describe the dynamic behavior of a cable. Zanela 

(2013) uses the Lumped Mass Approach for three-dimensional modeling of cable type structures. Zhao, et al. (2005) 

proposes the Finite Differences Method to simulate transverse vibrations on an axially moving viscoelastic string. 

All these contributions prove the growing importance of this theme, especially in terms of dynamic modeling. Thus, 

it was considered two different situations: the cable articulated to a mobile platform in one of its endings and free on the 

other one; cable articulated to the mobile platform on one of its endings and fixed to the ground on the other one. The 

mobile platform (which can be a ship or a vessel) was considered with the possibility to move itself only on the vertical 

direction, simulating the swings that occur on the sea surface. The Euler-Lagrange formalism was used to obtain the 

dynamic model of the cable, whose flexible structure was approached as a discrete equivalent one formed by rigid links 

connected by elastic fictitious joints. Dynamic models were developed for the cases of the cable divided in two, three 

and four links, to analyze and investigate the growth patterns present on them. Once obtained these patterns, generic 

algorithms were developed, to automatically generate the equations for the dynamic models of cables considering any 

number of links in which the cable can be divided. Simulations were performed, in order to verify qualitatively if the 

results agreed with the physical expected.  

From the dynamic model of a cable, it is possible to simulate several situations, considering external forces present 

on the oceanic context, which have influence in the motion of the cable. 

 

2. DYNAMIC MODELS 

 

The cables considered on the research that originated this article are articulated to a platform or ship on water 

surface and, on the other ending, were considered two situations: terminal loading with a free mass ��; cable fixed to 

the ground. On both cases, it is supposed that the vibrating movement of the cable is inside a single plan. These 

situations allow approximating several real applications, such as anchorage lines, risers, etc., as illustrated on Fig. 1. 

Yet, it was considered that the movement from the ending of the cable fixed to the platform or ship happens on only one 

degree of freedom, in the vertical. 

 

 
 

Figure 1. Cables in underwater applications (font: http://diariodopresal.wordpress.com/petroleo-e-gas) 

 

The Lumped Mass Approach was used, supposing the cable divided in rigid links connected by elastic fictitious 

joints, as illustrated on Fig. 2. Each fictitious joint has its elastic constant and damping coefficient, which are known. 

 

 
 

Figure 2. Discrete approach to the cable type structure 
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Dynamic models considering two, three and four links were analytically developed. The Fig. 3 shows an illustration 

for the cable divided in three links. The upthrust (Archimedes' principle) cancels the weight on the case of the ship or 

platform and the imposed dynamics from the water surface was approached by a mass-spring-damper system. 

 

 
 

Figure 3. Discrete approach for the cable divided in three links 

 

The position coordinate vector for the structure with three links has the form: 

 

 �� � ��� �	 �
 ���
  (1) 

 

Thus, the dynamics with � links has � � 1 degrees of freedom. �� is the vertical position of the ship or platform, 

related to a inertial reference originated on the average surface of the water. �� , � � 1, … , �, are the angles of the links 

related to the vertical direction. 

The translation kinetic energy of each link is written by: 

 

 ���� � 12 ������
 � ���
� (2) 

 

where: ��	 are the masses on each link; �� and ��  are the horizontal and vertical positions, respectively, of the mass 

center on each link, related to the same inertial reference adopted to the ship or platform, with � � 1, … , �. 

The rotational kinetic energy of each link, related to the link’s spin over a cross axis passing through its mass center, 

has the form: 

 

 ���� � ��12  �
���
 (3) 

 

where  � are the lengths of each link. 

The total kinetic energy of the structure is obtained as: 

 

 �� � 12 !���
 � " #���� � ����$%
�&	  (4) 

 

The elastic potential energy on each joint can be written in the form: 

 

 �'(� � 12 )����*	 + ���
																																																																																																																									�� � 1, … , � + 1� (5) 

 

where )� are the elastic constants of each joint. 

The gravitational potential energy of each link has the form: 

 

 �',� � ��-.� (6) 

 

where: .� corresponds to the high of the mass center of each link related to its position when the structure finds itself in 

rest and in the vertical; - corresponds to the gravitational acceleration constant. 

 

 



 23rd ABCM International Congress of Mechanical Engineering 
December 6-11, 2015, Rio de Janeiro, RJ, Brazil 

 

The total potential energy of the structure can be obtained from the following equation: 

 

 �' � 12 )���
 � ��-.� � " �'(�
%/	
�&	 � " �',�

%
�&	  (7) 

 

where: �� e .� correspond to the mass and the high of the terminal loading, respectively when this is free. )� 

corresponds to the elastic constant considered on the ship or platform. 

Once determined the kinetic and potential energies of the structure, the Lagrangian has the form: 

 

 0 � �� + �' (8) 

 

Applying the Euler-Lagrange equations to each of the � � 1 degrees of freedom, the dynamic model of the system is 

obtained, in the form: 

 

 1������2 � 	3��� � 	4�� �	5�6��, ���7 � 	8����� � 9:�� (9) 

 1���� is the inertia matrix, 3 the damping coefficients matrix, 4 the elastic constants matrix and 5�6��, ���7 the vector of 

the Coriolis-centripetal forces kind. 8����� is the vector of gravitational forces, in which are included the forces due to 

upthrust in the links and in the terminal loading. These upthrusts are considered acting on the mass center of each 

element, in the opposite direction of the g-force. 9:�� is the vector with the external forces and the forces due to 

hydrodynamic drag are included on it. The fluid was considered in rest (absence of underwater currents) and in each 

link, the drag force acts on its mass center and is proportional to its linear velocity’s square, in the form: 

 

 ;� � +<�=�
>�-��=�� � +<�  �
4 ���
>�-�6���7 (10) 

 

where: <� is the drag coefficient of the link � and =� its linear velocity. 

 

3. GENERIC ALGORITHMS 

 

The developed analytical equations of the models for cables divided in two, three and four links allowed the 

identification of generic growth patterns for its different matrixes and vectors. Thus, general forms for each one of these 

were developed, considering any number � of links in which the cable can be divided. With these general forms, 

generic algorithms were also developed, enabling simulations to be performed and results to be analyzed. 

The inertia matrix is symmetrical, so the algorithm expressed in Eq. (11) determines the elements of its main 

diagonal and the ones above it. ! is the floating structure mass, while  � and ��, with � � 1, … , �, correspond, 

respectively, to the lengths and masses of each link. �� corresponds to the terminal loading mass. 

The damping coefficients matrix 3 is symmetrical and of order � � 1, being @� the damping coefficient in the 

floating structure, while @�, with � � 1, … , �, correspond to the damping coefficients in each fictitious joint. The elastic 

constants matrix obey to the same formation rule of the damping coefficients matrix, so the same algorithm is used, 

only changing 3 for K, @� for )� and @� for )�. The algorithm expressed in Eq. (12) determines the elements of the 

damping coefficients matrix. 

For the Coriolis-centripetal vector, the first element has a different generation from the others, as shown in Eq. (13). 

The other elements �A
, … , A%*	� are obtained from the algorithm expressed in Eq. (14). In this equation, B is a 

parameter depending on the values for � and C, in the form shown in Eq. (15). 

For the gravitational forces vector, the first component is null, as expressed in Eq. (16). It is related to the mass of 

the floating structure and is null because its weight equals its upthrust. The other components are determined from the 

algorithm shown in Eq. (17). 
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ADE		� � 1: � � 1, 
       ADE		C � 1: � � 1, 
              �A	� � 1, 
                     �A	C � �,  
																														1��, C� � ! � �� � " �G	;%

G&	  

                     I�J	�A, 
                     �A	C > �, 
																														1��, C� � + L�M/	2 � �� � " �G	%

G&	 N  M/	sin6�M/	7	; 
                     I�J	�A, 
              I >I 

                     �A	C � �,	
																														1��, C� � L��/	4 � �� � " �G	%

G&	 N  �/	
 � 1R� 	; 
                     I�J	�A, 
                     �A	C > �, 
																														1��, C� � L��2 � �� � " �G	%

G&	 N  �/	 M/	cos6��/	 + �M/	7	; 
                     I�J	�A, 
              I�J	�A, 																1�C, �� � 1��, C�; 
       I�J, I�J, 

(11) 

 

 

ADE	� � 1: �, 
       ADE	C � 1: �, 
              ;��, C� � 0; 
              �A		� � C		;�J		� < �, 
                     ;��, C� � @� � @�*	; 
              I�J	�A, 
              �A		� � C		;�J		� � �, 
                     ;��, C� � @�; 
              I�J	�A, 
              �A		C � � � 1, 
                     ;��, C� � +@M; 
                     ;�C, �� � ;��, C�; 
              I�J	�A, 
       I�J, I�J, ADE	� � 1: � � 1, 
       ADE	C � 1: � � 1, 
              3��, C� � 0; 
              �A		� � 1		;�J		C � 1, 
                     3��, C� � @�; 
              I�J	�A, 
              �A		� > 1		;�J		C > 1, 
                     3��, C� � ;�� + 1, C + 1�; 
              I�J	�A, 
       I�J, I�J, 

(12) 

 

 A	 � + " WX�G2 � �� � " �Y
%

Y&G*	 Z  G cos��G� ��G
[%
G&	  (13) 
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ADE	� � 1: �, 
													A�*	 �  � "

\]]
]̂B M

_
à�bcd��,M�2 � �� �

� " �Y
%

Y&bcd��,M�*	 e
fg h+ 12 >�-��B� cos���� sin6�M7 �

� 1B sin���� cos��M� i ��M
jkk
kl%

M&	Mm�
	 ; 

I�J, 
(14) 

 

 

 

�A	� > C, 
       B � 2; I >I	�A	� < C, 
       B � +2; I�J	�A, 

(15) 

 

 

 8�1� � 0 (16) 

 

 
  

 

ADE	� � 2: � � 1,       
							8��� � L��/	2 � �� � " �G

%
G&� N - �/	 sin���/	� ; 

I�J, 
(17) 

 

 

4. SIMULATION RESULTS 

 

The simulations were performed considering the two cases previously nominated: cable articulated to the platform 

in one ending and free on the other; articulated to the platform on one ending and fixed to the ground on the other. The 

dynamic model is the same. The difference is that on the second case, where the cable is considered fixed to the ground, 

the terminal loading mass is treated as being huge (considered as �� � 8 × 10p	)-) and its upthrust equal to its weight. 

The parameters adopted for the simulations performing were the following: 

  � 240	� (cable length);  � �  �⁄  (length for each link); E� � 0.01� (radius of the link, considered constant on all its extension); s� � 7850	 )- ��⁄  (specific mass of the cable); �� � 60	)- (mass of the terminal loading);  �� � 8 × 10p	)- (mass of the terminal loading when the cable is fixed to the ground); ! � 6000	)- (mass of the platform); @� � 237.6	x>/� (damping coefficient of the platform); @� � 2.8	x>/EJ (damping coefficient of each fictitious joint); )� � 104.7	x/EJ (elastic constant of each fictitious joint); )� � 1200	x/� (elastic constant of the platform); <� � 200	x>
/�EJ	��
 (hydrodynamic drag coefficient). 

 

The simulation results showed here are in the form of a sequence of frames, related to the spatial configuration of 

the cable. 60 and 80 links were considered, to represent the continuous flexibility (� � 60 and � � 80). 

The first simulation consists on the cable divided in 60 links, loose on its free ending, from a spatial initial 

configuration, leaving the initial state of rest to a free fall situation. The cable is subjected to hydrodynamic drag and 

upthrust, as well as g-force, to simulate it underwater. The Fig. 4 illustrates the movement for the cable in this 

simulation, considering a time of 30s for it and frames shown each 2s. 

The second simulation consists on the cable divided in 80 links and fixed to the ground on its terminal loading. The 

cable is also subjected to hydrodynamic drag and upthrust, as well as g-force, to simulate it underwater. The Fig. 5 

illustrates the movement for the cable in this simulation, considering a time of 15s for it and frames shown each 1s. 
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Figure 4. First simulation - cable divided in 60 links, loose on its second ending, 30s and frames each 2s 

 

 
 

Figure 5. Second simulation - cable divided in 80 links, terminal loading fixed to the ground, 15s and frames each 1s. 
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5. CONCLUSIONS 

 

The developed dynamic models showed simulation results in accordance with the physical expected, in both cases, 

i.e. the cable with free terminal loading and the cable fixed to the ground. This last one is similar to applications related 

to anchoring cables or mooring lines used in platforms or ships, which constitute important underwater applications. 

The proposed generic algorithms allow the automatic generation of dynamic models considering any number of links to 

approximate the continuous cable’s flexibility. This is the most important contribution of this article. It was developed a 

software for graphic animation, which allowed to show that the results of simulations add a great sense of physical 

reality. The next phase of research will be to expand the modeling formalism to the 3D space as well as to include 

cable’s terminal loads with own dynamics, as a ROV, for example. 
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